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1 Introdu
tionIdeal agents know all the 
onsequen
es of their beliefs. However, real agentsare limited in their 
apabilities. In this paper, we present a general frameworkfor modelling limited reasoning based on approximate reasoning and dis
uss itsproperties.Cadoli and S
haerf have proposed the use of approximate entailment as away of rea
hing at least partial results when solving a problem 
ompletely wouldbe too expensive. Their method 
onsists in de�ning di�erent logi
s for whi
hsatis�ability is easier to 
ompute than 
lassi
al logi
 and treat these logi
s asupper and lower bounds for the 
lassi
al problem. In [SC95℄, these approximatelogi
s are de�ned by means of valuation semanti
s and algorithms for testingsatis�ability. The language they use is restri
ted to that of 
lauses, i.e., negationappears only in the s
ope of atoms and there is no impli
ation.The approximations are based on the idea of a 
ontext set S of atoms. Theatoms in S are the only ones whose 
onsisten
y is taken into a

ount in thepro
ess of verifying whether a given formula is entailed by a set of formulas. Aswe in
rease the size of the 
ontext set S, we get 
loser to 
lassi
al entailment,but the 
omputational 
omplexity also in
reases.One of the systems proposed in [SC95℄ is the system S3. S3 is in fa
t a family oflogi
s parameterised by a set S of relevant propositions. These logi
s approximate
lassi
al logi
 (CL) in the following sense. Let P be a set of propositions andS0 � S1 � : : : � P; let Th(L) indi
ate the set of theorems of a logi
. Then:Th(S3(?)) � Th(S3(S0)) � Th(S3(S1)) � : : : � Th(S3(P)) = Th(CL)In this work, we study Cadoli and S
haerf's family of logi
s S3, whi
h we
all here CSS3. Their system only deals with formulas in negation normal form.In this paper, we generalise Cadoli and S
haerf's semanti
s to deal with fullpropositional logi
. We present a tableaux system, whi
h we 
all KES3, for theextended logi
 whi
h is sound and 
omplete with respe
t to the semanti
s. Themain feature of our system is that the tableaux method gives a 
lear way of
onstru
ting the 
ontext set S in order to obtain the 
lassi
al answer.In S3, atoms whi
h are not part of the 
ontext set S may have a para
onsistentbehaviour. Para
onsistent logi
s were introdu
ed by da Costa in the end ofthe �fties to avoid a well known problem of 
lassi
al logi
, that of trivialisationin the presen
e of in
onsisten
y [dC63℄. If we happen to have both a formulaand its negation in a set, 
lassi
al logi
 
an infer from this set just any formulaof the language. This is not very reasonable if we think of realisti
 systemsstoring information. Suppose we update, by mistake, a database with in
onsistentinformation about a produ
t in a shop. It does not seem reasonable to say thatnow all information about other produ
ts is \
ontaminated" by the in
onsisten
y.The in
onsisten
y damages the database only lo
ally, i.e., only for reasoningabout that parti
ular produ
t. 1



Da Costa's system C1 avoids trivialisation by 
hanging the behaviour of nega-tion. Some formulas are said to be well behaved and for them, negation behaves
lassi
ally. For formulas whi
h are not well behaved, it may happen that boththe formula and its negation are assigned the value true.In this paper, we relate a formalism developed by 
omputer s
ientists aimingat 
omputational eÆ
ien
y (Cadoli and S
haerf's system) and another developedby logi
ians aiming to deal with in
onsisten
y (da Costa's C1).As a result, we 
an adapt the proof method that we have developed for S3to use with C1. We also give a sound and 
omplete axiomatisation for S3, basedon the axiomatisation of the 
al
ulus C1. In Cadoli and S
haerf's work, thetreatment of S3 is purely semanti
al. An axiomatisation was still missing.In [SC95℄, approximate logi
s are de�ned by means of valuation semanti
sand algorithms for testing satis�ability. Here we 
onsider CSS3 equipped witha resolution-style inferen
e system and KES3 equipped with a KE-tableaux sys-tem [D'A99℄. The set S plays the role of the limitation in reasoning 
apabilities.In su
h a setting, two questions naturally arise:� Given S, what is Th(S3(S))? This is what we 
all the expressivity of S3(S).� How do we expand S to S0 � S in trying to prove a theorem? In otherwords, how do we 
ontrol theorem proving before we exhaust our limitedresour
es in reasoning?The �rst property is a stati
 property of the system, and the se
ond is adynami
 one. The dynami
 issue is to have an anytime method: one that 
an bestopped at any time, whenever we rea
h a limit for S-expansion.We are going to show that, on the stati
 side, the expressivity of CSS3(S) issmaller than that of KES3(S). As a 
ompensation, we are going to show thatCSS3(S) o�ers more 
ontrol than KES3(S) even when operating over 
lausalform formulas. We then are going to extend KES3(S) to re
over the 
ontrolling
apability. We end up 
onstru
ting an inferen
e system KESe with mu
h �ner
ontrol than both systems, and whi
h still has a sound and 
omplete semanti
s.To summarise, the main 
ontributions of the present paper are: an extensionof S
haerf and Cadoli's semanti
s to full propositional logi
, a sound and 
ompleteproof method based on tableaux, heuristi
s for in
reasing the 
ontext set S,a sound and 
omplete axiomatisation, a 
omparison to da Costa's system forpara
onsistent logi
 and a formal analysis of the tradeo� between expressivityand 
ontrol in the approximation pro
ess.It is interesting to note that the tableaux system proposed here 
an alsobe restri
ted to the 
lausal fragment, keeping the good 
omplexity results ofS
haerf and Cadoli and at the same time, providing heuristi
s that guide theapproximation.The paper pro
eeds as follows: in the next se
tion, we introdu
e Cadoli andS
haerf's Approximate Entailment and our extension of their semanti
s to full2



propositional logi
. A sound and 
omplete axiomatisation of the full S3 is givenin Se
tion 3, where the system is 
ompared to da Costa's Para
onsistent Log-i
s [dC63℄. We then turn to a more 
omputational proof method based on KE-tableaux, presented in Se
tion 4. In Se
tion 5, we dis
uss the gains and losses ofthe new system with respe
t to the original formulation of S3. Finally, in Se
-tion 5.3, we present a generalisation of the underlying ideas of S3, ending with asystem that allows for mu
h more 
ontrol in the approximation pro
ess.Notation: Let P be a 
ountable set of propositional letters. We 
on
en-trate on the 
lassi
al propositional language LC formed by the usual boolean
onne
tives ! (impli
ation), ^ (
onjun
tion), _ (disjun
tion) and : (negation).Throughout the paper, we use lower
ase Latin letters to denote propositionalletters, lower
ase Greek letters to denote formulas, and upper
ase letters (Greekor Latin) to denote sets of formulas.Let S � P be a �nite set of propositional letters. We abuse notation andwrite that, for any formula � 2 LC , � 2 S if all its propositional letters are in S.A propositional valuation vp is a fun
tion vp : P ! f0; 1g.2 Approximate Inferen
eIn this se
tion, we present Cadoli and S
haerf's system and extend it to deal withfull propositional logi
.2.1 Cadoli and S
haerf's ProposalWe brie
y present here the notion of approximate entailment and summarise themain results obtained in [SC95℄.S
haerf and Cadoli de�ne two approximations of 
lassi
al entailment: j=1Swhi
h is 
omplete but not sound, and j=3S whi
h is 
lassi
ally sound but in
om-plete. Here we deal only with the latter. In the trivial extreme of approximateentailment, i.e., when S = P, 
lassi
al entailment is obtained. At the otherextreme, when S = ?, j=3S 
orresponds to Levesque's logi
 for expli
it beliefs[Lev84℄, whi
h bears a 
onne
tion to relevan
e logi
s su
h as those of Andersonand Belnap [AB75℄.In an S3 assignment, if p 2 S, then p and :p get opposite truth values, whileif p 62 S, p and :p do not both get 0, but may both get 1. The name S3 
omesfrom the three possible truth assignments for pairs p, :p outside S. The set offormulas for whi
h we are testing entailment is assumed to be in 
lausal form.Satis�ability, entailment, and validity are de�ned in the usual way.The following example illustrates the use of approximate entailment. Sin
ej=3S is sound but in
omplete, it 
an be used to approximate j=, i.e., if for some Swe have that B j=3S �, then B j= �.
3



Example 2.1 ([SC95℄) We want to 
he
k whether B j= �, where � = :
ow _molar-teeth andB = f:
ow _ grass-eater, :dog_ 
arnivore,:grass-eater _ :
anine-teeth, :
arnivore _ mammal,:mammal _ 
anine-teeth _ molar-teeth, :grass-eater _ mammal,:mammal _ vertebrate, :vertebrate _ animalg.For S = fgrass-eater, mammal, 
anine-teethg, we have that B j=3S �, hen
eB j= �.Note that in the example above, S is a small part of the language. Theapproximation of 
lassi
al inferen
e is made via a simpli�
ation of the set of
lauses B as follows (for a given 
on
lusion � and 
ontext set S):Lemma 2.2 ([SC95℄) Let simplify-3(B;S) be the result of deleting all 
lausesof B whi
h 
ontain an atom outside S. Then B is S3-satis�able if and only ifsimplify-3(B;S) is 
lassi
ally satis�able.Theorem 2.3 ([SC95℄) Let � 2 S. Then B j=3S � i� B [ f:�g is not S3satis�able.Lemma 2.2 and Theorem 2.3 together provide a 
onstru
tive method for test-ing S3 entailment. Consider the Example 2.1, where S = fgrass-eater, mammal,
anine-teethg and we want to test whether B j=3S:
ow _ molar-teeth. In or-der to use Theorem 2.3 we must add 
ow and molar-teeth to S, then add the
lauses 
ow and :molar-teeth to B. We 
an then use Lemma 2.2 to simplifythe expanded base, obtaining:B0 = f:
ow _ grass-eater,:grass-eater _ :
anine-teeth,:mammal _ 
anine-teeth _ molar-teeth,:grass-eater _ mammal,
ow, : molar-teethgThis set is 
lassi
ally unsatis�able, thus, B j=3S:
ow _ molar-teeth.S
haerf and Cadoli then obtain the following results for approximate inferen
e:Theorem 2.4 ([SC95℄) There is an algorithm for de
iding whether B j=3S � inO(jBj:j�j:2jSj) time.1This algorithm 
an be seen as a resolution method applied only to 
lauseswhere all literals are in S.The good point of S
haerf and Cadoli's system is that they present an in
re-mental algorithm to test for S3 entailment as new elements are added to S. Butthere are two major limitations in their results:1The result above depends on a polynomial time satis�ability algorithm for formulas in
lausal form. This result has been extended in [CS95℄ for formulas in negation normal form, butis not extendable to formulas in arbitrary forms [CS96℄.4



1. The system is restri
ted to!-free formulas and in negation normal form. In[CPW01℄ it is noted that the standard translation of formulas into 
lausalform does not preserve truth-values under the non-standard semanti
 of S3.2. The set S must be guessed at ea
h step of the approximation; no methodis given for the atoms to be added to S. Some heuristi
s for a spe
i�
appli
ation are presented in [tTvH97℄, but nothing is said about the general
ase.In this paper, we extend their system to full propositional logi
, giving seman-ti
s, a sound and 
omplete axiomatisation and a sound and 
omplete tableauxsystem. The tableaux system gives us some heuristi
s for in
reasing the size ofthe set S.2.2 Extending Approximate Inferen
eIn this se
tion, we extend S3 to full propositional logi
. We present a binarysemanti
s for the full fragment of S3.The two-valued semanti
s for S3 is based on a propositional valuation, asde�ned below.De�nition 2.5 An S3-valuation v3S is a fun
tion, v3S : LC ! f0; 1g, that ex-tends a propositional valuation vp (i.e., v3S(p) = vp(p)), satisfying the followingrestri
tions: (i) v3S(� ^ �) = 1 , v3S(�) = v3S(�) = 1(ii) v3S(� _ �) = 0 , v3S(�) = v3S(�) = 0(iii) v3S(�! �) = 0 , v3S(�) = 1 andv3S(�) = 0(iv) v3S(:�) = 0 ) v3S(�) = 1(v) v3S(:�) = 1; � 2 S ) v3S(�) = 0Rules (i){(iii) are exa
tly those of 
lassi
al logi
. Rules (iv) and (v) restri
tthe semanti
s of negation: rule (iv) states that if v3S(:�) = 0, then negationbehaves 
lassi
ally and for
es v3S(�) = 1; rule (v) states that if v3S(:�) = 1,negation must behave 
lassi
ally only if � 2 S. Formulas outside S may behave
lassi
ally or para
onsistently, i.e., both the formula and its negation may beassigned the truth value 1.Note that an S3-valuation is not uniquely de�ned by the propositional valua-tion it extends. This is due to the fa
t that if � 62 S and v3S(�) = 1, the value ofv3S(:�) 
an be either 0 (in whi
h 
ase � has a 
lassi
al behaviour) or 1 (in whi
h
ase � behaves para
onsistently).Lemma 2.6 The valuation v3S is determined by its value on the set P [f:�j� 62S ^ v3S(�) = 0g. 5



Proof: For the 
onne
tives ^, _ and !, it is immediate that the value ofv3S is determined by that of the subformulas. If v3S(�) = 0, then by rule (iv)v3S(:�) = 1. If � 2 S the value of v3S(:�) is the opposite of that of v3S(�). If� 62 S but v3S(�) = 0, then ne
essarily v3S(:�) = 1. We are left only with theformulas in P [ f:�j� 62 S ^ v3S(�) = 1g to determine v3S . �We de�ne a formula � to be S-valid in S3 if v3S(�) = 1 for any S3-valuation.A formula is S-satis�able in S3 if there is at least one v3S su
h that v3S(�) = 1.The S3-entailment relationship between a set of formulas � and a formula � isrepresented as � j=3S �and holds if every valuation v3S that simultaneously satis�es all formulas in � alsosatis�es �. A formula is S-valid if it is entailed by ?, represented as j=3S �.Lemma 2.6 suggests a translation between a formula in S3 and one in 
lassi
allogi
, su
h that every formula of the form :� with � 62 S is mapped into a formula��S ! p:�, where p:� is a new propositional symbol. Let ��S be the translationof �, de�ned as: p�S = p(� Æ �)�S = ��S Æ ��S ; Æ 2 f^;_;!g(:�)�S = � :(��S) ; if � 2 S��S ! p:�; if � 62 SLemma 2.7 A formula � is S-satis�able in S3 i� (�)�S is 
lassi
ally satis�able.Proof: As seen in the proof of Lemma 2.6, we want to assure that if � 62 Sbut v3S(�) = 0, then ne
essarily v3S(:�) = 1. This is taken 
are of by the lastline of the translation. The rest of the translation keeps the 
lassi
al propertiesof the other 
onne
tives and of formulas in S. �Corollary 2.8 For any S � P, the 
omplexity of S3(S)-satis�ability is in NP.Proof: Sin
e the size of ��S is linear with the size of �, by Lemma 2.6 the
omplexity of S3(S)-satis�ability is upper-bounded by the 
omplexity of 
lassi
alsatis�ability. �Corollary 2.8 shows that the 
omplexity of an approximation step is nevermore 
omplex than the 
omplexity of propositional 
lassi
al logi
. However,there are 
lasses of formulas whose 
omplexity is mu
h simpler.Lemma 2.9 Let Prop(�) represent the propositional symbols in �. Every for-mula � with Prop(�) \ S = ? is satis�able in S3.
6



Proof: Sin
e Prop(�)\S = ?, the translation (�)�S leads us into the :-freefragment of 
lassi
al logi
 (without falsity, ?), and any formula is su
h fragmentis satis�able (just make all atoms 1), so Lemma 2.7 makes � satis�able in S3. �Note that for Cadoli and S
haerf's S3, the 
ondition Prop(�) 6� S is suÆ
ient,sin
e they only deal with 
lauses. If any literal of a 
lause is not in S, it 
an beassigned the value 1, making the whole 
lause (a disjun
tion of literals) satis�able.We now show that family of logi
s S3 is indeed an approximation of 
lassi
allogi
, as de�ned in the introdu
tion.Lemma 2.10 (Approximation of Classi
al Logi
) For any S � P:(i) S3(S)-validity is sub
lassi
al; that is, any S3(S)-valid formula is 
lassi
allyvalid.(ii) For S � S0, Th(S3(S)) � Th(S3(S0)).(iii) S3(P) is 
lassi
al logi
.Proof:(i) Any 
lassi
al valuation satis�es the S3-restri
tions for any S. Therefore,the set of all 
lassi
al valuations is 
ontained in the set of all S3-valuations(but there are S3-valuations that are not 
lassi
). So if a formula is satis�edby all S3-valuations, it will be satis�ed by all 
lassi
al ones.(ii) If p 2 S0 � S, the formula p! ::p is a theorem of S3(S0) (
lassi
ally) butnot in S3(S), by making v3S(p) = v3S(:p) = 1 and v3S(::p) = 0.(iii) Trivial. �The dedu
tion theorem holds for the S3 semanti
s, as 
an be seen dire
tlyfrom the de�nitions.Lemma 2.11 (Dedu
tion Theorem) Let � be a �nite set of formulas. Then� j=3S � i� j=3S ^�! �:Now we examine a few examples of S3 entailment.Example 2.12 Consider the formula �_:�. We show that it is a valid formulain S3 for any S.Indeed, if � 2 S, we are in a 
lassi
al setting, so any valuation makes �_:�true.If � 62 S, let v3S be a valuation. If v3S(:�) = 1, then �_:� 
learly is true. If,however, v3S(:�) = 0, by rule (iv) above v3S(�) = 1, so � _ :� is also true.7



Example 2.13 We now show that the S3 semanti
s is para
onsistent. For that,
onsider the two propositions p and q and suppose that p 62 S; take a valuationv3S su
h that v3S(p) = 1 and v3S(q) = 0, and 
onsider the formula (p ^ :p) ! q.By Lemma 2.6, the value of v3S is not fully determined, so we �x v3S(:p) =1. It is simple to verify now that the valuation thus 
onstru
ted is su
h thatv3S((p ^ :p)! q) = 0, that is the logi
 does not always trivialise in the presen
eof in
onsisten
y.Example 2.14 We now analyse the validity of Modus Ponens in S3. The usualformulation of Modus Ponens, �! �; � j=3S �, is valid in S3; indeed, if v3S satis�es�, the only possible way that it also satis�es � ! � is that it satis�es �, thusproving the entailment. Note that sin
e no :-formula was involved, the reasoningis totally 
lassi
al.However, if we 
onsider the version of Modus Ponens 
onsisting of the transla-tion of �! � into :�_� (the only possible version of Modus Ponens in [SC95℄),the situation 
hanges 
ompletely if � 62 S, for then we 
an have a valuationthat satis�es both � and :� (and thus :� _ �), but that falsi�es �, so that:� _ �; � 6j=3S �.A sound and 
omplete axiomatisation of the full S3 is given in Se
tion 3,where it is also 
ompared with da Costa's Para
onsistent Logi
s [dC63℄. We thenturn to a more 
omputational proof method based on KE-tableaux.3 Approximate Inferen
e and Para
onsisten
yIn this se
tion, we present a sound and 
omplete axiomatisation for S3, based onthe axiomatization of the para
onsistent logi
 C1 [dC63℄. We then 
ompare thesystems S3 and C1.3.1 An Axiomatisation for S3The following is an axiomatisation for S3, based on the axiomatisation given in[dC63℄:Consider the axioms in Figure 1. The Positive Axioms are pre
isely the
lassi
al axioms for the 
onne
tives !, ^ and _; the rule of Modus Ponens ispresented as (!3). Our system di�ers from 
lassi
al logi
 in the Negation Axioms.In fa
t, without the proviso in axioms (neg1) and (neg2), the negation ax-ioms are pre
isely the 
lassi
al :-axioms. The :-introdu
tion of axiom (neg1)is restri
ted to the 
onsequen
es of � in S. The trivialisation of axiom (neg2) isrestri
ted to the members of S, that is, non-members of S 
an behave para
on-sistently. Axiom (neg3) tells us that the ex
luded middle is a

epted un
ondi-tionally in our logi
. 8



Positive Axioms:(!1) �! (� ! �)(!2) (�! �)! (�! (� ! 
))! (�! 
)(^1) � ^ � ! �(^2) � ^ � ! �(^3) �! (� ! � ^ �)(_1) �! � _ �(_2) � ! � _ �(_3) (�! 
)! ((� ! 
)! (� _ � ! 
))Negation Axioms:(neg1) (�! �)! ((�! :�)! :�), provided � 2 S(neg2) (� ^ :�)! �, provided � 2 S(neg3) � _ :�Inferen
e Rule:(MP) �; �! �=�Figure 1: An Axiomatisation for S3Theorem 3.1 The axiomatisation of Figure 1 is sound with respe
t to the S3semanti
s. That is, all formulas inferred from the S3 axiomatisation are true inall S3-valuations.Proof: By a straightforward, but tedious, veri�
ation of the validity ofthe axioms. The positive axioms are dealt with by the 
lassi
al part of the S3semanti
s. Axiom (neg3) is dealt with in Example 2.13, and Modus Ponens isdealt with in Example 2.14. The validity of axioms (neg1) and (neg2) are easilyveri�ed. �A formula � is S-in
onsistent if it is provable that � ! (� ^ :�) for some� 2 S. Similarly, a set X of formulas is S-in
onsistent if there are formulas�1; : : : ; �n 2 X su
h that V�i ! (� ^ :�) for some � 2 S. A formula or set isS-
onsistent if it is not S-in
onsistent.The axiomatisation above is S-
omplete i� for any S-
onsistent formula �there is an S3 valuation v3S su
h that v3S(�) = 1. The proof of 
ompletenessfollows a Lindenbaum 
onstru
tion.A maximal S-
onsistent set (MSCS) is a set of formulas X su
h that:� X is S-
onsistent; and� there is no MSCS X 0 � X. 9



Lemma 3.2 For every S-
onsistent formula � there is a MSCS X su
h that� 2 X.Proof: Consider an enumeration of the formulas �0; �1; : : : ; �i; : : : . Con-stru
t a sequen
e of sets Xi su
h thatX0 = �Xi+1 = � Xi [ f�ig; if Xi [ f�ig is S-
onsistentXi; otherwiseLet X = S1i=0Xi. We 
laim that X is a MSCS, for the following reasons:� X is S-
onsistent. Otherwise let Xk+1 be the �rst element in the sequen
ethat is S-in
onsistent. Then we must have Xk+1 6= Xk, so Xk+1 = Xk [f�kg, but this is only possible if Xk [ f�kg is S-
onsistent, 
ontradi
tingthe fa
t that Xk+1 is S-in
onsistent.� X is maximal. Otherwise there is a MSCS X 0 � X. In this 
ase thereis a �k 2 X 0 � X. Consider the set Xk [ f�kg; if it is S-
onsistent, thenXk [ f�kg = Xk+1 � X, whi
h 
ontradi
ts �k 62 X. If Xk [ f�kg is S-in
onsistent, then X 0 is in
onsistent be
ause Xk � X � X 0 and �k 2 X 0,whi
h 
ontradi
ts the 
onsisten
y of X 0. Hen
e X must be maximal.It is obvious that � 2 X, so the proof is �nished. �Lemma 3.3 Let X be a MSCS. Let v : LC �! f0; 1g su
h that v(�) = 1 i�� 2 X. Then v is a S3 valuation.Proof: We have to show that v satis�es the restri
tions of De�nition 2.5.Conditions (i)��(iii) are 
lassi
al semanti
al 
onditions and are a

ounted forby the positive axioms, whi
h are the 
lassi
al ones.We then show that: (�) v(�) = 0 =) v(:�) = 1. For that, suppose v(�) = 0.Then � 62 X. Due to the maximality of X, there must be �1; : : : ; �n 2 X su
hthat it is provable that ((V�i) ^ �)! (� ^ :�) for some � 2 S. Therefore:` (V�i) ^ �)! � =)` (V�i)! (�! �) =) �! � 2 X` (V�i) ^ �)! :� =)` (V�i)! (�! :�) =) �! :� 2 XIt follows that both � ! � 2 X and � ! :� 2 X. From Axiom (neg1), itfollows that :� 2 X, so v(:�) = 1, proving (�).From (*) it follows that v obeys property (iv) of De�nition 2.5. Indeed,suppose that v(:�) = 0; if v(�) = 0, then by (�) we have that v(:�) = 1, a
ontradi
tion. So we must have v(�) = 1, satisfying (iv).We then show that: (��) v(�) = 1; � 2 S =) v(:�) = 0. For that, supposev(�) = 1 and � 2 S. Then � 2 X. Suppose now, for 
ontradi
tion that :� 2 X.10



From Axiom (neg2) we have that any � 2 X, 
ontradi
ting the 
onsisten
y ofX. So :� 62 X and v(:�) = 0, thus proving (��).From (��) we see that v obeys property (v) of De�nition 2.5. Indeed, supposethat v(:�) = 1 and � 2 S; if v(�) = 1, by (��) we have that v(:�) = 0, a
ontradi
tion. So we must have v(�) = 0, satisfying (v). �Theorem 3.4 The axiomatisation of Figure 1 is 
omplete with respe
t to the S3semanti
s.Proof: By Lemma 3.2 there is a MSCSX with � 2 X. Then, by Lemma 3.3,there is a S3-valuation v3S su
h that v3S(�) = 1 i� � 2 X. In parti
ular, v3S(�) = 1.�3.2 Relating S3 to Da Costa's C1In this se
tion, we introdu
e Da Costa's 
al
ulus C1 by means of axioms andvaluation semanti
s. We then show how our system relates to this 
al
ulus.De�nition 3.5 A formula � is said to be well behaved if the prin
iple of non-
ontradi
tion holds for �, i.e., if :(�^:�) holds. We use �o to denote :(�^:�).Da Costa's 
al
ulus [dC63℄ was introdu
ed in order to deal with possible in-
onsisten
ies that should not damage reasoning by trivialising it. The idea is toblo
k derivations from formulas whi
h are not well behaved, isolating in
onsis-ten
ies.The following is an axiomatisation of C1:(!1) �! (� ! �)(!2) (�! �)! (�! (� ! 
))! (�! 
)(^1) � ^ � ! �(^2) � ^ � ! �(^3) �! (� ! � ^ �)(_1) �! � _ �(_2) � ! � _ �(_3) (�! 
)! ((� ! 
)! (� _ � ! 
))(:1) �o ! (�! �)! ((�! :�)! :�)(:2) �o ^ �o ! ((�! �)o ^ (� ^ �)o ^ (� _ �)o)(:3) � _ :�(:4) ::�! �[1em℄Inferen
e Rule:(MP) �; �! �=�A semanti
 for this system was given in [dCA77℄:11



De�nition 3.6 An N -valuation vN is a fun
tion, vN : LC ! f0; 1g, that ex-tends a propositional valuation vp (i.e., vN (p) = vp(p)), satisfying the followingrestri
tions:(i) vN (� ^ �) = 1 , vN (�) = vN (�) = 1(ii) vN (� _ �) = 0 , vN (�) = vN (�) = 0(iii) vN (�! �) = 0 , vN (�) = 1 andvN (�) = 0(iv) vN (�) = 0 ) vN (:�) = 1(v) vN (::�) = 1 ) vN (�) = 1(vi) vN (�o) = vN (�! �) = vN (�! :�) = 1 ) vN (�) = 0(vii) vN (�o) = vN (�o) = 1 ) vN ((� � �)o) = 1; � 2f!;^;_gAn N -valuation has the following properties:Lemma 3.7 (1) vN (�) = 1, vN (:� ^ �o) = 0(2) vN (�o) = 0, vN (�) = vN (:�)It is not hard to see that the systems are very similar, although not equivalent.There are two main di�eren
es. First, the set of formulas for whi
h vN (�o) = 1does not 
orrespond exa
tly to S:Lemma 3.8 If � 2 S, then vN (�o) = 1. The 
onverse does not always hold,i.e., we may have an N -valuation v su
h that v(�o) = 1 and � 62 S.Proof: Follows dire
tly from the de�nitions. � 2 S means that � and :�must have opposite truth values, but � 62 S does not ne
essarily mean that �and :� have the same truth values. �The se
ond di�eren
e between the two systems is in the behaviour of doublenegation. In C1, double negation may be eliminated (but not introdu
ed), whilein S3, � does not follow from ::�.Sin
e we have sound and 
omplete semanti
s for both systems, we 
an showhow the systems relate to ea
h other by 
he
king the semanti
s.Proposition 3.9 Every N -valuation is an S3-valuation.Proof: Conditions (i),(ii),(iii), and (iv) are the same. We only have to
he
k whether v3S(:�) = 1; � 2 S ) v3S(�) = 0 follows from the de�nition ofN -valuation. We know that � 2 S implies v3S(�o) = 1. And from v3S(:�) =v3S(�o) = 1 it follows by part (2) of Lemma 3.7 that v3S(�) = 0. �Proposition 3.10 Not every S3-valuation is an N -valuation.12



Proof: It suÆ
es to see that we may have an S3-valuation v so that forsome formula � su
h that � 62 S, we have v(::�) = v(:�) = 1 and v(�) = 0.This valuation fails to satisfy item (v) of the de�nition of N -valuation. �The two propositions show that S3 is a
tually more general than C1.Corollary 3.11 Let S be a �xed set of formulas 
losed under formula 
onstru
-tion and let CS1 be C1 with an added axiom �o for ea
h � 2 S. Then Theorems(S3)� Theorems(CS1 ) � Theorems(LC).4 Tableaux for Approximate Inferen
eWe develop an inferen
e system for the full logi
 S3 based on the KE-tableaumethodology. KE-tableaux were introdu
ed by D'Agostino [D'A92, DM94, D'A99℄as a prin
ipled 
omputational improvement over Smullyan's Semanti
 Tableaux[Smu68℄, and have sin
e been su

essfully applied to a variety of logi
s [DG94,BF95, BFR99℄.KE-tableaux deal with T - and F -signed formulas. So if � is a formula, T �and F � are signed formulas. T � is the 
onjugate formula of F �, and vi
e versa.In 
lassi
al logi
 it is possible to have an unsigned version of tableaux [Smu68℄,but in non-
lassi
al logi
s in general, and in KES3 in parti
ular, the use of signedformula is 
ru
ial2. An expansion of a tableau is allowed when the premises ofan expansion rule are present in a bran
h; the expansion 
onsists of adding the
on
lusions of the rule to the end of all bran
hes passing through the set of allpremises of that rule.For ea
h 
onne
tive, there are at least one T - and one F -linear expansionrules. Linear expansion rules always have a main premise, and may also have anauxiliary premise. They may have one or two 
onsequen
es. The only bran
hingrule is the Prin
iple of Bivalen
e, stating that something must be either true orfalse. Figure 2 shows KE-tableau expansion rules for 
lassi
al logi
.In Figure 2 we see that ea
h of the binary 
onne
tives !;^ and _ are asso-
iated to two two-premised rules and one one-premised rule. The two-premisedrules have a main premise and an auxiliary premise; the one-premised rules havetwo 
onsequen
es. Classi
al negation is asso
iated to two one premised rules,ea
h with a single 
on
lusion. The �nal line presents the Prin
iple of Bivalen
e(PB), stating that any formula � is either true or false. The appli
ation of PBtransforms a single bran
h into two bran
hes with the same pre�x, di�ering onlyby the �nal formula, ea
h new bran
h getting one of the two 
onjugates.PB is used a

ording to a bran
hing rule: PB is used to generate the auxil-iary premise for a two-premised rule; this guarantees that PB is only used over2In unsigned tableaux, F -marks are repla
ed by the 
onne
tive :; this arti�
e only works for
lassi
al-like negation, but S3 has a non-
lassi
al negation semanti
s, and F -marks and :-marksare not inter
hangeable. 13



T �! �T �T � (T !1) T �! �F �F � (T !2) F �! �T �F � (F !)F � ^ �T �F � (F^1) F � ^ �T �F � (F^2) T � ^ �T �T � (T^)T � _ �F �T � (T_1) T � _ �F �T � (T_2) F � _ �F �F � (F_)T :�F � (T:) F :�T � (F:)T � F � (PB)Figure 2: KE-rules for 
lassi
al logi
subformulas of some 
omplex formula o

urring in the tableau. This also guaran-tees the subformula property, i.e. an expansion always introdu
es in the tableaua subformula of some previously o

urring formula.As in semanti
 tableaux, to show that �1; : : : ; �n ` � we start with the initialtableau T �1...T �nF �and develop the tableau by applying the expansion rules in Figure 2. A bran
his 
losed if it 
ontains both F � and T �, for some formula �. The sequent aboveis shown if we 
an 
lose all bran
hes in the tableau, in whi
h 
ase the tableau issaid to be 
losed.Example 4.1 We know that 
lassi
ally, �! � is equivalent to :� _ �. This isshown by means of the two KE-tableaux in Figure 3, where the boxed formulasindi
ate the 
losure of 
ondition for ea
h bran
h. The left tableau shows � !� ` :� _ � and the right one shows :� _ � ` �! �.Note that both tableaux would bran
h in a semanti
 tableau version of thisproof. The fa
t that KE-tableaux do not bran
h is an indi
ation that they aremore eÆ
ient than traditional semanti
 tableaux. In fa
t, KE-tableaux 
an p-simulate semanti
 tableaux, but the 
onverse is not true [D'A92℄.14



1: T �! �2: F :� _ �3: F :� from 24: F � from 25: T � from 36: T � from 1,5�
1: T :� _ �2: F �! �3: T � from 24: F � from 25: T :� from 1,46: F � from 5�Figure 3: The 
lassi
al equivalen
e of �! � and :� _ �Example 4.2 To show the use of PB, we present a KE-tableau now showingthat ::� _ ::�;:� ` �. T ::� _ ::�T :�F �F �T ::� F ::�F :� T ::�� F :�T ��After expanding T :�, no more linear expansion rules are appli
able, so webran
h over ::� in T ::� _ ::� a

ording to the bran
hing rule, so that thenegative bran
h on the right 
an be used as an auxiliary premise to T ::�_::�generating T ::�. On the left bran
h, a single expansion of T ::� leads us toF :�, whi
h 
loses that bran
h and the tableau.4.1 Tableaux for S3In order to 
onstru
t a KE-tableau system for S3, we keep almost all the 
lassi
alrules, 
hanging only the rule (T :), by adding a side 
ondition. The old rule(T :) is removed and its S3 version be
omes:T :�F � provided that � 2 SThe meaning of this rule is that the expansion of a bran
h is only allowed ifit 
ontains the rule's ante
edent and the proviso is satis�ed, that is, the formulain question belongs to S. This rule is a
tually a restri
tion of the 
lassi
al rule,15



stating that if � 62 S the (T :)-rule 
annot be applied. Let us 
all the systemthus obtained KES3.This makes our system immediately sub
lassi
al, for any tableau that 
losesfor KES3 also 
loses for 
lassi
al logi
. So any theorems we prove in KES3 arealso 
lassi
al theorems. The 
onverse is not the 
ase, as the examples below willshow that there are 
lassi
al theorems whi
h are not KES3-theorems.So KES3 is 
orre
t and in
omplete with respe
t to 
lassi
al logi
. The a
tualproof of 
orre
tness and 
ompleteness of KES3 with respe
t to the semanti
spresented in Se
tion 2.2 will be presented in Se
tion 4.3. First, let us examine afew examples.Example 4.3 We �rst show that ! is no longer de�nable in terms of _ and ^,by redoing the tableaux of Figure 3 in Figure 4.1: T �! �2: F :� _ �3: F :� from 24: F � from 25: T � from 36: T � from 1,5�
1: T :� _ �2: F �! �3: T � from 24: F � from 25: T :� from 1,4?Figure 4: ! is not de�nable in terms of _ and : in KES3In Figure 4 we are assuming that S = ?. Note that the left tableau for�! � ` :� _ � is exa
tly the same as for 
lassi
al logi
.However, the tableau on the right for :� _ � ` � ! � 
annot be 
losed forthe rule on T :� 
annot be applied for � 62 S. We get stu
k, as there are nofurther rules to be applied, meaning that the input sequent is not provable.This shows that ! 
an no longer be de�ned in terms of _ and : in S3.One important feature of the open tableau in Figure 4 is that if, at the pointthat it gets stu
k, we insert the propositional letters of � in the set S, the tableauexpansion 
an pro
eed as in 
lassi
al logi
. In fa
t, the tableau then 
loses aftera single step. This shows that the sequent :� _ � ` �! � is dedu
ible if � 2 S(and nothing needs to be said about �).What we have a
tually done is to 
hange the logi
 we are operating withduring the KE-tableau expansion by adding a formula to S. That formula was
hosen so that a stu
k tableau 
ould pro
eed 
lassi
ally. This a
tually makes usmove one step 
loser to 
lassi
al logi
. Classi
al logi
 is rea
hed when all atomsare in S. 16



This simple pro
edure suggests an in
remental way of doing approximatetheorem proving.4.2 The In
rementality of the MethodThe idea of approximate reasoning found in [SC95℄ 
onsists in trying to provea 
lassi
al formula in S3 for in
reasingly large sets S. Apart from 
onsideringan !-free fragment, the work in [SC95℄ did not provide a way of 
hoosing S orhow to in
rement it. Our theorem proving method for a given input sequent isintended to �ll this gap. It is summarised in the following:1. S := ?.2. Transform the input sequent in an initial KES3-tableau.3. Expand the tableau until it is 
losed or stu
k.4. If the tableau is 
losed, terminate with su

ess.5. If the tableau 
ontains a bran
h that 
annot be 
lassi
ally expanded, ter-minate with failure.6. If the tableau is stu
k due to a formula T:�, make S := S [ f�g and goba
k to 3.By S := S [ f�g we mean that all atoms in � are added to S. It is 
lear thatif an atom does not appear inside the s
ope of a negation, it will not be insertedin S. However, that does not mean that if it appears inside a negation it will endup in S, as the tableau for ` p _ :p shows:F p _ :pF pF :pT p�whi
h shows that ` p _ :p is S3-valid for S = ?. Note that in step 6 above,there may be more then one stu
k point in the tableau, so we need to 
hose oneformula to pro
eed. If there are two stu
k formulas in the same bran
h of thetableau, the 
ontents of S may di�er a

ording to the 
hoi
e of formula we make
17



at step 6. This is illustrated by the following tableau for p ^ q ` ::p _ ::q:T p ^ qF ::p _ ::qT pT qF ::pF ::qT :pT :qAt this point we have both T :p and T :q blo
king the bran
h development.If we 
hose the �rst one, S be
omes fpg and the tableau 
loses; if we 
hose these
ond one, S be
omes fqg and the tableau also 
loses.An interesting fa
t is that we 
an only prove :(p ^ :p) in KES3 for p 2 S,whi
h shows the para
onsisten
y of the system:F :(p ^ :p)T p ^ :pT pT :pF p if p 2 S�We now show the 
orre
tness of the proposed in
remental method.Theorem 4.4 (Corre
tness of the Method) Given an input sequent �1; : : : ;�n ` � then the method above always terminates. It terminates with su

ess i�the sequent is 
lassi
ally valid.Proof: Note that the set S 
an only in
rease at ea
h 
y
le, so if the tableaudoes not 
lose, S will eventually 
ontain all propositional symbols in the inputsequent that o

ur within a T -marked negation, in whi
h 
ase the tableau willbe a 
lassi
al one; by the termination property of KE-tableaux, it will terminate.Be
ause any 
losing KES3 tableau also 
lassi
ally 
loses, a su

essful terminatingtableau must be 
lassi
ally valid. On the other hand, if a sequent is 
lassi
allyvalid, it's 
orresponding KES3-tableau, when it be
omes 
lassi
al, will eventually
lose. �Example 4.5 The following example illustrates the use of the system KES3.Consider the problem of Example 2.1, where we want to know whether :
ow_ molar-teeth follows from a set of 
lauses B. We start by labelling the ini-tial 
lauses with T (lines 1-8) and the formula we want to refute with F (line9). Figure 5 shows the 
omplete tableau (g-e stands for grass-eater, 
-t for
anine-teeth, and m-t for molar-teeth).18



B = f:
ow _ grass-eater,:dog_ 
arnivore,:grass-eater _ :
anine-teeth,:
arnivore _ mammal,:mammal _ 
anine-teeth _ molar-teeth,:grass-eater _ mammal,:mammal _ vertebrate,:vertebrate _ animalg.1: T :
ow _ g-e2: T :dog_ 
arnivore3: T :g-e _ :
-t4: T :
arnivore _ mammal5: T :mammal _ 
-t _ m-t6: T :g-e _ mammal7: T :mammal _ vertebrate8: T :vertebrate _ animal9: F :
ow _ m-t10: F :
ow from 911: F m-t from 912: T g-e from 1,1013: F :g-e 130: T :g-e PB14: T :
-t from 3,13 140 F g-e g-e 2 S15: T mammal from 6,13 150 �16: T :mammal _ 
-t from 5,1117: F 
-t from 14; 
-t 2 S18: T :mammal from 16,1719: F mammal from 18; mammal 2 S20: � Figure 5: KES3 tableau for 
lausesWe start with S = ?. When we get to line 14', we need to add grass-eaterto S in order to 
lose the right bran
h. We 
an then pro
eed applying rulesuntil line 17, where one more atom, 
anine-teeth, must be added to S. Whathappens is that the tableau does not 
lose if these atoms are not in S. During thedevelopment of the tableau we get 
lues about whi
h atoms must be in S. Whenthe atom mammal is added to S, the tableau 
loses and we have that B j=3S:
ow_ molar-teeth for S= fgrass-eater, 
anine-teeth, mammalg.Example 4.6 This example shows that formulas that are 
lassi
ally equivalentmay have di�erent behaviour under S3. We transform the set B from Example2.1 into a set B0 whi
h is 
lassi
ally equivalent to B but is not in 
lausal form.19



Then we try to 
he
k whether B0 j=3S
ow ! molar-teeth. Figure 6 shows the
omplete tableau. Note that this time, we 
an 
lose the tableau adding only oneatom to S, i.e., B0 j=3S
ow ! molar-teeth for S=f
anine-teethg.B0 = f
ow ! grass-eater,dog! 
arnivore,grass-eater ! :
anine-teeth,
arnivore ! mammal,mammal ! 
anine-teeth _ molar-teeth,grass-eater ! mammal,mammal ! vertebrate,vertebrate ! animalg.1: T 
ow ! g-e2: T dog! 
arnivore3: T g-e ! :
-t4: T 
arnivore ! mammal5: T mammal ! 
-t _ m-t6: T g-e ! mammal7: T mammal ! vertebrate8: T vertebrate ! animal9: F 
ow ! m-t10: T 
ow from 911: F m-t from 912: T g-e from 1,1013: T :
-t from 3,1214: T mammal from 6,1215: T 
-t _ m-t from 5,1416: T 
-t from 11,1517: F 
-t from 13; 
-t 2 S18: �Figure 6: KES3 tableau with impli
ation4.3 Soundness and 
ompleteness of KES3It is very important to note that we are not proposing a simple ad ho
 modi�
a-tion of a KE-tableau for doing theorem proving, but we are building a me
hanismfor approximate reasoning with a solid logi
al basis. To sustain su
h a 
laim, wehave to prove the soundness and 
ompleteness of the KES3 tableau method ofSe
tion 4 with respe
t to the S3 two-valued semanti
s of Se
tion 2.2.First, we need to de�ne the notions of soundness and 
ompleteness. So KES3is sound with respe
t to the S3 semanti
s if whenever a tableau 
loses for aninput sequent, then the sequent's ante
edent formulas entail its 
onsequent in20



S3. Conversely, the KES3-tableau method is 
omplete with respe
t to the S3semanti
s if for all sequents su
h that the the ante
edent entails the 
onsequentin S3, all KES3-tableaux 
lose.We extend the valuation to signed formulas in the obvious way, that is,v3S(T�) = 1 i� v3S(�) = 1 and v3S(F�) = 1 i� v3S(�) = 0. A valuation satisfya bran
h in a tableau if it simultaneously satisfy all the signed formulas in thebran
h.To prove soundness, we �rst show the 
orre
tness of all linear expansion rulesof KES3.Lemma 4.7 If the ante
edents of the KES3 linear expansion rules are S-satis�edin S3 by v3S so are its 
on
lusions.Proof: A simple inspe
tion of the rules in Figure 2 with the modi�
ationin (T :) for KES3 shows the result. �We now show that the bran
hing rule PB also preserve satis�ability.Lemma 4.8 If a bran
h is satis�ed by a valuation v3S prior to the appli
ation ofPB, then at least one of the two bran
hes generated is satis�ed by a valuation v3Safter the appli
ation of PB.Proof: Suppose the bran
hing o

urs over the formula �. Be
ause v3S is afun
tion onto f0; 1g, we have that v3S(T �) = 1 or v3S(F �) = 1, so v3S satis�esone of the two bran
hes generated by the appli
ation of PB. �Theorem 4.9 (Soundness) Suppose a tableau for �1; : : : ; �n ` � 
loses. Then�1; : : : ; �n j=3S �.Proof: We show the 
ontrapositive. So suppose �1; : : : ; �n 6j=3S �, so there isa valuation v3S su
h that v3S(�1) = : : : = v3S(�1) = 1 and v3S(�) = 0. In this 
ase,the initial tableau for �1; : : : ; �n ` � is su
h that all formulas T �1; : : : ; T �n; F �are satis�ed by v3S .By Lemmas 4.7 and 4.8, we see that ea
h appli
ation of an expansion rulepreserves at least one satis�able bran
h. As 
losed bran
hes are not satis�able,at least one bran
h remains open and the tableau 
annot 
lose. �We say that a bran
h of a tableau is 
omplete if there are no more appli
ableexpansion rules.Lemma 4.10 An open 
omplete bran
h in a KES3-tableau is S-satis�able in S3.Proof: Given an open 
omplete bran
h B, we 
onstru
t the following valu-ation v3S, based on the propositional and negated formulas in B:v3S(p) = 1 i� T p 2 Bv3S(p) = 0 i� F p 2 Bv3S(:�) = 1 i� T :� 2 B; and� 62 S21



Sin
e the tableau is open, we do not have that for the same atom q, both T qand F q are in B, so the valuation above is a partial fun
tion. To obtain a
omplete fun
tion, a

ording to Lemma 2.6, we need to de�ne the value of v3S forpropositions and formulas of the form :� not o

urring in B and not in S. We
an set them all to true, respe
ting the semanti
s.A simple stru
tural indu
tion on the signed formulas in B shows that v3Ssatis�es the bran
h. �Theorem 4.11 (Completeness) If �1; : : : ; �n j=3S � then any possible KES3tableau for �1; : : : ; �n ` � 
loses.Proof: Suppose for 
ontradi
tion that there is a tableau for �1; : : : ; �n ` �with an open 
omplete bran
h B. Then by Lemma 4.10 there is a S3 valuationthat satis�es B, whi
h in
ludes T �1; : : : ; T �n; F �, 
ontradi
ting �1; : : : ; �n j=3S�. �We 
an adapt the tableaux system proposed here for extended S3 to build aproof method for C1. In the rule where we had the proviso � 2 S we now have�o, and we have to add a rule to deal with double negation. The study of thistableaux system is left for future work.5 The Dynami
s of Approximations: Expressivity ver-sus ControlIn this se
tion we 
ompare KES3 with the Cadoli-S
haerf (CSS3) method withregards to expressivity (i.e. the theorems proved for the same set S) and with the
ontrol that the set S exerts over the proof development.5.1 Dynami
 PropertiesA property that tells us in whi
h dire
tion to expand our limited resour
e toa
hieve a goal is a dynami
 property of the method. KES3 provides a methodfor expanding S in trying to prove a theorem, namely: \If a bran
h is 
losed dueto a blo
ked use of (T:), add the blo
king formula � to S, so as to unblo
k thatbran
h."Cadoli and S
haerf did not provide a dynami
 extension for their system.However, to be honest with their ex
ellent work, su
h a dynami
 behaviour 
anbe easily provided in analogy to ours. In CSS3, we 
an resolve � _ l with :l _ �only if l 2 S, whi
h gives us the dynami
 rule: \If resolution is blo
ked due tothe absen
e of resolvents in S, add a potential resolvent l to S, so as to unblo
kresolution."
22



With that formulation, we 
ompare the dynami
s of KES3 and CSS3 for
onjun
tive normal form formulas. We note that both methods are highly non-deterministi
 in their behaviour of 
hoosing bran
h expansion rules and resol-vents.Suppose the size of a CSS3 proof is measured by the number of resolutionsteps, and the size of a KES3 is measured by the number of expansion rulesapplied.Theorem 5.1 Let B;� be a set of 
lauses and a 
lause. In a proof of B ` �,KES3 
an linearly simulate the dynami
s of CSS3, generating the same S.Proof: Every 
lause � 2 B in CSS3 is asso
iated with T � in KES3 and � isasso
iated with F �. In [SC95℄ every atom in � was impli
itly 
onsidered part ofS, so in order to 
ompare both systems, we have to start by putting those atomsin S. This is important for KES3 to simulate CSS3, for suppose :p is a disjun
tin � and the �nal step of a CSS3 is to resolve :p with p. This would 
orrespondto an expansion involving T :p and T p, and the tableau 
an only 
lose if p 2 S,with an intermediate step taking T :p into F p, whi
h 
loses with T p,Having that in mind, it suÆ
es to show that the 3 possible CSS3 resolutionsteps 
an be simulated in KES3; in 
lassi
al presentations, there is only a sin-gle resolution rule; in non-
lassi
al ones, all non-equivalent formats need to be
onsidered: � _ l:l� (l 2 S) :l _ �l� (l 2 S) :l _ �l _ �� _ � (l 2 S)
an be simulated in KES3 as:T � _ lT :lF �F l (l 2 S)T ��
T :l _ �T lF �T :lF l (l 2 S)�

T :l _ �T l _ �F � _ �F �F �T :lF l (l 2 S)T l�Only a 
onstant number of steps was used, independent of the form of � and �(so as to a
hieve linear simulation), without multiplying the number of bran
hesand by adding exa
tly the same formulas to S in ea
h step. �The proof above shows that every possible approximation S0 � : : : � Skin CSS3 is also possible in KES3. However, be
ause KES3 deals with a largerlanguage, several transformational tri
ks 
an be used in KES3 to improve itsstati
 expressivity whi
h 
annot be simulated by CSS3.23



5.2 Stati
 ExpressivityThe stati
 expressivity of a method is the set of theorems it 
an prove with a�xed limited resour
e. In our 
ase, we are going to 
ompare the set of theoremsthat 
an be proved with a given S.The idea is to use the larger language of KES3 to rewrite :l _ � as l ! �.Sin
e � may be a large disjun
tion, we may not know a priori whi
h negativeliteral to transform, so this transformation is assumed to be applied \on the 
y"during theorem proving.We 
an now show that for a �xed S, and formulas in !-
lausal form, KES3
an prove more theorems.Theorem 5.2 Let B;� be a set of formulas and a formula in CNF. SupposeCSS3 proves B ` � with S. Suppose KE applies the transformation above to
lauses with one or more negative literal. Then KES3 proves B ` � in timelinear w.r.t. the time needed by CSS3, with an S0 � S; it is possible that S0 � S.Proof: It suÆ
es to note that, inT :l _ �T l _ �F � _ �F �F �T :lF l (l 2 S)T l�
T l ! �T l _ �F � _ �F �F �F lT l�Figure 7: Simulation of CSS3 byKES3

the simulation of CSS3-resolution, be
ausel! � 
ontains no negated literal and needsnot to be 
onverted to :l _ �, one needsnot always add l to S0 (see Figure 7). �This does not only mean that the stati
expressivity of KES3 is higher, but alsothat CSS3 may not simulate any expan-sion S0 � : : : � Sk in KES3: KES3 maypro
eed without the addition of new ele-ments to S at points where CSS3 is surelyblo
ked and needs S to be expanded.As an example for this result, 
onsiderthe tableaux in Figure 5 and Figure 6. The _-
lauses have been a priori trans-formed to !, but the same 
ould have been done on-the-
y. The tableau shownin Figure 6 ends up with S =f
anine-teethg, a subset from the S 
omputed inExample 2.1.What was the pri
e payed for su
h an in
rease of stati
 expressivity? Theanswer is: loss of 
ontrol in the dedu
tion pro
ess.The sensitivity of a proof method depends on the set of new theorems �Twe get when we move from S to S [�S. Proof method 1 has more 
ontrol thanmethod 2 if it has more sensitivity, that is, if for the same �S, �T1 � �T2. Notethat sensitivity and 
ontrol are also dynami
 properties.In CSS3, the set S has an e�e
t over (i.e., 
ontrols) the set of atoms overwhi
h resolution 
an be applied. In KES3, the set S 
ontrols the formulas overwhi
h (T:) 
an be applied; by applying the transformation above, we eliminate:-formulas and thus redu
e the 
ontrol of S on KES3 proofs. If we add to S an24



atom that only o

urs non-negated in B ` �, no new theorems are obtained inKES3. We have thus shown the following:Theorem 5.3� KES3 is more expressive than CSS3.� CSS3 has more 
ontrol than KES3.5.3 Re
overing ControlWe have seen that although the extension proposed to S3 allows for more expres-sivity, we end up loosing 
ontrol over the resour
es used. Cadoli and S
haerf useresolution as the only inferen
e rule and the set S determines the set of atomsover whi
h resolution may be applied. In our system, modus ponens is valid evenif S is empty, i.e., �! �; � `KES3 �.If we want to regain 
ontrol, we 
an add a restri
tion to the appli
ation ofmodus ponens, so that we always need part of the formulas to be in S. We endup with rules like these: T �! �T �T � if � 2 ST! T :�F � if � 2 ST:where S = ST: [ ST!. This blo
ks the use of transformation rule in Theorem 5.2,and the two systems 
an 
learly simulate ea
h other.Example 5.4 If we apply the new rule (T !) to the tableau in Figure 6, everyline in whi
h (T !) was applied would 
ause an expansion in ST! at ea
h su
hline, namely:� 
ow is added at line 12� grass-eater is added at line 13� mammal is added at line 15� 
anine-teeth is added at line 17And sin
e in [SC95℄ every atom in � was impli
itly 
onsidered part of S, we endup with the same S-set as in Example 2.1.We should not stop here at gaining 
ontrol over the approximation pro
ess.It is 
lear that we 
an get a dedu
tion system with a mu
h �ner 
ontrol overdedu
tions, �ner then either KES3 or CSS3.25



6 A Generalised Approximation Inferen
eWe have moved from restri
ting (T:) in KES3, to restri
ting the use of both(T:) and (T !). If we are willing to have the size of the set S as an indi
ationof the inferen
e rules allowed, we 
ould go even further and add restri
tions toevery rule of our system. And still further: we may have di�erent 
ontext sets forea
h rule. This would give us a system where every 
onne
tive behaves 
lassi
allyonly for formulas whi
h belong to the 
orresponding 
ontext set: ST̂ , SF̂ , ST_ ,SF_ , ST!, SF!, ST: and SF: .We propose here a generalisation of the KES3 tableaux, that we 
all KESe.The system is obtained by adding restri
tions to ea
h expansion rule, as illus-trated in Figure 8.T �! �T �T � if � 2 ST! (T !1) T �! �F �F � if � 2 ST! (T !2) F �! �T � if � 2 SF!F � if � 2 SF! (F !)F � ^ �T �F � if � 2 SF̂ (F^1) F � ^ �T �F � if � 2 SF̂ (F^2) T � ^ �T � if � 2 ST̂T � if � 2 ST̂ (T^)T � _ �F �T � if � 2 ST_ (T_1) T � _ �F �T � if � 2 ST_ (T_2) F � _ �F � if � 2 SF_F � if � 2 SF_ (F_)T :�F � if � 2 ST: (T:) F :�T � if � 2 SF: (F:)T � F � (PB)Figure 8: KE-rules for the generalised systemTheorem 6.1 KESe 
an simulate the dynami
 evolution of both CSS3 and KES3.Also, for a given S, the expressivity of KES3(S) 
an be simulated by a suitableinstantiation of the S-parameters of KESe.Proof: To see that KESe 
an simulate the dynami
 evolution of KES3, itsuÆ
es to set S = ST: and all other S parameters to the full set of propositionalletters. In pra
ti
e, this amounts to lifting the proviso of all rules ex
ept for the(T:) rule. Sin
e KES3 simulates the dynami
s of CSS3, we have that KESe 
ansimulate the dynami
 evolution of both CSS3 and KES3.For a �xed S, we 
an simulate the expressivity of KES3(S) by setting ST: = Sand all other S parameters to the full set of propositional letters (a
tually, it is26



enough to take the set of propositional letters that appear in the initial tableau).� As expe
ted, there is a tradeo� between expressivity and 
ontrol. KESe givesus a very �ne 
ontrol, but a limited expressivity for a given 
olle
tion of S�� -sets.Basi
ally, we may need to add to some S�� -set at almost every expansion step inthe tableau. As usual, we want our system to be based on a sound and 
ompletesub
lassi
al semanti
s6.1 Semanti
s for generalised approximate inferen
eDe�nition 6.2 An Se-valuation veS is a fun
tion, veS : LC ! f0; 1g, that ex-tends a propositional valuation vp (i.e., veS(p) = vp(p)), satisfying the followingrestri
tions:(^1) veS(� ^ �) = 1; � 2 ST̂ ) veS(�) = 1(^2) veS(� ^ �) = 1; � 2 ST̂ ) veS(�) = 1(^3) veS(� ^ �) = 0; veS(�) = 1; � 2 SF̂ ) veS(�) = 0(^4) veS(� ^ �) = 0; veS(�) = 1; � 2 SF̂ ) veS(�) = 0(_1) veS(� _ �) = 0; � 2 SF_ ) veS(�) = 0(_2) veS(� _ �) = 0; � 2 SF_ ) veS(�) = 0(_3) veS(� _ �) = 1; veS(�) = 0; � 2 ST_ ) veS(�) = 1(_4) veS(� _ �) = 1; veS(�) = 0; � 2 ST_ ) veS(�) = 1(!1) veS(�! �) = 0; � 2 SF! ) veS(�) = 1(!2) veS(�! �) = 0; � 2 SF! ) veS(�) = 0(!3) veS(�! �) = 1; veS(�) = 1; � 2 ST! ) veS(�) = 1(!4) veS(�! �) = 1; veS(�) = 0; � 2 ST! ) veS(�) = 0(:1) veS(:�) = 0; � 2 SF: ) veS(�) = 1(:2) veS(:�) = 1; � 2 ST: ) veS(�) = 0It is easy to see that the extension of S3 given in Se
tions 2.2 and 4 is aparti
ular 
ase of the system above, where the sets ST̂ , SF̂ , ST_ , SF_ , ST!, SF!,and SF: 
ontain all the propositional letters of the language and S = ST: .6.2 Soundness and 
ompletenessWe say that KESe is sound with respe
t to the Se semanti
s if whenever a tableau
loses for an input sequent, then the sequent's ante
edent formulas entail its
onsequent in Se. Conversely, the KESe-tableau method is 
omplete with respe
tto the Se semanti
s if for all sequents su
h that the the ante
edent entails the
onsequent in Se, all KESe-tableaux 
lose.We extend an Se-valuation to signed formulas making veS(T�) = 1 i� veS(�) =1 and veS(F�) = 1 i� veS(�) = 0. A valuation satis�es a bran
h in a tableau if itsimultaneously satis�es all the signed formulas in the bran
h.27



To prove soundness, we �rst show the 
orre
tness of all linear expansion rulesof KESe.Lemma 6.3 If the ante
edents of the KESe linear expansion rules are S-satis�edin Se by veS so are its 
on
lusions.Proof: A simple inspe
tion of the rules in Figure 8 shows the result. �We now show that the bran
hing rule PB also preserve satis�ability.Lemma 6.4 If a bran
h is satis�ed by a valuation veS prior to the appli
ation ofPB, then at least one of the two bran
hes generated is satis�ed by a valuation veSafter the appli
ation of PB.Proof: Suppose the bran
hing o

urs over the formula �. Be
ause veS is afun
tion onto f0; 1g, we have that veS(T �) = 1 or veS(F �) = 1, so veS satis�esone of the two bran
hes generated by the appli
ation of PB. �Theorem 6.5 (Soundness) Suppose a tableau for �1; : : : ; �n ` � 
loses. Then�1; : : : ; �n j=eS �.Proof: We show the 
ontrapositive. So suppose �1; : : : ; �n 6j=eS �, so there isa valuation veS su
h that veS(�1) = : : : = veS(�1) = 1 and veS(�) = 0. In this 
ase,the initial tableau for �1; : : : ; �n ` � is su
h that all formulas T �1; : : : ; T �n; F �are satis�ed by veS .By Lemmas 6.3 and 6.4, we see that ea
h appli
ation of an expansion rulepreserves at least one satis�able bran
h. As 
losed bran
hes are not satis�able,at least one bran
h remains open and the tableau 
annot 
lose. �We say that a bran
h of a tableau is 
omplete if there are no more appli
ableexpansion rules.Lemma 6.6 An open 
omplete bran
h in a KESe-tableau is S-satis�able in Se.Proof: Let B be the set of formulas that o

ur in the open 
omplete bran
h.We have to build an Se valuation that satis�es it.We start the 
onstru
tion of v by setting v(�) = 1 for every � su
h thatT � 2 B and v(�) = 0 for every � su
h that F � 2 B. Sin
e the bran
h is openand 
omplete, there is no formula � for whi
h both T � and F �, hen
e v isa partial fun
tion that satis�es the bran
h. We have to (i) extend v to a totalfun
tion and (ii) show that v is an Se-valuation.(i) We 
an extend v by 
ombining it with any 
lassi
al propositional valuation.Let vp be a propositional valuation. If v(p) is unde�ned, then set v(p) to vp(p).We then extend v by 
ombining it with a 
lassi
al extension of vp. Suppose
 = �^� and v(
) unde�ned. We set v(
) to 1 i� v(�) = v(�) = 1. Analogouslyfor the other 
onne
tives. 28



(ii) To show that v is an Se-valuation, we must show that it satis�es theproperties in De�nition 6.2. For example, take property (^1):veS(� ^ �) = 1; � 2 ST̂ ) veS(�) = 1If T � ^ � is in B, then sin
e � 2 ST̂ , by the rule (T^), T � is also in B andhen
e, v(�) = 1. If T � ^ � is not in B, then v(� ^ �) = 1 i� v(�) = 1 andv(�) = 1. Consider rule (:1):veS(:�) = 0; � 2 SF: ) veS(�) = 1If F :� is in B and � 2 SF: , then by the rule (F:), T � is in B and hen
e,v(�) = 1. If F :� is not in B, then v(:�) = 0 i� v(�) = 1.In an analogous way, we 
an show that the valuation v satis�es the othertwelve properties in De�nition 6.2. �Theorem 6.7 (Completeness) If �1; : : : ; �n j=eS � then any possible KESetableau for �1; : : : ; �n ` � 
loses.Proof: Suppose for 
ontradi
tion that there is a tableau for �1; : : : ; �n ` �with an open 
omplete bran
h B. Then by Lemma 6.6 there is an Se valuationthat satis�es B, whi
h in
ludes T �1; : : : ; T �n; F �, 
ontradi
ting �1; : : : ; �n j=eS�. �7 Con
lusions and future workWe have extended S
haerf and Cadoli's system S3 of approximate entailment todeal with full propositional logi
. We extended their semanti
s, provided a soundand 
omplete axiomatisation and a sound and 
omplete proof method based ona 
omputationally eÆ
ient version of semanti
 tableaux.Extending the system from the 
lausal fragment to full propositional logi
does not preserve the good 
omplexity bounds provided by S
haerf and Cadoli.But as 
an be easily seen from the proof method, KES3 is to 
lassi
al logi
 as S3was to the 
lausal fragment, i.e., the approximation pro
eeds in an in
rementalway and in the worst 
ase a proof is as hard as in 
lassi
al logi
. Moreover, thetableaux system 
an be easily restri
ted to the 
lausal fragment, putting togetherthe 
omplexity upper bound provided by S
haerf and Cadoli and the heuristi
sgiven here for augmenting the set S.We have analysed our extension and the gains and losses with respe
t to theoriginal system. While being more expressive than S
haerf and Cadoli's, oursystem allows for less 
ontrol in the approximation pro
ess.We have then developed a general framework for modelling limited reasoningthat extends the idea of having a 
ontext set even further. Instead of a single29



set, we have now several 
ontexts that have to be set in order to determine thelogi
 in whi
h we are working. Having all these di�erent 
ontext sets for di�erentinferen
e rules gives us the possibility of setting limits to ea
h sort of inferen
e.The appli
ation of ea
h rule of inferen
e may have di�erent 
osts.What is missing now is a work of logi
al engineering: for parti
ular appli
a-tions, determine the 
osts and parameter sets for ea
h inferen
e rule.The implementation of a theorem prover based on KES3 has been 
ompleted.Ongoing work 
onsists of parameter and strategy testing of this prover, as wellas an adaptation of the prover to KESe.A
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