
Generalized Change and the Meaning of RationalityPostulatesRenata Wassermann (renata�ime.usp.br)Department of Computer S
ien
eInstitute of Mathemati
s and Statisti
sUniversity of S~ao Paulo, BrazilAbstra
t. The standard theory of belief revision was developed to des
ribe how arational agent should 
hange his beliefs in the presen
e of new information. Manyinteresting tools were 
reated, but the 
on
ept of rationality was usually assumedto be related to 
lassi
al logi
s.In this paper, we explore the fa
t that the logi
al tools used 
an be extendedto other sorts of logi
s, as proved in (Hansson and Wassermann, 1999), to des
ribemodels that are 
loser to the rationality of a real agent.1. Introdu
tionThe theory of belief revision deals with the problem of how to a

om-modate new information re
eived by a rational agent. The new pie
eof information may be in
onsistent with what the agent previouslybelieved and he may have to give up some previous beliefs in order toa

ept the new one.The standard model for belief revision be
ame known as AGM due tothe initials of the authors of the seminal paper (Al
hourr�on et al., 1985).In the AGM theory, belief states are represented by beliefs sets, i.e.,logi
ally 
losed sets of senten
es. In formal terms, a setK of senten
es isa belief set if and only if K = Cn(K), where Cn is the (supra
lassi
al)
onsequen
e operator that represents the logi
.The original AGM framework is a theory about how highly idealizedrational agents should revise their beliefs when re
eiving new informa-tion. The agents are idealized in that they have unlimited memory andability of inferen
e. They are able to immediately 
lose a set underdedu
tive inferen
e and to keep a belief set that is usually in�nite.Beliefs are represented by formulas of a propositional language and thelogi
 underlying the agents' reasoning is supra
lassi
al.A belief base is a set not ne
essarily 
losed under logi
al 
onsequen
e(Fuhrmann, 1991; Hansson, 1989; Nebel, 1992). For every belief baseB, its 
losure Cn(B) is a belief set that represents the beliefs held bythe agent. The elements of B are assumed to be in a sense more basi
beliefs, from whi
h the elements of Cn(B) nB are derived. Belief basesare usually assumed to be �nite, whi
h makes them more attra
tive
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2from the 
omputational point of view. They are also more expressivethan belief sets, allowing for the distin
tion between what is usually
alled expli
it and merely derived beliefs. Expli
it beliefs are the mostbasi
 ones, with independent standing, while beliefs whi
h are merelyderived from them 
an be automati
ally given up when the basi
 beliefsare retra
ted. On the other hand, belief sets have important advantagesin terms of simpli
ity.In AGM theory (Al
hourr�on et al., 1985), three forms of belief
hange are identi�ed: 
ontra
tion, expansion, and revision. Contra
tion
onsists of retra
ting a spe
i�ed senten
e from the belief set. Expansion
onsists of adding a spe
i�ed senten
e set-theoreti
ally to the beliefset. If the old and the new information are not logi
ally 
ompatible,then the new belief state after expansion will be in
onsistent. Revisionis 
onsisten
y-preserving in
orporation of new information, i.e. if theinput senten
e is 
onsistent, then the new belief set will be 
onsistent. Ifne
essary, 
onsisten
y is obtained by deleting parts of the original beliefset. These operations have also been de�ned for belief bases (Fuhrmann,1991; Hansson, 1991; Hansson, 1999).Of the three AGM operations, only expansion is 
hara
terized ina unique way. The expansion of a belief set K by � is given by K +� = Cn(K [ f�g) and the expansion of a belief base B by � is givensimply by B + � = B [ f�g. Contra
tion and revision operations arenot dire
tly de�ned, but 
onstrained by a set of rationality postulates.These postulates express the properties that reasonable operations of
ontra
tion or revision should satisfy. There are many di�erent ways inwhi
h the operations 
an be 
onstru
ted. Usually, it is assumed thatrevisions (�) are de�ned in terms of 
ontra
tion (-) and expansion (+)by means of the Levi identity: K �� = (K�:�)+�. In this paper, wewill 
on
entrate on the most well-known 
onstru
tion, known as partialmeet 
ontra
tion.The underlying logi
 used for belief revision is usually assumed tobe at least Tarskian1 and supra
lassi
al. Assuming that su
h a logi
 isused to model an agent's reasoning amounts to assigning a great dealof logi
al power to the agent. We are mainly interested in modeling lessidealized agents.In (Hansson and Wassermann, 1999), it was seen that the repre-sentation results linking 
onstru
tions to postulates for operations ofrational belief base 
hange also hold for logi
s whi
h are not Tarskian.In parti
ular, logi
s that do not satisfy in
lusion (B � Cn(B)) 
an beused.1 A Tarskian 
onsequen
e operator is an operator Cn that satis�es monotony(A � B ) Cn(A) � Cn(B)), in
lusion (A � Cn(A)) and idempoten
y or iteration(Cn(Cn(A)) = Cn(A)).
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3The fa
t that we 
an now use a larger 
lass of logi
s enables us tomodel agents with di�erent 
hara
teristi
s and still remain 
lose to theAGM paradigm. We are interested in agents whi
h may have:� Limited memory.� Limited logi
al ability.� In
onsisten
y toleran
e.In this paper, we explore logi
s that address ea
h of the three desider-ata and see how they �t the generalized version of the representationresults. We also dis
uss what the rationality postulates mean on
e we
hange the underlying logi
. Finally, we dis
uss how the di�erent logi
s
an be 
ombined in order to address the three properties above.In the rest of this paper we 
onsider L to be a propositional lan-guage 
losed under the usual truth-fun
tional 
onne
tives and 
on-taining a 
onstant ? denoting falsum. We 
all inferen
e operation anytotal fun
tion taking sets of formulas to sets of formulas, that is, anyfun
tion from P(L) to P(L). We use C to denote inferen
e operators.We use Cn to denote a Tarskian 
onsequen
e operator. The Greek let-ters �; �; 
 : : : denote arbitrary formulas; p; q; r : : : denote propositionalatoms; A;B : : : denote sets of formulas. For any formula �, V ar(�) isthe set of propositional letters whi
h o

ur in �.2. Generalized Belief ChangeIn (Hansson and Wassermann, 1999), the representation theorems ex-isting in the literature for operations of belief base 
hange were gener-alized. These results relate existing 
onstru
tions to sets of rationalitypostulates, whi
h give us what kind of behavior to expe
t from the oper-ations. In the literature, these representation theorems had been provedfor 
lassi
al, or at least Tarskian logi
s.2 In (Hansson and Wassermann,1999), it was shown that they 
an be extended to a larger 
lass of logi
s,limited by some very basi
 properties.For example, the 
ommon 
onstru
tion of partial meet 
ontra
tionhas been axiomatized by Hansson in (Hansson, 1992). The 
onstru
tionis based on the idea of remainder set, the 
olle
tion of maximal subsetsof the belief base whi
h fail to imply a given formula:2 One of the few works to 
onsider weaker logi
s for AGM revision is (Restalland Slaney, 1995). We will deal with their system in Se
tion 3.2. More re
ently,(Coniglio and Carnielli, 2001) have also addressed the fa
t that AGM revision 
anbe \transferred" from 
lassi
al logi
 to some non-
lassi
al logi
s.
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4DEFINITION 2.1. (Al
hourr�on and Makinson, 1982) Let X be a setof formulas and � a formula. The remainder set X?� of X and �is de�ned as follows. For any set Y , Y 2 X?� if and only if:� Y � X� Y 6` �� For all Y 0 su
h that Y � Y 0 � X, Y 0 ` �.DEFINITION 2.2. (Al
hourr�on et al., 1985; Hansson, 1991) The par-tial meet base 
ontra
tion operator on B based on a sele
tionfun
tion 
 is the operator _�
 su
h that for all senten
es �:B _�
� = � T 
(B?�) if B?� 6= ;B otherwiseHansson has given the following axiomati
 
hara
terization of partialmeet base 
ontra
tion:THEOREM 2.3. (Hansson, 1992) An operator _� is an operator ofpartial meet base 
ontra
tion on B if and only if:� If � 62 Cn(;), then � 62 Cn(B _��) (su

ess)� B _�� � B (in
lusion)� If � 2 B n (B _��), then there is some B0 su
h that B _�� � B0 �B, � 62 Cn(B0) and � 2 Cn(B0 [ f�g) (relevan
e)� If for all subsets B0 of B, � 2 Cn(B0) if and only if � 2 Cn(B0),then B _�� = B _�� (uniformity)In (Hansson and Wassermann, 1999), it was shown that as longas the logi
 
onsidered satis�es monotony and 
ompa
tness, the the-orem 
ontinues to hold. The notion of remainder set was extendedto 
olle
t the maximal subsets of the belief base that fail to implya given formula a

ording to the inferen
e operator C. In this way, ageneralized 
onstru
tion was obtained, based on a logi
 whi
h is notne
essarily Tarskian. The postulates were also generalized by repla
ingCn by some other inferen
e operator C. The following representationresult was obtained:THEOREM 2.4. (Hansson and Wassermann, 1999) Let C satisfy mo-notony and 
ompa
tness. Then _� is an operator of partial meet 
on-tra
tion on B based on C if and only if for all senten
es �:� If � 62 C(;), then � 62 C(B _��) (su

ess)
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5� B _�� � B (in
lusion)� If � 2 B n (B _��), then there is some B0 su
h that B _�� � B0 �B, � 62 C(B0) and � 2 C(B0 [ f�g) (relevan
e)� If for all subsets B0 of B, � 2 C(B0) if and only if � 2 C(B0),then B _�� = B _�� (uniformity)Similar results were obtained for partial meet revision, but in this
ase, besides 
ompa
tness and monotony, an extra property is needed:(�-lo
al non-
ontravention) if :� 2 C(B [ f�g), then :� 2 C(B).In the rest of the paper, we will explore the use of di�erent logi
s toinstantiate the generalized 
hange paradigm.3. Rational AgentsIf we think of models of rational agents, using 
lassi
al logi
 as the toolfor reasoning implies the assumption that agents are perfe
t reasoners,in the sense that they are logi
ally omnis
ient.When we try to model more realisti
 agents, there are several 
hara
-teristi
s of these agents that must be taken into a

ount. For example,most agents have limited memory re
all, they 
annot remember every-thing they know at on
e. Also, most agents would not give up all theinformation they had only be
ause they happen to hold in
onsistentbeliefs related to one parti
ular topi
. Another important limitationof realisti
 agents is the 
ost of 
omputation. Some beliefs may follow
lassi
ally from the agent's beliefs, but the agent may la
k the time orlogi
al ability to derive them.Using the generalized 
hange paradigm, we 
an try di�erent logi
sto model the agents' reasoning and, as long as these logi
s satisfy theproperties seen in Se
tion 2, we 
an keep the representation results.It is interesting to note that even if the postulates have the sameform, ea
h logi
 gives rise to a di�erent meaning of the postulates. Wewill dis
uss this in the rest of this se
tion.3.1. Limited MemoryThe original motivation behind the generalized form of the representa-tion theorems was to design belief 
hange operations whi
h 
onsideredonly the relevant part of a belief base. A belief base may be too large to
SvenOve-kluwer.tex; 15/09/2001; 2:05; p.5



6be 
onsidered as a whole, but it may 
ontain several pie
es of informa-tion that are 
ompletely irrelevant for the 
hange operation 
onsidered.As an example, suppose that an agent observes that, 
ontrary to whathe believed, it is raining. He will have to revise his beliefs (giving up thebelief that it is not raining), but for this revision he does not have totake into a

ount his beliefs about other subje
ts, su
h as Mathemati
s.In (Hansson and Wassermann, 1999) and (Wassermann, 2001), twodi�erent approa
hes for isolating the relevant part of a belief base wereintrodu
ed. We will brie
y des
ribe both and dis
uss their use.In (Hansson and Wassermann, 1999), given two sets of formulasA and B, the relevant formulas in B for A are de�ned to be thosethat 
ontribute to proving or disproving any formula of A. This notion(denoted by 
(A;B)) is formalized using the notion of kernel sets -minimal subsets implying a given senten
e:DEFINITION 3.1. (Hansson, 1994) Let C be an inferen
e operationon L. The kernel operation ??C is the operation su
h that for everyset B and every formula �, X is an element of B ?? C � if and onlyif:1. X � B2. � 2 C(X)3. for all Y , if Y � X then � 62 C(Y )The elements of B ??C � are 
alled �-kernels.We write ?? for ??Cn, where Cn is a 
lassi
al 
onsequen
e operation.DEFINITION 3.2. (Hansson andWassermann, 1999) The A-
ompartmentof B, where A and B are sets of senten
es, is de�ned as:
(A;B) = S�2A(S((B ??�) [ (B ??:�) n (B ?? ?))We 
all 
 the 
ompartmentalization fun
tion for the sets A and B.The 
ompartments de�ned above are usually overlapping, and shouldnot be seen as a partition of the belief base into di�erent topi
s orsubje
ts.3 The lo
alization of a given inferen
e operation C to A isgiven by:3 The de�nition of 
ompartment around a set as the union of the 
ompartmentsaround ea
h of its elements has some limitations. It may be the 
ase that for someformulas �, � and 
, � is not relevant for � or for 
, but is relevant for the setf�; 
g. An example due to Dubois and 
ited in (Herzig, 1997): let � be \I take abath", � be \I use a hair-dryer" and 
 be \I die".
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7DEFINITION 3.3. (Hansson and Wassermann, 1999) Let 
 be as inDe�nition 3.2. Then the A-lo
alization of Cn is the inferen
e operationCA su
h that: CA(B) = Cn(
(A;B)).A set B is A-lo
ally 
onsistent if and only if ? 62 CA(B).The 
onstru
tion of the 
ompartments required for the lo
al 
hangeinferen
e operations is 
omputationally expensive, involving several
he
ks for entailment. Lo
al 
hange operations are 
omputationally as
ostly as the original versions, although intuitively more appropriate.However, the representation results proven in (Hansson and Wasser-mann, 1999) do not rely on the way the 
ompartments are de�ned, butonly on properties of the lo
al inferen
e operation obtained, namely,monotony, 
ompa
tness, and �-lo
al non-
ontravention.In (Wassermann, 2001), we have shown how to add stru
ture toa belief base and use this stru
ture in order to �nd the subset of thebelief base whi
h is relevant for a 
ertain belief 
hange operation. Usingthis stru
ture, we have de�ned lo
al inferen
e operators that 
an beimplemented eÆ
iently. The key idea of the method des
ribed is to usea relation of relatedness between formulas of the belief base.Given a relatedness relation R, we 
an represent a belief base as a(possibly dis
onne
ted) graph where ea
h node is a formula and there isan edge between ' and  if and only if R('; ). This graph representa-tion gives us immediately a notion of degree of relatedness: the shorterthe path between two formulas of the base, the more related they are.Another notion made 
lear is that of 
onne
tedness: the 
onne
ted
omponents partition the graph into unrelated \topi
s" or \subje
ts".Senten
es in the same 
onne
ted 
omponent are somehow related, evenif far apart. Formally:DEFINITION 3.4. (Wassermann, 2001) Let B be a belief base and Rbe a relation between formulas. An R-path between two formulas 'and  in a belief base B is a sequen
e P = ('0; '1; :::; 'n) of formulassu
h that:1. '0 = ' and 'n =  2. f'1; :::; 'n�1g � B3. R('i; 'i+1), 0 � i < n.If it is 
lear from the 
ontext to whi
h relation we refer, we will talksimply about a path in B.We represent the fa
t that P is a path between ' and  by ' P;  .The length of a path P = ('0; '1; :::; 'n) is l(P ) = n
SvenOve-kluwer.tex; 15/09/2001; 2:05; p.7



8 Note that the extremities of a path in B are not ne
essarily elementsof B. This is due to the fa
t that we may want to 
he
k whether somesenten
e outside the belief base is related to elements of the belief base.DEFINITION 3.5. (Wassermann, 2001) Let B be a belief base and Ra relation between formulas of the language. We say that two formulas' and  are related in B by R if and only if there is an R-path P inB su
h that ' P;  .Given two formulas ' and  and a belief base B, we 
an use thelength of the shortest path between them in B as the degree of un-relatedness of the formulas. If the formulas are not related in B, thedegree of unrelatedness is set to in�nity. Formulas with a shorter pathbetween them in B are more 
losely related in B.DEFINITION 3.6. (Wassermann, 2001) Let B be a belief base, R arelation between formulas of the language and ' and  formulas. Thedegree of unrelatedness of ' and  in B is given by:u('; ) = 8><>: 0 if ' =  and ' 2 Bminfl(P )j' P;  ;P in Bg if R(', ) in B, ' 6=  1 otherwise
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tured belief baseIn Figure 1 we see an example of a belief base stru
tured by a relationR de�ned by:R('; ) if and only if ' and  share (at least) one atom.We now show, given the stru
ture of a belief base, how to retrievethe set of formulas relevant for a given formula �:DEFINITION 3.7. (Wassermann, 2001) The set of formulas of B whi
hare relevant for � with degree i is given by:�i(�;B) = f' 2 Bju(�;') = ig for i � 0
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9DEFINITION 3.8. (Wassermann, 2001)The set of formulas of B whi
h are relevant for � up to degreen is given by:��n(�;B) = S0�i�n�i(�;B) for n � 0We say that �<!(�;B) = Si�0�i(�;B) is the set of relevantformulas for �.
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Figure 2. Degrees of relevan
eIn Figure 2, we see an example of a stru
tured belief base B = f�,�, 
, Æ, ", �, �, �, �, �, �, �, o, �, �, �, �, ', �g. The 
ir
les representdi�erent levels of relevan
e for �. We have:�0(�;B) = f�g�1(�;B) = f�; �; Æ; "g�2(�;B) = f
; �; �; '; �; �; �; �g�3(�;B) = f�; o; �; �; �; �g��!(�;B) = �0(�;B) [�1(�;B) [�2(�;B) [�3(�;B) = BPROPOSITION 3.9. (Wassermann, 2001) Let B be a �nite belief baseand � a formula. For every natural number n and any inferen
e oper-ator C, if C is monotoni
 and 
ompa
t, then the lo
al inferen
e oper-ations de�ned as Cn�(B) = C(��n(�;B)) are monotoni
 and 
ompa
t.Moreover, if C satis�es non-
ontravention, then Cn� satis�es �-lo
alnon-
ontravention (if :� 2 Cn�(B [ f�g), then :� 2 Cn�(B)).The proposition above implies that for any n, ��n 
an be usedto de�ne lo
al operations 
hara
terized by the results presented in(Hansson and Wassermann, 1999).It is not diÆ
ult to see that we 
an depart from any relation R toobtain a lo
al inferen
e operator satisfying the relevant properties. Forthe proof of Proposition 3.9, no properties of R were used, we only
SvenOve-kluwer.tex; 15/09/2001; 2:05; p.9



10needed 
onditions on the initial inferen
e operator C. This gives us avery general framework. Depending on the appli
ation, one 
an use themost appropriate notion of relatedness and still obtain a lo
al inferen
eoperator satisfying the properties needed for the representation resultsgiven in (Hansson and Wassermann, 1999).Up to now, we have not said where the relatedness relation 
omesfrom. When no extra information about the domain is given, we 
antake the relatedness relation to be a synta
ti
al relation between for-mulas, for example, we 
an say that two formulas are related if theyshare a propositional variable. In some appli
ations, su
h a relation isgiven with the problem.Both sorts of lo
al inferen
e, the one de�ned in (Hansson andWasser-mann, 1999) (CA(B) = C(
(A;B))) and the one de�ned in (Wasser-mann, 2001) (Cn�(B) = Cn(��n(�;B))) 
an be used with the general-ized belief 
hange framework giving rise to belief 
hange operators thattake only (the most) relevant beliefs into a

ount. In this way, we 
anmodel the reasoning of an agent with limited memory re
all, i.e., onethat 
annot think of all his beliefs at on
e.What do the rationality postulates tell us about su
h an operation?Of the four postulates for 
ontra
tion, in
lusion (B _�� � B) is theonly one whi
h does not depend on the logi
 being used.Consider the su

ess postulate for 
ontra
tion where the underlyinglogi
 is that of lo
al inferen
es as de�ned in (Hansson and Wassermann,1999): If � 62 CA(;), then � 62 CA(B _��)In this 
ase, Amay be any set of formulas. The set 
(A;B) representsthe part of the belief base whi
h the agent takes into a

ount whenreasoning about the formulas in A. And sin
e the agent 
annot 
onsiderall his beliefs at the same time, it may be the 
ase that � is still a
lassi
al 
onsequen
e of the 
ontra
ted belief base. But the agent 
annotsee it, so he believes that the 
ontra
tion was su

essful. Note that �and A may be 
ompletely unrelated. If � is an element of the set A,then it is not diÆ
ult to see that lo
al su

ess (� 62 CA(B _��)) implies
lassi
al su

ess (� 62 Cn(B _��)) if B _�� is 
lassi
ally 
onsistent.Using the other notion of lo
al inferen
e, Cn�(B) = C(��n(�;B)),the agent �rst 
olle
ts whatever he 
an see as being relevant for � andthen performs the operation. Su

ess in this 
ase, means that if � is nota tautology, then it does not follow from the most relevant beliefs ofthe 
ontra
ted base. Sin
e the degree of relevan
e where the 
olle
tionof the relevant beliefs stops is determined by the available resour
es,lo
al su

ess means in this 
ase that the agent 
annot �nd a proof for
SvenOve-kluwer.tex; 15/09/2001; 2:05; p.10



11� in the 
ontra
ted belief base, he does not have enough memory forthat.3.2. In
onsisten
y Toleran
eOne of the problems with the use of 
lassi
al logi
 to model the behaviorof a rational agent is that it trivializes in the presen
e of in
onsisten
ies,i.e., whenever an agent happens to have in
onsistent beliefs, his beliefset 
ontains every formula of the language. This is a highly undesirableproperty, sin
e any real agent (natural or arti�
ial) with a reasonableamount of beliefs may happen to a

ept in
onsistent beliefs withouteven noti
ing it. Or even if he noti
es, he may not be able to solve thein
onsisten
y.We would like to model agents that tolerate some in
onsisten
y,i.e., agents that 
an isolate the in
onsisten
ies instead of letting them\
ontaminate" the whole belief base. A logi
 is said to be para
onsistentif for some pair of formulas � and �, we have �;:� 6` �. Several logi
swith this 
hara
teristi
 have been proposed in the literature. We will
on
entrate here on the logi
 C1 (da Costa, 1963).We will �rst brie
y introdu
e the 
al
ulus C1, and then see how it�ts the generalized belief 
hange framework.DEFINITION 3.10. A formula � is said to be well behaved if the prin-
iple of non-
ontradi
tion holds for �, i.e., if :(� ^ :�) holds. We use�o to denote :(� ^ :�).Da Costa's 
al
ulus C1 (da Costa, 1963) was introdu
ed in order todeal with possible in
onsisten
ies that should not damage reasoning bytrivializing it. The idea is to blo
k derivations from formulas whi
h arenot well behaved, isolating in
onsisten
ies.The following is an axiomatization of C1:(!1) �! (� ! �)(!2) (�! �)! (�! (� ! 
))! (�! 
)(!3) �; �! �=�(^1) � ^ � ! �(^2) � ^ � ! �(^3) �! (� ! � ^ �)(_1) �! � _ �(_2) � ! � _ �(_3) (�! 
)! ((� ! 
)! (� _ � ! 
))
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12 (:1) �o ! (�! �)! ((�! :�)! :�)(:2) �o ^ �o ! ((�! �)o ^ (� ^ �)o ^ (� _ �)o)(:3) � _ :�(:4) ::�! �This 
al
ulus is interesting sin
e, ex
ept for negation, all other 
on-ne
tives behave 
lassi
ally. A semanti
 for this system was given in(da Costa and Alves, 1977):DEFINITION 3.11. An N -valuation vN is a fun
tion, vN : LC !f0; 1g, that extends a propositional valuation vp (i.e., vN (p) = vp(p)),satisfying the following restri
tions:(i) vN (� ^ �) = 1 , vN (�) = vN (�) = 1(ii) vN (� _ �) = 0 , vN (�) = vN (�) = 0(iii) vN (�! �) = 0 , vN (�) = 1 andvN (�) = 0(iv) vN (�) = 0 ) vN (:�) = 1(v) vN (::�) = 1 ) vN (�) = 1(vi) vN (�o) = vN (�! �) = vN (�! :�) = 1 ) vN (�) = 0(vii) vN (�o) = vN (�o) = 1 ) vN ((� � �)o) = 1; � 2f!;^;_gAn N -valuation has the following properties:LEMMA 3.12. (1) vN (�) = 1, vN (:� ^ �o) = 0(2) vN (�o) = 0, vN (�) = vN (:�)PROPOSITION 3.13. Let C1(B) = f�jB `C1 �g. Then C1 satis�esmonotony, 
ompa
tness, and �-lo
al non-
ontravention.Proof: Monotony and 
ompa
tness are well known properties of C1(the notion of dedu
tion is the usual). For �-lo
al non-
ontravention,suppose that :� 62 C1(B). Then there is an N -valuation v su
h thatfor any formula � 2 B, v(�) = 1 and v(:�) = 0. By restri
tion (iv) ofthe de�nition of an N -valuation, if v(:�) = 0, then v(�) = 1. Hen
e,v is an N -valuation su
h that for any formula � 2 B [ f�g, v(�) = 1,and v(:�) = 0. Thus, :� 62 C1(B [ f�g). 2This means that C1 
an be used with the generalized belief 
hangeframework in order to model an agent that tolerates some in
onsisten
y.The agent may have some in
onsistent beliefs whi
h he does not
are about. For those formulas about whi
h the agent does 
are about
onsisten
y, he believes �o. The su

ess postulate in this 
ase indi
ates
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13that B _�� may be 
lassi
ally in
onsistent, but it is 
onsistent withrespe
t to � and � 
annot be inferred from it.3.3. Limited Logi
al AbilityAnother problem of the use of 
lassi
al logi
 is that it is usually 
om-putationally intra
table. If we want to model realisti
 agents, we musttake into a

ount limits in 
omputational power and logi
al ability. Wewill present in this se
tion the idea of approximate entailment as aresponse to these limitations.In (S
haerf and Cadoli, 1995), S
haerf and Cadoli de�ne two ap-proximations of 
lassi
al entailment: j=1S whi
h is 
omplete but notsound, and j=3S whi
h is sound and in
omplete. These approximationsare 
arried out over a set of atoms S � L whi
h determines their
loseness to 
lassi
al entailment. In the trivial extreme of approximateentailment, i.e., when S = L, 
lassi
al entailment is obtained. At theother extreme, when S = ;, j=1S holds for any two formulas (i.e., forall �,�, we have � j=1S �) and j=3S 
orresponds to Levesque's logi
 forexpli
it beliefs (Levesque, 1984), whi
h bears a 
onne
tion to relevan
elogi
s su
h as those of Anderson and Belnap (Anderson and Belnap,1975).In an S1 assignment, if x 2 S, then x;:x are given opposite truthvalues; if x 62 S, then x;:x both get the value 0. In an S3 assignment,if x 2 S, then x;:x get opposite truth values, while if x 62 S, x;:x donot both get 0, but may both get 1. The set of formulas for whi
h weare testing entailments is assumed to be in 
lausal form.4Sin
e j=3S is sound but in
omplete, it 
an be used to approximatej=, i.e., if for some S we have that B j=3S �, then B j= �. On the otherhand, j=1S is unsound but 
omplete, and 
an be used for approximating6j=, i.e., if for some S we have that B 6j=1S �, then B 6j= �.LEMMA 3.14. (S
haerf and Cadoli, 1995) Let simplify-1(B;S) be theresult of deleting all literals of B whi
h mention atoms outside S. B isS1-satis�able if and only if simplify-1(B;S) is 
lassi
ally satis�able.4 All results 
an be extended for negation normal form 
f. (Cadoli and S
haerf,1995), but further generalization implies missing the good 
omplexity upper bounds,as shown in (Cadoli and S
haerf, 1996). Besides the in
rease in 
omplexity, thestandard translation of formulas into NNF makes use of De Morgan's law and doesnot preserve truth values under S
haerf and Cadoli's non-standard semanti
s. Thishas been solved in (Finger andWassermann, 2001a; Finger andWassermann, 2001b),where extensions of S3 to full propositional logi
 were presented.
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14THEOREM 3.15. (S
haerf and Cadoli, 1995) Let � be �S _�S, whereVar(�S) � S and Var(�S)\S = ;. Then B j=1S � i� B [ f:�Sg is notS1 satis�able.5This means that, in order to test whether B 6j=1S �, for every literalof � of the form p, where p 2 S, we add the 
lause :p to B and forevery literal of � of the form :p, where p 2 S, we add the 
lause p toB. Let B0 be this expanded set of 
lauses. We now must 
he
k whetherB0 is S1 satis�able. Using Lemma 3.14, we 
an redu
e this problem totesting the 
lassi
al satis�ability of a simpli�ed set of 
lauses.LEMMA 3.16. (S
haerf and Cadoli, 1995) Let simplify-3(B;S) be theresult of deleting all 
lauses of B whi
h 
ontain an atom outside S.Then B is S3-satis�able if and only if simplify-3(B;S) is 
lassi
allysatis�able.THEOREM 3.17. (S
haerf and Cadoli, 1995) Let L(�) � S. ThenB j=3S � i� B [ f:�g is not S3 satis�able.As in the 
ase of S1, Lemma 3.16 and Theorem 3.17 together providea 
onstru
tive method for testing S3 entailment.In (Chopra et al., 2000), it was shown that the notion of approx-imate entailment des
ribed above 
an be used for implementing gen-eralized 
hange eÆ
iently. As we have noted above in Se
tion 2, if aninferen
e operation satis�es monotony, 
ompa
tness, and �-lo
al non-
ontravention, it 
an be used together with the axiomatizations givenin (Hansson and Wassermann, 1999). Approximate entailment satis�esthese requirements:DEFINITION 3.18. (Chopra et al., 2000)CiS(B) = f�jB j=iS �g, whereS is a set of propositional variables and i 2 f1; 3g.PROPOSITION 3.19. (Chopra et al., 2000) Let S be a �xed set ofpropositional variables. Then C3S satis�es monotony, 
ompa
tness, 
on-sisten
y, and �-lo
al non-
ontravention for every formula �.PROPOSITION 3.20. (Chopra et al., 2000) Let S be a �xed set ofpropositional variables. Then C1S satis�es monotony, 
ompa
tness, 
on-sisten
y, and �-lo
al non-
ontravention if V ar(�) � S.As an example of how C1S 
an fail to satisfy the 
onditions abovewhen V ar(�) 6� S, take � = p, B = ;, and p 62 S. Then any S15 This 
an only be done be
ause �S behaves 
lassi
ally and we 
an 
ompute itsnegation in 
lausal form (as a set of 
lauses).
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15interpretation assigns both � and :� the value 0. We have that :� 2C1S(B [ f�g) = Cn(?), but :� 62 C1S(B) = Cn(;).The propositions above imply that both inferen
e operations 
an beused to de�ne operations of belief 
hange. This allows us to 
ombinethe 
omputational eÆ
ien
y of S
haerf and Cadoli's method for ap-proximate entailment with the logi
al 
hara
terization of belief 
hangeoperations given in (Hansson and Wassermann, 1999). The idea is thatthese approximate inferen
es give us an approximation of the revisedbelief base and the larger the set S grows, the 
loser we get to the
lassi
al de�nition. At any point in the revision pro
ess, we 
an stopto 
he
k our results and depending upon resour
e availability, we 
an
hoose to 
arry on the revision pro
ess further or stop (Chopra et al.,2000).Note that in keeping with the approximated inferen
e operation usedabove, we will obtain two kinds of 
ontra
tion operations. Operationsbased on S1 entailment will model more radi
al 
ontra
tion operations(leading to a greater loss of beliefs) and those based on S3 will model
autious operations (fewer beliefs than warranted are dropped). The
hoi
e of whi
h 
ontra
tion operation to use will be a 
ontext-sensitiveone. At any stage of the approximated revision pro
ess, we know that
ontra
tion based on 
lassi
al 
onsequen
e lies between 
ontra
tionbased on approximated 
onsequen
e relations, and that adding morepropositional variables to the 
ontext S provides a better approxima-tion. If S = L, then B _�CiS� = B _�Cn�. Usually, the approximationswill 
onverge for a proper subset S of L.We now look on
e more at the su

ess postulate. In the 
ase of S1entailment, we have that � 62 C1S(B _��) implies that � 62 Cn(B _��),i.e., sin
e the operation may remove more than what is needed but neverless, 
lassi
al su

ess obtains. This is not the 
ase with S3 entailment.The fa
t that � 62 C3S(B _��) only means that as far as the agent 
an see,� does not follow from the 
ontra
ted base. It may follow 
lassi
ally,but the agent, with his present resour
e limitations, will not derive it.3.4. Combining them allWe have started by saying that if we want to model realisti
 agents, wehave to deal with:1. Limited memory.2. Limited logi
al ability.3. In
onsisten
y toleran
e.
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16 We have seen three di�erent sorts of logi
s whi
h address ea
h ofthe three desiderata and that �tted well in the generalized 
hangeparadigm. But what we are a
tually looking for is a single formalismwhi
h addresses the three points simultaneously. Can we 
ombine thethree kinds of logi
s?Let us �rst examine some extra properties of the logi
s proposed. In(Finger and Wassermann, 2001a), the relation between S3 entailmentand the 
al
ulus C1 was studied. The extension of S3 to full propo-sitional logi
 given in (Finger and Wassermann, 2001b) was shown tobe very 
lose to C1. And with respe
t to in
onsisten
y toleran
e, bothpresent the same behavior. For some formulas (those not in S for S3,those not well-behaved in C1), the agent may believe the formula and itsnegation without believing every formula of the language. This meansthat S3 entailment alone satis�es two of our three desiderata.If we look at the notions of lo
al inferen
es, we see that they alsotolerate some in
onsisten
ies. Consider the following example, takenfrom (Hansson and Wassermann, 1999):Example:When at home I hear on the radio that my friend Carol has beenmurdered yesterday night and that there were no tra
es of doors orwindows having been for
ed. I talked to her yesterday on the phoneand she was at home with her 
at-mates Ann and Bill. I know thatno one else, ex
ept for Ann, Bill and Carol had the keys to theirapartment. I 
on
lude that Ann or Bill must have done it. But Ihave known Ann for quite some time and 
annot believe that shewould be able to murder anyone. I believe that she did not do it.For similar reasons, I believe that Bill did not do it. This is 
learlyin
onsistent with my belief that one of them did it, but I am sureof one thing: I do not believe I am asleep!Let a stand for the proposition \Ann is the murderer", b for \Billis the murderer", and s for \I am asleep". My belief base B 
ontains:fa_ b;:a;:b;:sg. The belief base is 
lassi
ally in
onsistent, but if oneis only interested in reasoning about being asleep or not, both methodsfor lo
al inferen
e will retrieve only the subset f:sg, whi
h is 
onsistent.This means that if � = s, neither C�(B) nor Cn�(B) will 
ontain thewhole language.From this, we see that we only need to 
ombine lo
al inferen
e andapproximate entailment in order to satisfy the three desiderata. In(Chopra et al., 2000), some steps in this dire
tion were taken. The ideathere was to use approximate entailment together with some notion ofrelevan
e. Relevan
e was used in order to guide the approximations,i.e., in order to �nd the 
ontext set S.
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17We want now to mix the notions of lo
al and approximate entailmenteven further. The idea is to �rst �nd the relevant 
ompartment and thenuse approximate entailment on the relevant part. For �nding the rele-vant 
ompartment we use the lo
al inferen
e de�ned in (Wassermann,2001), whi
h is 
omputationally more eÆ
ient.DEFINITION 3.21. Let CS;n� (B) = C3S(��n(�;B)).Note that this notion of inferen
e is parametrized by S an n. We
an play with the parameters a

ording to the available resour
es.PROPOSITION 3.22. For S, n, and � �xed, CS;n� satis�es monotony,
ompa
tness and �-lo
al non-
ontravention.Proof: Monotony follows dire
tly from the monotony of S3 and oflo
al inferen
e: if B � B0, then ��n(�;B) � ��n(�;B0) and from themonotony of S3, C3S(��n(�;B)) � C3S(��n(�;B0)). Compa
tness alsofollows from the 
ompa
tness of the lo
al inferen
e, sin
e ��n alwaysretrieves a �nite set, all proofs are �nite. For �-lo
al non-
ontravention,we only have to see that ��n(�;B [ f�g) = ��n(�;B)[ f�g. If :� 62CS;n� (B), then there is an S�3 valuation v su
h that v takes all formulasin ��n(�;B) into 1 and v(:�) = 0. By the de�nition of S�3 valuations,we know that v(�) = 1, i.e., v takes all formulas of ��n(�;B) [ f�ginto 1 and v(:�) = 0. Hen
e, :� 62 CS;n� (B [ f�g). 2This proposition shows that we 
an indeed 
ombine lo
al inferen
eand approximate entailment and obtain a family of logi
s parametrizedby the resour
e limitations of the agent and still keep the logi
al resultsof the generalized 
hange paradigm.4. Con
lusions and Related WorkIn this paper, we have shown how di�erent logi
s 
an be used togetherwith the generalized belief 
hange proposed in (Hansson and Wasser-mann, 1999). We have seen what ea
h one brings in terms of modelingthe behavior of more realisti
 agents.We have also proposed a new 
ombination of the existent logi
swhi
h satis�es all of our three desiderata.Restall and Slaney (Restall and Slaney, 1995) have done somethingsimilar for the revision of belief sets. They showed that the notion of
onsequen
e used 
an be weakened to that of �rst-degree entailmentkeeping the representation results. First-degree entailment is is knownto satisfy properties of para
onsistent and relevant logi
s. For this, it
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18
an be seen as a formalism addressing two of our three desiderata.However, it presents no gains in terms of 
omputational 
omplexity. 6Marquis and Porquet (Marquis and Porquet, 2001) 
ombine ap-proximate reasoning with some form of in
onsisten
y toleran
e. Theydesigned a family of inferen
e operators that are based on S3 entail-ment, but that instead of 
onsidering the whole belief base, takes intoa

ount only a maximal 
onsistent subset of it. For sele
ting this maxi-mal subset, it depends on a given ranking of the formulas of the base, asdes
ribed by (Benferhat et al., 1995). When an in
onsisten
y is found,the formula with the lowest rank is left out. This gives rise to a non-monotoni
 inferen
e operator, that 
annot be used together with thegeneralized 
hange paradigm. But the whole point of the approa
h in(Benferhat et al., 1995) is to keep everything in the belief base and onlyinfer from the 
onsistent parts and not to perform revision, as is ourgoal. Marquis and Porquet 
laim that there was no treatment in theliterature aiming at both in
onsisten
y toleran
e and 
omputationaleÆ
ien
y. But (Chopra et al., 2000) and (Wassermann, 2001) addressthese two problems, and also the need of some notion of relevan
e fordealing with memory limitations.Our message here is that in order to model realisti
 agents, we needlogi
s whi
h are more sophisti
ated than 
lassi
al logi
 in the sense thatthey model more features of the agents' reasoning. But we also needlogi
s whi
h give us partial answers when the available resour
es arenot suÆ
ient for �nding the 
lassi
al answers. The solution proposed inthis paper is a logi
 that \does as good as it 
an", the more resour
eswe have available, the more we 
an in
rease the parameters n and S,and the 
loser we get to 
lassi
al logi
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