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s for Approximate Reasoning:Approximating Classi
al Logi
 \From Above"Mar
elo Finger and Renata WassermannDepartment of Computer S
ien
eInstitute of Mathemati
s and Statisti
sUniversity of S~ao Paulo, Brazilfmfinger,renatag�ime.usp.brAbstra
t. Approximations are used for dealing with problems that arehard, usually NP-hard or 
oNP-hard. In this paper we des
ribe the no-tion of approximating 
lassi
al logi
 from above and from below, and
on
entrate in the �rst. We present the family s1 of logi
s, and showit performs approximation of 
lassi
al logi
 from above. The family s1
an be used for disproving formulas (the SAT-problem) in a lo
al way,
on
entrating only on the relevant part of a large set of formulas.1 Introdu
tionLogi
 has been used in several areas of Arti�
ial Intelligen
e as a tool for repre-senting knowledge as well as a tool for problem solving. One of the main 
riti
ismto the use of logi
 as a tool for automati
 problem solving refers to the 
ompu-tational 
omplexity of logi
al problems. Even if we restri
t ourselves to 
lassi
alpropositional logi
, de
iding whether a set of formulas logi
ally implies a 
ertainformula is a 
o-NP-
omplete problem [GJ79℄. Another problem 
omes from theinadequa
y of modelling real agents as logi
al beings. Ideal, logi
ally omnis
ientagents know all the 
onsequen
es of their beliefs. However, real agents are limitedin their 
apabilities.Cadoli and S
haerf have proposed the use of approximate entailment as a wayof rea
hing at least partial results when solving a problem 
ompletely would betoo expensive [SC95℄. Their method 
onsists in de�ning di�erent logi
s for whi
hsatis�ability is easier to 
ompute than 
lassi
al logi
 and treat these logi
s asupper and lower bounds for the 
lassi
al problem. In [SC95℄, these approximatelogi
s are de�ned by means of valuation semanti
s and algorithms for testingsatis�ability. The language they use is restri
ted to that of 
lauses, i.e., negationappears only in the s
ope of atoms and there is no impli
ation.The approximations are based on the idea of a 
ontext set S of atoms. Theatoms in S are the only ones whose 
onsisten
y is taken into a

ount in thepro
ess of verifying whether a given formula is entailed by a set of formulas. Aswe in
rease the size of the 
ontext set S, we get 
loser to 
lassi
al entailment,but the 
omputational 
omplexity also in
reases.



Cadoli and S
haerf proposed two systems, intending to approximate 
lassi
alentailment from two ends. The S3 family approximates 
lassi
al logi
 from bel-low, in the following sense. Let P be a set of propositions and S0 � S1 � : : : � P ;let Th(L) indi
ate the set of theorems of a logi
. Then:Th(S3(?)) � Th(S3(S0)) � Th(S3(S1)) � : : : � Th(S3(P)) = Th(CL)where CL is 
lassi
al logi
 (in Se
tion 3 this notion is extended to the entailmentrelation j=).Approximating a 
lassi
al logi
 from below is useful for eÆ
ient theorem prov-ing. Conversely, approximating 
lassi
al logi
 from above is useful for disprovingtheorems, whi
h is the satis�ability (SAT) problem.Unfortunately, Cadoli and S
haerf's other system, S1, does not approximate
lassi
al logi
 from above, as we will see in Se
tion 3. In this paper, we study thefamily of logi
al entailments s1, whi
h are approximations of 
lassi
al logi
 fromabove. While S1 only deals with formulas in negation normal form, s1 
overs fullpropositional logi
.The family of logi
 s1 also ta
kles the problem of non-lo
ality in S1, whi
himplies that S1 approximations do not 
on
entrate on the relevant formulas.Dis
ussions on lo
ality are found in Se
tion 5.This paper pro
eeds as follows: in the next se
tion, we brie
y present Cadoliand S
haerf's work on approximate entailment. In Se
tion 3 we present the no-tion of approximation that we are aiming at and show why Cadoli and S
haerf'ssystem S1 does not approximate 
lassi
al logi
 from above. In Se
tion 4 wepresent our system s1and in Se
tion 5 some examples of its behaviour.Notation: Let P be a 
ountable set of propositional letters. We 
on
en-trate on the 
lassi
al propositional language LC formed by the usual boolean
onne
tives! (impli
ation), ^ (
onjun
tion), _ (disjun
tion) and : (negation).Throughout the paper, we use lower
ase Latin letters to denote propositionalletters, lower
ase Greek letters to denote formulas, and upper
ase letters (Greekor Latin) to denote sets of formulas. The letters S and s will denote sets ofpropositional letters.Let S � P be a �nite set of propositional letters. We abuse notation andwrite that, for any formula � 2 LC , � 2 S if all its propositional letters are inS. A propositional valuation vp is a fun
tion vp : P ! f0; 1g.2 Approximate EntailmentWe brie
y present here the notion of approximate entailment and summarise themain results obtained in [SC95℄.S
haerf and Cadoli de�ne two approximations of 
lassi
al entailment: j=1Swhi
h is 
omplete but not sound, and j=3S whi
h is 
lassi
ally sound but in
om-plete. These approximations are 
arried out over a set of atoms S � P whi
hdetermines their 
loseness to 
lassi
al entailment. In the trivial extreme of ap-proximate entailment, i.e., when S = P , 
lassi
al entailment is obtained. At the



other extreme, when S = ?, j=1S holds for any two formulas (i.e., for all �,�,we have � j=1S �) and j=3S 
orresponds to Levesque's logi
 for expli
it beliefs[Lev84℄, whi
h bears a 
onne
tion to relevan
e logi
s su
h as those of Andersonand Belnap [AB75℄.In an S1 assignment, if p 2 S, then p and :p are given opposite truth values,while if p 62 S, both p and :p get value 0. In an S3 assignment, if p 2 S, thenp and :p get opposite truth values, while if p 62 S, p and :p do not both get0, but may both get 1. The names S1 and S3 
ome from the possible truthassignments for literals outside S. If p 62 S, there is only one S1 assignment forp and :p, the one whi
h makes them both false. There are three possible S3assignments, the two 
lassi
al ones, assigning p and :p opposite truth values,and an extra one, making them both true. The set of formulas for whi
h we aretesting entailments is assumed to be in 
lausal form. Satis�ability, entailment,and validity are de�ned in the usual way.The following examples illustrate the use of approximate entailment. Sin
ej=3S is sound but in
omplete, it 
an be used to approximate j=, i.e., if for someS we have that B j=3S �, then B j= �. On the other hand, j=1S is unsound but
omplete, and 
an be used for approximating 6j=, i.e., if for some S we have thatB 6j=1S �, then B 6j= �.Example 1. ([SC95℄) We want to 
he
k whether B j= �, where � = :
ow _molar-teeth andB = f:
ow _ grass-eater, :dog_ 
arnivore,:grass-eater _ :
anine-teeth, :
arnivore _ mammal,:mammal _ 
anine-teeth _ molar-teeth,:grass-eater _ mammal,:mammal _ vertebrate,:vertebrate _ animalg.Using the S3-semanti
 de�ned above, we 
an see that for S = fgrass-eater,mammal, 
anine-teethg, we have that B j=3S �, hen
e B j= �.Example 2. ([SC95℄) We want to 
he
k whether B 6j= �, where �=:
hild _pensioner andB = f :person _ 
hild _ youngster _ adult _ senior,:adult _ student _ worker _ unemployed,:pensioner _ senior, :youngster _ student _ worker,:senior _ pensioner _ worker, :pensioner _ :student,:student _ 
hild _ youngster _ adult,:pensioner _ :workerg.Using the S1-semanti
 above, for S = f
hild, worker, pensionerg, we havethat B 6j=1S �, and hen
e B 6j= �.Note that in both examples above, S is a small part of the language.S
haerf and Cadoli obtain the following results for approximate inferen
e.Theorem 1 ([SC95℄). There exists an algorithm for de
iding if B j=3S � andde
iding B j=1S � whi
h runs in O(jBj:j�j:2jSj) time.



The result above depends on a polynomial time satis�ability algorithm forbelief bases and formulas in 
lausal form alone. This result has been extended in[CS95℄ for formulas in negation normal form, but is not extendable to formulasin arbitrary forms [CS96℄.3 The Notion of ApproximationThe notion of approximation proposed by Cadoli and S
haerf 
an be des
ribedin the following way. Let j=3S : 2L � L be the entailment relation in the logi
S3(S), that is, the member of the family of logi
s S3 determined by parameterS. Then, we had the following property. For? � S0 � S00 � : : : � S0n � Pwe have that j=3? � j=3S0 � : : : � j=3S0n � j=3P=j=CLwhere j=CL is 
lassi
al entailment, and hen
e this was justi�ably 
alled an ap-proximation of 
lassi
al logi
 from below.A family of logi
s that approximates 
lassi
al logi
 from below is useful fortheorem proving. For in su
h 
ase, if a B j=3S � in logi
 S3(S), then we knowthat 
lassi
ally B j= �. So if it is more eÆ
ient to do theorem proving in S3(S),we may prove some 
lassi
al theorems at a \redu
ed 
ost" as theorem proving isa 
oNP-
omplete problem. If we fail to prove a theorem in S3(S), however, wedon't know its 
lassi
al status; it may be provable in S3(S0) for some S0 � S,or it may be that 
lassi
ally B 6j= �. The method for theorem proving in S3presented in [FW01℄ had the advantage of providing an in
remental method oftheorem proving; that is, if we failed to prove B j=3S �, a method was providedfor in
rementing S and 
ontinuing the proof without restarting the proof.Besides the potential e
onomy in theorem proving, logi
 S3(S), by means ofits parameter S gives us a 
lear notion of what propositional symbols are relevantfor the proof of B j= �.Similarly, we say that a family of parameterised logi
s L(S) is an approxi-mation of 
lassi
al logi
 from above if we have:j=L? � j=LS0 � : : : � j=LS0n � j=LP=j=CLIn a dual way, a family of logi
s that approximates 
lassi
al logi
 from aboveis useful for disproving theorems. That is, if we show that B 6j=LS � then we
lassi
ally know that B 6j= �, with the advantage of disproving a theorem at aredu
ed 
ost, for the problem in 
lassi
al logi
 is the SAT-problem, and there-fore NP-
omplete. Similarly, the parameter S gives us a 
lear notion of whatpropositional symbols are relevant for disproving a theorem (i.e. for satisfyingits negation).Unfortunately, S1 does not approximate 
lassi
al logi
 from above. In fa
t,if S1 approximated 
lassi
al logi
 from above, one would expe
t any 
lassi
al



theorem to be a theorem of S1(S) for any S. However, the formula p_:p is falseunless p 2 S and hen
e the logi
 S1 does not qualify for an approximation of
lassi
al logi
 from above.Besides not being an approximation of 
lassi
al logi
 from above, there isanother limitation in the Cadoli and S
haerf approa
h whi
h is 
ommon to bothS1 and S3: The system is restri
ted to !-free formulas and in negation normalform. For the 
ase of S3, we have addressed this limitation in [FW01℄. We arenow going to address this limitation, while also trying to provide a logi
 thatapproximates 
lassi
al logi
 from above.Another problem of S1 is that reasoning within S1 is not lo
al, at least oneliteral of ea
h 
lause must be in S, as it was noted in [tTvH96℄. This means thateven 
lauses whi
h are 
ompletely irrelevant for disproving the given formulawill be examined.In the next se
tion, we present a system that approximates 
lassi
al logi
without su�ering from these limitations.4 The Family of Logi
s s1The problem of 
reating a logi
 that approximates 
lassi
al logi
 from above
omes from the following fa
t. Any logi
 that is de�ned in terms of a binaryvaluation v : L ! f0; 1g that properly extends 
lassi
al logi
 is in
onsistent.This is very simple to see. If it is a proper extension of 
lassi
al logi
, it will
ontradi
t a 
lassi
al validity. Sin
e it is an extension of 
lassi
al logi
, from this
ontradi
tion any formula is derivable.The way Cadoli and S
haerf avoided this problem was not to make its binaryvaluation a full extension of 
lassi
al logi
. Here, we take a di�erent approa
h, forwe want to 
onstru
t an extension of 
lassi
al entailment, and de�ne a ternaryvaluation, that is, we de�ne a valuation v1s(�) � f0; 1g; later we show thatv1s (�) 6= ?.For that, 
onsider the full language of 
lassi
al logi
 based on a set of propo-sition symbols P . We de�ne the family of logi
s s1(s), parameterised by the sets � P . Let � be a formula and let prop(�) be the set of propositional symbolso

urring in �. We say that � 2 s i� prop(�) � s.Let vp be a 
lassi
al propositional valuation. Starting from vp, we build ans1-valuation v1s : L ! 2f0;1g, by de�ning when 1 2 v1s(�) and when 0 2 v1s (�).This de�nition is parameterised by the set s � P in the following way. Initially,for propositional symbols, v1s extends vp:0 2 v1s(p) , vp(p) = 01 2 v1s(p) , vp(p) = 1 or p 62 sThat is, v1s extends vp but whenever we have an atom p 62 s, 1 2 v1s(p); ifp 62 s and vp(p) = 0, we get v1s (p) = f0; 1g. The rest of the de�nition of v1spro
eeds in the same spirit, as follows:



0 2 v1s (:�) , 1 2 v1s(�)0 2 v1s (� ^ �) , 0 2 v1s(�) or 0 2 v1s (�)0 2 v1s (� _ �) , 0 2 v1s(�) and 0 2 v1s (�)0 2 v1s (�! �) , 1 2 v1s(�) and 0 2 v1s (�)1 2 v1s (:�) , 0 2 v1s(�) or :� 62 s1 2 v1s (� ^ �) , 1 2 v1s(�) and 1 2 v1s (�) or � ^ � 62 s1 2 v1s (� _ �) , 1 2 v1s(�) or 1 2 v1s (�) or � _ � 62 s1 2 v1s (�! �) , 0 2 v1s(�) or 1 2 v1s (�) or �! � 62 sWe start pointing out two basi
 properties of v1s , namely that is a ternaryrelation and that 1 2 v1s(�) whenever � 62 s.Lemma 1. Let � be any formula. Then(a) v1s (�) 6= ?.(b) If � 62 s then 1 2 v1s (�).Proof. Let � be any formula. Then:(a) First note that for any propositional symbol, vp(p) 2 v1s (p), so v1s(p) 6= ?.Then a simple stru
tural indu
tion on � shows that v1s (�) 6= ?.(b) Straight from the de�nition of v1s . �It is interesting to see that in one extreme, i.e., when s = ?, s1-valuationstrivialise, assigning the value 1 to every formula in the language. When s = P ,s1-valuations over the 
onne
tives 
orrespond to Kleene's semanti
s for threevalued logi
s [Kle38℄.The next important property of v1s is that it is an extension of 
lassi
al logi
in the following sense. Let v1s be an s1-valuation; its underlying propositionalvaluation, vp is given by vp(p) = 0 ; 0 2 v1s(p)vp(p) = 1 ; 0 62 v1s(p)as 
an be inspe
ted from de�nition of v1s Also note that vp and s uniquely de�nev1s .Lemma 2. Let v
 : L ! f0; 1g be a 
lassi
al binary valuation extending vp.Then, for every formula �, v
(�) 2 v1s(�).Proof. By stru
tural indu
tion on �. It suÆ
es to note that the property is validfor p 2 P . Then a simple inspe
tion of the de�nition of v1s gives us the indu
tive
ases. �Just note that Lemma 2 implies Lemma 1(a). We 
an also say that if � 2 s,then v1s behaves 
lassi
ally in the following sense.Lemma 3. Let vp be a propositional valuation and let v1s and v
 be, respe
tively,its s1(s) and 
lassi
al extensions. If � 2 s, v1s (�) = fv
(�)g.



Proof. A simple inspe
tion of the de�nition of v1s shows that if � 2 s, v1s behaves
lassi
ally. �Finally, we 
ompare s1-valuations under expanding sets s.Lemma 4. Suppose s � s0 and let v1s(�) and v1s0(�) extend the same proposi-tional valuation. Then v1s (�) � v1s0(�).Proof. If � 2 s, v1s (�) and v1s0 (�) behave 
lassi
ally. If � 62 s, then 1 2 v1s (�) andwe have to analyse what happens when 0 2 v1s0 (�). By stru
tural indu
tion on�, we show that 0 2 v1s(�).For the base 
ase, just note that v1s and v1s0 have the same underlying propo-sitional valuation.Consider 0 2 v1s0(:�), then 1 2 v1s0(�). Sin
e � 62 s, 1 2 v1s (�), so 0 2 v1s (:�).Consider 0 2 v1s0 (� ! �), then 1 2 v1s0(�) and 0 2 v1s0(�). By the indu
tionhypothesis, 0 2 v1s (�). If � 62 s, 1 2 v1s (�) and we are done. If � 2 s, thenalso � 2 s0, v1s(�) and v1s0 (�) behave 
lassi
ally and agree with ea
h other, so1 2 v1s(�) and we are done.The 
ases where 0 2 v1s0(� ^ �) and 0 2 v1s0(� _ �) are straightforward
onsequen
es of the indu
tion hypothesis. �The next step is to de�ne the notion of a s1-entailment.4.1 s1-EntailmentThe idea is to de�ne an entailment relation for s1, j=1s, parameterised on the sets � P so as to extend for any s the 
lassi
al entailment relationB j= �To a
hieve that, we have to make valuations applying on the left handsideof j=1s to be stri
ter than 
lassi
al valuations, and the valuations that apply tothe right handside of j=1s to be more relaxed than 
lassi
al valuations, for everys � P . This motivates the following de�nitions.De�nition 1. Let � 2 L and let v1s be a s1-valuation. Then:{ If v1s (�) = f1g then we say that � is stri
tly satis�ed by v1s .{ If 1 2 v1s (�) then we say that � is relaxedly satis�ed by v1s .That these de�nitions are the desired ones follows from the following.Lemma 5. Let � 2 L. Then:(a) � is stri
tly satis�able implies that � is 
lassi
ally satis�able.(b) � is 
lassi
ally satis�able implies that � is relaxedly satis�able.Proof.



(a) Consider v1s su
h that v1s (�) = f1g. Let vp be its underlying propositionalvaluation and let v
 be a 
lassi
al valuation that extends vp. Sin
e 0 62 v1s (�),by Lemma 2 we have that v
(�) 6= 0, so v
(�) = 1.(b) Consider a 
lassi
al valuation v
 su
h that v
(�) = 1. Let vp be its underlyingpropositional valuation. Then dire
tly from Lemma 2, 1 2 v1s (�). �We are now in a position to de�ne the notion of s1-entailment.De�nition 2. We say that �1; : : : ; �m j=1s � i� all s1-valuation v1s that stri
tlysatis�es all �i, 1 � i � n, relaxedly satis�es �.The following are important properties of s1-entailment.Lemma 6.(a) B j=1? �, for every � 2 L.(b) j=1P=j=CL(
) If s � s0, j=1s � j=1s0 .Proof.(a) By Lemma 1(b), 1 2 v1?(�), for every � 2 L.(b) By Lemma 3, v1P is a 
lassi
al valuation, and the notions of stri
t, relaxedand 
lassi
al valuation 
oin
ide.(
) Suppose s � s0, B j=1s0 � but B 6j=1s �. Then exists v1s su
h that v1s(�i) = f1g,for all �i 2 B but v1s (�) = f0g. Let v1s0 be the s1-valuation generated by v1sunderlying propositional valuation. From Lemma 4 we have that v1s0(�i) =f1g, for all �i 2 B.Sin
e B j=1s0 �, we have that 1 2 v1s0(�). Again by Lemma 4 we get 1 2 v1s (�),whi
h 
ontradi
ts v1s (�) = f0g. So B j=1s �. �From what has been shown, it follows dire
tly that this notion of entailmentis the desired one.Theorem 2. The family of s1-logi
s approximates 
lassi
al entailment from above,that is: j=1? � j=1S0 � : : : � j=1S0n � j=1P=j=CLProof. Dire
tly from Lemma 6. �It is interesting to point that if v1s is a s1-valuation falsifying B j=1s �, wehave a 
lassi
al valuation v
 that falsi�es B j= � built as an extension of thepropositional valuation vp su
h that vp(p) = 1, v1s(p) = f1g.One interesting property that fails for s1-entailment is the dedu
tion theorem.One half of it is still true, namely thatB j=1s �)j=1s (^B)! �However, the 
onverse is not true. Here is a 
ounterexample. Suppose q 62 s andp 2 s, so q ! p 62 s. Then j=1s q ! p; take a valuation that makes v1s(q) = 1 andv1s (p) = 0, hen
e q 6j=1s p.



5 ExamplesIn this se
tion, we examine some examples and 
ompare s1 to Cadoli and S
haerf'sS1. We have already seen that, unlike S1 entailment, s1 entailment truly approx-imates 
lassi
al entailment from above.Let us have a look at what happens with Example 2 when we use s1 entail-ment:Example 3 (Example 2 revisited).We want to 
he
k whether B 6j= �, where �=:
hild _ pensioner andB = f :person _ 
hild _ youngster _ adult _ senior,:adult _ student _ worker _ unemployed,:pensioner _ senior, :youngster _ student _ worker,:senior _ pensioner _ worker, :pensioner _ :student,:student _ 
hild _ youngster _ adult,:pensioner _ :workerg.It is not diÆ
ult to see that with s=f
hild, pensionerg, we 
an take apropositional valuation vp su
h that vp(pensioner) = 0 and vp(p) = 1 for p anyother propositional letter, su
h that the s1-valuation obtained from vp stri
tlysatis�es every formula in B but does not relaxedly satisfy �. Hen
e, we havethat B 6j=1s �, and B 6j= �.This example shows that we 
an obtain an answer to the question of whetherB 6j= � with a set s smaller than the set S needed for S1.Another 
on
ern was the fa
t that S1 did not allow for lo
al reasoning. Con-sider the following example, borrowed from [CPW01℄:Example 4. The following represents beliefs about a young student, Hans.B = fstudent, student ! young, young ! :pensioner,worker, worker ! :pensioner,blue-eyes, likes-dan
ing, six-feet-tallg.We want to know whether Hans is a pensioner.We have seen that in order to use Cadoli and S
haerf's S1, we had to startwith a set S 
ontaining at least one atom of ea
h 
lause. This means that whenwe build S, we have to take into a

ount even 
lauses whi
h are 
ompletelyirrelevant to the query, as likes-dan
ing.In our system, formulas not in s will be automati
ally set to 1. If we haves=fpensionerg, a propositional valuation su
h that vp(pensioner) = 0 andvp(p) = 1 for p any other propositional letter, 
an be extended to an s1-valuationthat stri
tly satis�esB but does not relaxedely satisfy pensioner. Hen
e, B 6j=pensioner.It is not diÆ
ult to see that, unlike in Cadoli and S
haerf's S1 and S3, the
lassi
al equivalen
es of the 
onne
tives hold in s1, whi
h means that we do nothave any gains in terms of the size of the set s using di�erent equivalent formsof the same knowledge base.



6 Con
lusions and Future WorkWe have proposed a system for approximate entailment that 
an be used forapproximating 
lassi
al logi
 \from above", in the sense that at ea
h step, weprove less theorems, until we rea
h 
lassi
al logi
. The system proposed is basedon a three-valued valuation and a di�erent notion of entailment, where the logi
on the right hand side of the entailment relation does not have to be the sameas the logi
 on the left hand side. This sort of \hybrid" entailment relation hasbeen proposed before in Quasi-Classi
al Logi
 [Hun00℄.Future work in
ludes the study of the formal relationship between our systemand other three-valued semanti
s and the design of a tableaux proof method forthe logi
, following the line of [FW01℄.Referen
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 and
ir
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ae, 23:123{143, 1995.[CS96℄ Mar
o Cadoli and Mar
o S
haerf. The 
omplexity of entailment in proposi-tional multivalued logi
s. Annals of Mathemati
s and Arti�
ial Intelligen
e,18(1):29{50, 1996.[FW01℄ Mar
elo Finger and Renata Wassermann. Tableaux for approximate reason-ing. In Leopoldo Bertossi and Jan Chomi
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tability: A Guide tothe Theory of NP-Completeness. Freeman, 1979.[Hun00℄ A. Hunter. Reasoning with 
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al logi
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