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RENATA WASSERMANNON STRUCTURED BELIEF BASESABSTRACT: Most existing approaches to belief revision describe the behaviour of ahighly idealized rational agent. In operations of belief change for more realistic agents,usually only a small part of an agent's beliefs is accessed at one time. This should be takeninto account if we are looking for cognitively more appropriate operations. Furthermore,it makes implementation more feasible.In this paper we show how extra structure of belief bases can be used for implementinglocal change as de�ned in [Hansson and Wassermann, 1999], where only the relevant partof an agent's beliefs is considered. Some ideas for adding structure to belief bases arepresented. Structured belief bases can be seen as graphs, where each node is a belief andtwo nodes are adjacent if and only if they are related. We also de�ne some notions ofrelatedness. 1 INTRODUCTIONIntelligent agents must have some way of revising their beliefs. Even thoughthe AGM paradigm [Alchourr�on et al., 1985] provides a very elegant andpowerful framework for reasoning about how a rational agent should changehis beliefs when confronted with new information, it tells us very littleabout how that agent could really perform such belief changes. Moreover,the rational agent described is a highly idealized one, a perfect reasonerwith in�nite memory, logical ability, no inconsistent beliefs and no timeconstraints.In the AGM paradigm, the belief state of an agent is represented by abelief set, a set of logical formulas that is closed under logical consequence.The use of belief sets has received several criticisms, the two most impor-tant being that they are usually to big to be (computationally) dealt with,and that they are not expressive enough, not allowing for example for dis-tinctions between beliefs with an independent standing and merely derivedones.One alternative for the use of belief sets if to represent the belief stateof an agent by means of a set that is not closed under logical consequence,called belief bases. This alternative has been extensively studied and AGM-like operations have been de�ned for belief bases. However the term \beliefbase" has been used by two di�erent communities with di�erent meanings.Most authors interested in implementing AGM belief revision [Nebel, 1990;Williams, 1994; Dixon, 1994] use belief bases to represent the belief setof an agent. A belief base in these approaches is a �nite axiomatizationof the theory (belief set) representing the agent's commitments. The factthat a formula of the belief set is an element of the belief base does notdistiguish it from other formulas that are not part of the belief base butfollow logically from it. There are just two possibilities for a formula: either



iv RENATA WASSERMANNit follows from the belief base, and so the agent is commited to it, or it doesnot. Authors following this approach usually try to avoid redundanciesin the belief base. In databases, for example, this is a desirable property,since it makes alterations of the data easier. On the other hand, addingnew information becomes much more complex, since one has to check forredundancies.The approach that we follow in this paper is in line with another use of theterm \belief base", defended for example by [Fuhrmann, 1991; Rott, 1996;Hansson, 1998]. According to this line, a belief base is an arbitrary setof formulas representing those beliefs of an agent that have independentstanding. Some authors [Fagin and Halpern, 1988] call these the explicitbeliefs. Beliefs that follow from the ones in the belief base but are notpart of it have a di�erent status, being merely derived beliefs. The setof formulas to which the agent is commited, also called implicit beliefs, isformed by taking the logical closure of the agent's belief base. A model ofthe belief state of a resource-bounded agent is presented in [Wassermann,1999], which includes explicit, implicit and active beliefs. The set of activebeliefs is the set of formulas that is relevant for use at a certain moment.In [Hansson and Wassermann, 1999] we present one way of retrieving theactive beliefs from the belief base. This method and its shortcomings aredetailed in section 2.While in the �rst notion of belief base the stress is on keeping a non-redundant base, and thus requiring a non-trivial operation of expansion, inthe second notion what matters is the justi�cation of an agent for believingthe formulas of the base. In this case, adding new information to the beliefbase via expansion is a trivial operation. The complexity arises when onehas to give up beliefs (contraction) or use the beliefs for reasoning, sincethey may well be inconsistent.1When trying to model more realistic agents, one should take into accountsome limitations of the agents. We may hold inconsistent beliefs withouteven realizing it, and this does not prevent us from being able to reasonabout other topics. Realistic agents should not try to keep their wholeset of beliefs consistent, but only solve inconsistencies when they becomerelevant for a line of reasoning.Even if real agents (natural or arti�cial) had the ability to calculate allthe consequences of their beliefs, they would not have any interest in doingso. Some consequences are useful, but an agent should not waste resoucescalculating that p _ q, p ^ p, p ^ p _ q and p ^ p ^ p _ q all follow from his1In [Rott, 1996], two ways of using belief bases are distinguished. Either the beliefbase is a �nite axiomatization of a belief set, which can be obtained by applying Cn onthe base (the horizontal perspective), or the belief base is an arbitrary set of formulas,possibly inconsistent, and the commitments of the agent are obtained by applying a moresophisticated inference operator on the base (the vertical perspective). We follow in thispaper the vertical perspective.



ON STRUCTURED BELIEF BASES vbelief in p. In approaches to belief revision that use belief bases [Fuhrmann,1991; Hansson, 1994; Nebel, 1990] instead of logically closed belief sets, theoperations de�ned usually depend on �nding maximal subsets of the beliefbase not implying some formula �, or minimal subsets of the base implying�.2Exploring all subsets of a reasonably sized belief base is a very expensiveoperation.One way to attack the problem is to try to reduce the size of the set to beexplored. Intuitively, not all of an agent's beliefs are relevant for decidingwhat to do with new information. There should be a way of isolating thesubset of a belief base that contains the relevant beliefs for an operationof belief change. In [Hansson and Wassermann, 1999], this approach is ex-plored. A notion of compartment is presented for retrieving the relevantpart of a belief base and then local operations of belief change are de�nedthat act only on the relevant part of the beliefs. The problem is that theway the compartments are de�ned uses the notion of minimal subsets ofthe base implying some formula, that is, �nding a compartment is as ex-pensive as performing a traditional operation of belief change. However,the representation results obtained in [Hansson and Wassermann, 1999] forthe local versions of the belief change operations are very general and donot depend on the particular way the compartment is de�ned, but only oncertain properties of the resulting compartments.In this paper we present more e�cient ways of retrieving the relevantpart of a belief base. The retrieved set can then be \plugged" into theconstructions of local operations. Even though the local operations alsorely on �nding minimal or maximal subsets implying or not implying certainformulas, the set to be explored is reduced to a manageable size.The paper proceeds as follows: in the next section the basic de�nitionsand results of [Hansson and Wassermann, 1999] are summarized. In section3, a computer system is presented which has a very e�cient mechanismfor retrieving relevant beliefs from a belief base with extra structure. Theideas of the system inspired some considerations on more general ways ofstructuring the base and on formalizing the notion of retrieving the mostrelevant beliefs for a certain input. These considerations are presented insection 4. In section 5, some examples of relatedness relations are presentedthat can be used for structuring the belief base. Computational aspects areexamined in section 6. Some related work is discussed in section 7, andconclusions are presented in section 8.In the rest of the paper we will be working within a propositional frame-work, with a language L containing the basic boolean connectives. We will2Alternative approaches based on epistemic entrenchments (E-bases [Rott, 1991]; \en-sconcements" [Williams, 1994]) rely on a well behaved pre-order of the beliefs in the baseto construct operations of belief change. Given the pre-order, the operations become lesscomplex, but constructing and maintaining this pre-order can be computationally verycostly.



vi RENATA WASSERMANNassume that a belief base is a �nite set of formulas of L.It is possible to ignore di�erences in the syntactical form of formulas,although we do not do it here, by assuming (i) a logical approach: when wesay \p occurs in '" we actually mean \for all  such that ` '$  , p occursin  "; or (ii) a computational approach: the formulas are all represented insome normal form, and equivalent formulas have equal representation.We will use the terms \ belief base" and \database" indiscriminately torefer to a set of formulas of L.2 LOCAL CHANGEIn [Hansson and Wassermann, 1999], we presented a framework for per-forming local reasoning. The key idea is that not all of an agent's beliefsare relevant for an operation of belief change. As an example, suppose thatI wake up and see that the sun is shining in Amsterdam. This contradictsmy previous beliefs about the weather, like the one that it always rains inHolland, and leads to revision. However, the revision process does not haveto take my beliefs about mathematics into account. These beliefs are com-pletely irrelevant for the change taking place and should not play any rolein it.How do we determine which of the beliefs from a belief base are relevantfor a certain operation? We are interested in the concept of a compartmentaround a formula or a set of formulas. In [Hansson and Wassermann, 1999],given two sets of formulas A and B, we de�ne the relevant formulas in Bfor A as those that contribute for proving or disproving any formula of A.We formalize this using the notion of kernel sets - minimal subsets implyinga given sentence:DEFINITION 1. [Hansson, 1994] Let C be an inference operation on L.Then the kernel operation ??C is the operation such that for all subsets Band elements � of L, X 2 B ??C� if and only if:1. X � B2. � 2 C(X)3. for all Y , if Y � X then � 62 C(Y )The elements of B ??C� are called �-kernels.We write ?? as an abbreviation of ??Cn, where Cn is a classical conse-quence operation.The compartment of B around a set of sentences A is given by the unionof the � and :�-kernels of B for all elements � of A. We discard theinconsistent kernels, since we do not want an inconsistent kernel like fp;:pg



ON STRUCTURED BELIEF BASES viito be included in the compartment around q only because it implies everysentence in the language.DEFINITION 2. [Hansson and Wassermann, 1999] The A-compartment ofB, where A and B are sets of sentences is de�ned as:c(A;B) = S�2A(S((B ??�) [ (B ??:�) n (B ?? ?))We call c a compartmentalization function.Note that the compartments de�ned above are usually overlapping andshould not be seen as a partition of the belief base into di�erent topics orsubjects.Note also that the de�nition of compartment around a set as the unionof the compartments around each of its elements has some limitations. Itmay be the case that for some formulas �, � and 
, � is not relevant for �or for 
, but is relevant for the set f�; 
g. An example due to Dubois andcited in [Herzig, 1997] lets � be \I take a bath", � be \I use a hairdryer"and 
 be \I die".OBSERVATION 3.(1) For all sets A and B of sentences, c(A;B) = c(A; c(A;B)).(2) If A � A0 and B � B0, then c(A;B) � c(A0; B0).Even though the way the compartments are de�ned is purely logical, theydepend on the belief base (and hence, additions or subtractions change thecompartments) and on the set around which the compartment is built, whichcan be seen as giving the context in which the relevant formulas have to beretrieved.Given the notion of compartment around a set A, we can de�ne thelocalization of a given inference operation C to A as:DEFINITION 4. [Hansson and Wassermann, 1999] Let C be an inferenceoperation on L and let c be a compartmentalization function as in de�nition2. Then for any set A, the A-localization of C is the inference operation CAsuch that for all sets B of sentences: CA(B) = C(c(A;B)).A set B is A-locally consistent if and only if ? 62 CA(B)THEOREM 5. [Hansson and Wassermann, 1999] Let be CA the A-localizationof an inference operation C. Then:1. If C satis�es monotony, then so does CA.2. If C satis�es monotony and compactness, then so does CA.We also showed how local versions of the operations of contraction, revi-sion, consolidation and semi-revision can be constructed and characterizedby means of postulates. I reproduce below one of the results obtained in[Hansson and Wassermann, 1999], namely the characterization of local ker-nel contraction, which can be used for deriving the others.



viii RENATA WASSERMANNThe idea behind kernel contraction is that, if we remove from the beliefbase at least one element of each �-kernel (minimal subset of the base thatimplies �), we obtain a belief base that does not imply �. In the case ofthe local operation, we are interested in obtaining a belief base that doesnot A-locally imply �, where A is a set of sentences. We consider then onlythose kernel sets that A-locally imply � and use an incision function toselect the formulas from the kernel sets to be removed. An incision functionis a function de�ned from sets of sets of sentences into sets of sentences,selecting at least one sentence from each set of the argument.DEFINITION 6. [Hansson, 1994] An incision function is any function � :P(P(L))! P(L) such that for any subset S of P(L):1. �(S) � SS2. If ; 6= X 2 S, then X \ �(S) 6= ;Example: Let S = ffa; bg; fcg; fd; e; fgg. Then we may have an incisionfunction � such that �(S) = fb; c; eg.DEFINITION 7. [Hansson, 1994] Let C be an inference operation on L and� an incision function. The local kernel contraction of B determined by Cand � is the operation _�C;� such that for all sets of sentences B:B _�C;�� = B n �(B ??C�)The following theorem characterizes the operation of local kernel contrac-tion and is a generalization of the result obtained in [Hansson, 1994]. Theintended interpretation is that C should be a localization CA of an inferenceoperator, as de�ned above. However, the formal result is more general andis therefore stated in terms of an operation C of a more general type.THEOREM 8. [Hansson and Wassermann, 1999] Let C be an inference op-eration satisfying monotony and compactness. An operation _� is an opera-tion of local kernel contraction determined by C and some incision functionif and only if for all sets of sentences B:� If � 62 C(;), then � 62 C(B _��) (success)� B _�� � B (inclusion)� If x 2 B nB _��, then there is some B0 � B such that � 62 C(B0) and� 2 C(B0 [ fxg) (core-retainment)� If for all subsets B0 of B � 2 C(B0) if and only if � 2 C(B0), thenB _�� = B _�� (uniformity)The problem with this approach is that the way the compartments arecalculated is extremely ine�cient. On the whole, the local change operations



ON STRUCTURED BELIEF BASES ixare computationally as costly as the original versions, although intuitivelymore appropriate.However, the representation results proven in [Hansson and Wassermann,1999] do not rely on the way the compartments are de�ned, but only onproperties of the local inference operation obtained, namely, monotony andcompactness. The compartment construction in de�nition 2 can be seenas an example, as one way of constructing a compartment such that thelocalization of the consequence operator to the compartment satis�es therequirements. This means that if we �nd another way of retrieving therelevant beliefs from a base such that the associated local inference operationis also monotonic and compact, the results in [Hansson and Wassermann,1999] go through.In the rest of the paper, some ideas for e�cient ways of retrieving relevantinformation are presented.Note that even if we apply traditional constructions for belief change onthe set of relevant beliefs, since this set can be kept much smaller than thebelief base as a whole, the operations become more feasible.3 RABITIn this section we brie
y discuss the system RABIT (Reasoning AboutBeliefs In Time). For details, the reader is referred to [Gary, 1993; Garyand Elgot-Drapkin, 1996].RABIT is intended to simulate commonsense reasoning in an e�cient,psychologically based way.The system consists of four modules, each one representing another sortof memory: LTM (Long-Term Memory), STM (Short-Term Memory), ITM(Intermediate-Term Memory) and RTM (Relevant-Term Memory). Theidea is that all the information (the beliefs) is stored in the LTM compo-nent, but the reasoning is performed on a small subset of the beliefs in LTM,the STM. This reasoning is based on the step-logic formalism [Drapkin andPerlis, 1986]. The ITM component stores the history of the reasoning pro-cess and the RTM works as a kind of context, storing the relevant concepts(in RABIT, any symbol in the language, like predicate names and constants,represent a concept). The idea of working on a small subset of the beliefbase is psychologically as well as computationally motivated.RABIT has a very e�cient algorithm for retrieving the relevant informa-tion from the LTM. The LTM is organized as a bipartite graph where thenodes are either formulas or concepts. Each formula is linked to all the con-cepts that occur in it. So, (example from [Gary and Elgot-Drapkin, 1996]the formula penguin(tweety) is linked to the nodes penguin and tweety. Ifone wants to retrieve every formula that mentions Tweety, one only needsto take all nodes adjacent to Tweety in the graph.



x RENATA WASSERMANNA method of marker-passing is used for determining which formulas ofthe LTM go to STM. The system chooses the relevant concepts to startwith (for example, the concepts occurring in a new belief acquired) and\spreads" the activation through the edges of the graph. The activation leveldecreases every time it passes a new edge. Every belief with an activationlevel above a certain threshold is copied into the STM. By regulating thedi�erent parameters, like the initial activation, the decrease function andthe threshold of activation, one can keep the STM small.The LTM may contain contradictions, that are only solved when theybecome evident in the STM. Beliefs in the LTM as well as in the STMhave their source attached. When a contradiction arises in the STM, aprecedence order of the sources determines which belief should be given upfrom the STM. But nothing is deleted from the LTM. This means that acontradiction may be retrieved over and over again due to the same input.In a more recent version of RABIT, there is an \adaptive behaviour" thatincreases the distance between the formula that \lost" in the contradictionsolving procedure and any node, so that it becomes less and less likely thatthe contradiction will be retrieved again.The RABIT architecture is intuitively very appealing, but there are someaspects of it that prevent it from being useful for our purposes:1. The retrieval mechanism is very e�cient, but what happens after therelevant part of the LTM has been retrieved is that the system startsinferring everything it can from the beliefs in the STM, that is, it isnot goal-directed.2. The LTM only grows, new beliefs are added, but nothing is deleted.Besides the fact that this presents obvious disadvantages from thecomputational point of view, it does not seem very intuitive that anagent, after concluding that a belief is false, continues to hold it forthe same reasons. The belief could certainly be reinferred by anotherline of reasoning but we do not want a system that follows always thesame (doomed to failure) line of reasoning.3. The way in which the LTM is organized is purely syntactical. Thereare no links between concepts, for example. If we know that Paul isa lecturer, that a lecturer is a member of the sta� and that membersof the sta� are people, there is no \short path" between beliefs aboutpeople in general and beliefs about Paul.The aspects above show that the reasoning part of RABIT is not ade-quated for our purposes. Nevertheless, the architecture of the program isgoing to be used in the rest of the paper. RABIT's architecture is based oncognitive models of memory and the fact that these models use the notionsof small short term memory and relevance links between beliefs provides an



ON STRUCTURED BELIEF BASES xiindependent motivation for our model of a rational agent's belief state. Inthe next two sections, we will explore and generalize those aspects of theRABIT architecture that will allow us to construct more e�cient operationsfor belief change.4 STRUCTURING THE BELIEF BASEAs we have seen, if we have an e�cient method of retrieving relevant beliefsfrom a belief base, such that the inference relation obtained by localizingsome inference operator C is monotonic and compact, we can use it togetherwith the representation results in [Hansson and Wassermann, 1999] and gete�cient, well de�ned operations of belief change.In this section we show how to use extra structure of belief bases in orderto make the retrieval of the relevant beliefs more e�cient.We begin by assuming that a relatedness relation between formulas ofthe language is given, with the intended meaning as follows:R(';  ) if and only if ' and  are directly related.For the moment we leave open what we mean by \directly related". Itmay have a psychological interpretation given by statements or conceptsthat individuals associate, or a semantic interpretation - ' and  are asser-tions about the same (or related) topic. In section 5 we give some examplesof relatedness relation.Some desirable properties of R are:1. re
exivity - R('; ')2. symmetry - R(';  ), R( ; ')3. negation invariance - R(';:')Transitivity is not desirable, for two reasons: �rst, we want to be able tomodel agents with limited resources, who may be unable to calculate thetransitive closure of the relatedness function. Second, we want to be ableto talk about degrees of relatedness.Given a relatedness relation, we can represent a belief base as a (possiblydisconnected) graph where each node is a formula and there is an edgebetween ' and  if and only if R(';  ). This graph representation gives usimmediately a notion of degrees of relatedness: the shorter the path betweentwo formulas of the base is, the closer related they are. Another notionmade clear is that of connectedness: the connected components partitionthe graph into unrelated \topics" or \subjects". Sentences in the sameconnected component are somehow related, even if far apart.Formally:



xii RENATA WASSERMANNDEFINITION 9. Let B be a belief base and R be a relation between for-mulas. A R-path between two formulas ' and  in a belief base B is asequence P = ('0; '1; :::; 'n) of formulas such that:1. '0 = ' and 'n =  2. f'1; :::; 'n�1g � B3. R('; '1), R('1; '2), ..., and R('n;  ).If it is clear from the context to which relation we refer we will talk simplyabout a path in B.We represent the fact that P is a path between ' and  by ' P;  .The length of a path P = ('0; '1; :::; 'n) is l(P ) = nNote that the extremities of a path in B are not necessarily elements ofB.DEFINITION 10. Let B be a belief base and R a relation between formulasof the language. We say that two formulas ' and  are related in B by Rif and only if there is a path P in B such that ' P;  .Given two formulas ' and  and a belief base B, we can use the length ofthe shortest path between them in B as the degree of unrelatedness of theformulas. If the formulas are not related in B, the degree of unrelatednessis set to in�nity. Formulas with a shorter path between them in B are closerrelated in B.DEFINITION 11. Let B be a belief base, R a relation between formulas ofthe language and ' and  formulas. The unrelatedness degree of ' and  in B is given by:u(';  ) =8<: 0 if ' =  and ' 2 Bminfl(P )j' P;  ; P in Bg if ' and  are related in B by R1 otherwiseOBSERVATION 12. A distance function on a set U is a function d : U �U ! IR such that: (i) d(x; y) � 0; (ii) d(x; y) = 0 i� x = y; (iii) d(x; y) =d(y; x); and (iv) d(x; y) � d(x; z) + d(z; y). The unrelatedness degree urestricted to the elements of B is a distance function.In �gure 1 we see an example of a belief base structured by a relation Rde�ned by:R(';  ) if and only if ' and  share an atomThis is just an example of a relatedness relation. This relation is clearlytoo simplistic to capture a cognitive notion of relevance. Nevertheless, it hassome interesting properties which make it a good starting point for studyingrelevance. The intended interpretation of R(';  ) is: \Given a formula ',take every formula  in which we believe and that involves the atoms in '".
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Figure 1. Structured belief baseThe edges in the �gure represent the relation R between the elementsof the belief base. The graph representing the structured base has twodisconnected components. The formulas p ^ q and r ! s are not related inB. The formula q ^ r is related to all formulas in the belief base, since it ispossible to �nd a path between it and all formulas in the base. Rememberthat the initial and �nal nodes of the path do not have to be elementsof the base. This means that if one adds the formula q ^ r to the base,all the other elements become related to each other in B. This can beinterpreted in the following way: the two disconnected components of theoriginal base represent beliefs about unrelated subjects. As soon as oneintroduces a belief mentioning the subjects of both components, all beliefsin the two componnents become related to each other. There is an implicitassumption here that if one choses to add a belief p^q instead of two beliefsp and q, then there is some relation between p and q.We now show, given the structure of a belief base, how to retrieve the setof formulas relevant for a given formula �:DEFINITION 13. The set of formulas of B which are relevant for � withdegree i is given by:�i(�;B) = f' 2 Bju(�; ') = ig for i � 0DEFINITION 14.The set of formulas of B which are relevant for � up to degree n is givenby:��n(�;B) = S0�i�n�i(�;B) for n � 0We say that ��!(�;B) = Si�0�i(�;B) is the set of relevant formulasfor �.



xiv RENATA WASSERMANNIn section 2 we presented a notion of compartment around a sentence. Inde�nition 2 the �-compartment of a belief base B was de�ned as the set offormulas of B that contribute to proving either � or its negation. These werethe formulas of B that were relevant for an operation of belief change. As wemaentioned before, for the representation results obtained in [Hansson andWassermann, 1999] the particular construction of the compartments doesnot matter, but only the properties of the inference relation obtained. Wenow show some properties of the inference operation obtained using ��ninstead of c (de�nition 2) as a compartmentalization function.PROPOSITION 15. Let B be a belief base and � a formula. For every natu-ral number n and any inference operator C, if C is monotonic and compact,then the local inference operations de�ned as Cn�(B) = C(��n(�;B)) aremonotonic and compact.Proof: Since all sets considered are �nite, compactness follows trivially.For monotony, let B and D be sets of formulas such that B � D. Let� 2 Cn�(B), i.e., � 2 C(��n(�;B)). It is easy to see that ��n(�;B) ���n(�;D). Hence, since C is monotonic, � 2 C(��n(�;D)), i.e., � 2Cn�(D). 2This means that for any n, ��n can be used as a compartmentalizationfunction to de�ne local operations characterized by the results presented in[Hansson and Wassermann, 1999] and summarized in section 2. In the caseof an ideal agent, that is, an agent with no limits in its capacity of retrieval,all of the agent's relevant beliefs are retrieved, that is, ��! is used as acompartmentalization function. Otherwise, we can limit the size of the setretrieved by the choice of n.In �gure 2, we see an example of a structured belief base B = f�, �, 
,�, ", �, �, �, �, �, �, �, o, �, �, �, �, ', �g. The dotted circles representdi�erent levels of relevance for �. We have:�0(�;B) = f�g�1(�;B) = f�; �; �; "g�2(�;B) = f
; �; �; '; �; �; �; �g�3(�;B) = f�; o; �; �; �; �g��!(�;B) = �0(�;B) [�1(�;B) [�2(�;B) [�3(�;B) = B5 WHERE DOES THE STRUCTURE COME FROM?In the previous section we assumed that a relation of relatedness betweenelements of the language was given. In this section we will present someways of deriving such a relation from the belief base.
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Figure 2. Degrees of relevance5.1 Database de�nitionsIn many real applications, there is a part of the database dedicated to thede�nition of concepts which can be used to generate a relatedness relation.Let B be a database and A be the subset of B where all the de�nitionsare made. We can say that atoms appearing in the same formula of A arerelated. We can say that two formulas ' and  are related if they share anatom or if there are atoms p in ' and q in  such that p and q are related.Formally:DEFINITION 16. Let A be a set of formulas. We de�ne a relation RA onatoms by:RA(p; q) if and only if either p = q or p and q occur in the same formulaof A.The relation RA can be extended to a relation on the language:DEFINITION 17. Let RA be a relation on formulas de�ned as:RA(';  ) i� there are atoms p in ' and q in  such that RA(p; q).It is easy to see that RA is symmetric and re
exive and that for every ',RA(';:').The transitive closure of the relation RA gives an equivalence relationthat determines a partition of the belief base. Each member of the partitionis completely independent from the others with respect to the de�nitions inA.



xvi RENATA WASSERMANNWe can also have A = B, that is, use the whole belief base for derivingthe relatedness relation.5.2 The syntactic approachRodrigues [Rodrigues, 1997] claims that to ask for a primitive relation be-tween propositional variables or a primitive subject matter assignment maybe to strong a requirement. He proposes instead to use directly the relationintroduced in �gure 1, i.e.:R(';  ) if and only if ' and  share an atomHe shows that this is actually the smallest relation satisfying the condi-tions given in [Epstein, 1990] for a relatedness relation.3Epstein [Epstein, 1990] takes the topic or subject matter of a propositionas a primitive and says two propositions are related if they share a subjectmatter. He considers a set of topics S and supposes that each propositionalvariable has a non-empty set of topics associated with it. The set of topicsassociated with a proposition is simply the union of the sets of topics associ-ated to each variable appearing in it. Epstein shows that one can also takea relatedness relation R as a primitive and derive a topic assignment from itby taking the subject matter of a formula ' to be s(') = ff';  gjR(';  )g.Clearly, the result of applying the de�nition of relatedness to this topic as-signment, i. e., R(';  ) if and only if s(')\ ( ) is non-empty is the relationR.Another way of deriving the relatedness structure from the given datais to consider the knowledge base as a whole and create a graph that hasas nodes formulas and atoms. Each formula is then linked to the atomsthat occur in it. This is the approach followed by the RABIT system.The derived structure is that of a (possibly disconnected) bipartite graph.Atoms can be related to each other only via some formula in the databasethat contains them. In the same way, formulas are only related to otherformulas via some atom they share. This has the advantage that it is veryeasy to insert a new formula in the graph, one only has to link it to the atomsit contains. On the other hand, since there is no link between atoms, even ifthe atoms p and q are intuitively directly related, the formulas p and q willonly be related if there is any formula in the belief base containing both.One could use tricks, like adding some formula related(p,q) to the beliefbase if the agent believes that p and q are related or adding a tautology like(p _ :p) _ (q _ :q) to the belief base in order to relate p and q.3According to [Epstein, 1990], any relatedness relation R should satisfy:R1 - R('; ')R2 - R(';  ) i� R(:';  )R3 - R(';  ) i� R( ; ')R4 - R('; 
 !  ) i� R('; 
) or R(';  )R5 - R('; 
 ^  ) i� R('; 
 !  ).



ON STRUCTURED BELIEF BASES xviiEpstein's and RABIT's approaches have the property that the related-ness relation is de�ned on the whole language and is independent from theparticular belief base. This means that adding beliefs to the structure con-sists of adding the input formula � to the set of nodes and adding an edgebetween � and every node � such that R(�; �). Deleting a belief � fromthe structure consists of removing � from the set of nodes and removingall the edges leaving from it. After adding or deleting a belief, the result isanother structured base. The relation R does not have to be recalculated.5.3 The logical approachWe can de�ne a relatedness relation R that captures a notion closer to thelogical compartments in section 2 as:R(';  ) if and only if there is a set A � B such that A [ f'g 6` ? andeither A 6`  and A [ f'g `  or A 6` : and A [ f'g ` : or:R(';  ) if and only if ' 2 c( ;B)where c is a compartmentalization function as in de�nition 2.Note that this relation is not symmetric. The de�nitions of path, un-relatedness degree and relevant set of formulas (�!) in section 4 can bemaintained. The obvious problem of this approach is that it may be veryhard to �nd the related pairs, but if the relation is given, this problem isavoided. If the language is �nite, one way in which the relation can be givenis as follows: All sets of formulas can be listed. For each pair of formulas 'and  , one can select all sets where ' occurs, check whether they imply  or : and if so, check their subsets to see whether they also imply  or : .If not, then R(';  ). This is of course very costly, but if the same languageis going to be used several times, one can pre-compute this relation and useit for all belief bases.5.4 The hybrid approachA fourth alternative is to combine the database or the syntactic approachwith the logical one. If the database is such that it contains several (small)independent modules, this can be a good strategy. One can �rst apply the�rst notion of relatedness and �nd a partition of the database. Then oneonly has to consider the partition members related to the input formulaand look for the relevant formulas inside them using the logic formulationof compartments given in section 2. It can be shown that the compartmentobtained is the same that would be obtained checking the whole set.Let B be a belief base and let R be the relatedness relation introducedin �gure 1, i. e.: R(';  ) if and only if ' and  share an atom. Since R



xviii RENATA WASSERMANNis re
exive and symmetric, its transitive closure de�nes a partition of theelements of B. Let fB1; B2; :::; Bng be the elements of the partition. Wesay that a set Bi is related to a formula � (R(�;Bi))if and only if R(�; �)for some � 2 Bi. We denote by P� the set of elements of the partition thatare related to �, i.e., P� = fBijR(�;Bi)g.THEOREM 18. Let B be a belief base, � be a contingent formula andc be the compartmentalization function as in de�nition 2.Then c(�;B) =c(�;SP�).Proof: From SP� � B and observation 3 it follows that c(�;SP�) �c(�;B). For the other side of the inclusion, let � 2 c(�;B). This meansthat there is X � B such that X is consistent, inclusion minimal and� 2 Cn(X) or :� 2 Cn(X). Suppose by contradiction that X 6� SP�.Then, there is 
 2 X such that for all Bi 2 P�, 
 62 Bi. From this itfollows that � is not related to 
, i.e., there is no R path from � to 
. SinceX is consistent it follows that � 2 Cn(X n f
g) or :� 2 Cn(X n f
g),contradicting the minimality of X . Hence, � 2 X � SP� and from parts 1and 2 of observation 3 it follows that c(�;B) � c(�;SP�). 2As an example, let B = fp; q; p ! q; s; t _ v; s ! v; w ^ x; x ! z; z _wg and let c be a compartmentalization function as in de�nition 2. Thecompartment around p _w is given by c(p _w;B) = fp; w ^ xg. The set Bcan be clearly divided into three unrelated components: B1 = fp; q; p! qg,B2 = fs; t _ v; s ! vg and B3 = fw ^ x; x ! z; z _ wg. The formulap _ w is only related to two of these components, namely B1 and B3. Wecan then disconsider B2 and calculate the compartment by: c(p _ w;B) =c(p _ w;B1 [ B3) = fp; w ^ xg.6 COMPUTATIONAL ASPECTSIn this section we discuss the complexity of the operation described forretrieving the set of relevant beliefs from a base.An anytime algorithm is one that whenever it is interrupted has built anapproximate solution for a problem, and the longer it runs, the better theapproximation gets.The good thing about the method for retrieving the relevant beliefs isthat it is an anytime method, that is, whenever it is interrupted, it hasretrieved the most relevant beliefs, and the longer it runs, the closer it getsto retrieving all the relevant beliefs (the maximal connected subgraph). Thisis a very desirable property for modeling agents that may not have enoughtime or memory to �nd all the related beliefs. In the ideal case, if there is noresource limitation, the method succeeds in retrieving a maximal connectedsubgraph.Below we present a sketch of an algorithm that takes as input a formula



ON STRUCTURED BELIEF BASES xix� and a belief base and returns the set of formulas of the base that arerelevant for �. The algorithm can be stopped at anytime, always returningthe set of most relevant beliefs for �. The algorithm is a modi�cation of thealgorithm BFS for breadth �rst search in [Cormen et al., 1990].The belief base is represented by a vector of formulas, each one with alist of pointers to the adjacent nodes in the graph. The nodes adjacent to aformula � are given by Adjacent(�). The complexity of the construction ofthe list of adjacent nodes depends on the relatedness relation used. For therelation used in �gure 1, we can use extra, invisible nodes corresponding tothe atoms of the language. Every formula added to the belief base is linkedto all atoms appearing on it. Constructing the list has then complexityO(m � n), where m is the number of occurences of atoms in the formulasinvolved (the \size" of the belief base) and n is the number of atoms in thelanguage. If the atoms are organized in some kind of lexicographical order,this complexity becomes O(m� logn).Retrieve(�,B,Relevant):1. If � 2 B, then mark(�)2. �1(�;B) := Adjacent(�)3. i := 1; stop := false4. While not stop do4.1. For all � 2 �i(�;B) mark(�)4.2. i := i+14.3 For all � 2 �i�1(�;B),�i(�;B) := �i(�;B) [ f' 2Adjacent(�) s.t. not marked(')g4.4 If �i(�;B) = ;, then stop := true5. Relevant := f� 2 B s.t. marked(�)gAt each step, the algorithm looks at the set retrieved at the previous stepand gets all the neighbours that have not been visited yet. When all nodesof a connected component have been visited, it halts. Depending on howthe information is encoded, the algorithm runs in linear time.After retrieving the relevant beliefs, traditional belief change construc-tions can be applied to it, provided the set is small enough (one can stopthe algorithm once the relevant set gets bigger than a certain limit).7 RELATED WORKThe idea of isolating inconsistencies by means of compartments has beenstudied by several authors. Most of these did not use the notion of relevanceto create the compartments.Ja�skowski introduced his discursive logics as a way of formalizing \whatsome participant of a discourse is committed to" [Ja�skowski, 1969]. If par-ticipant x asserts � and participant y asserts �, then � and � are true in his



xx RENATA WASSERMANNlogics, but not �^�, since there may be no participant of the discourse thatis committed to both assertions � and �. Assertions associated to di�erentparticipants of the discourse cannot be mixed.Lewis [Lewis, 1982] also defended the idea of fragments that cannot bemixed, but the di�erent (possibly overlapping) fragments were part of asingle agent's beliefs.Fagin and Halpern [Fagin and Halpern, 1988] formalized a similar idea.In their Logic of Local Reasoning, an agent may have several \frames ofmind". An agent believes � if he beliefs � in some frame of mind. Thisidea is formalized via an extended Kripke structure, where instead of oneaccessibility relation between worlds, there is a relation C between worldsand sets of worlds. If C(s) = fT1; :::; Tng, then an agent in state s sometimestakes the set of worlds T1 as possible, sometimes T2, etc.Benferhat et al. [Benferhat et al., 1997] use yet another approach toisolate inconsistencies, which is very similar to the approach known in AIas WIDTIO (When In Doubt Throw It Out) [Winslett, 1990]. They de�nea free (or sound) inference operator that disconsiders all formulas belongingto a minimal inconsistent subset. So, B `free � if and only if Free(B) ` �,where Free(B) is the result of deleting every minimal inconsistent subsetfrom B.There are in the literature several attempts to de�ne the concepts ofrelevance and dependence. In [del Cerro and Herzig, 1996] a set of postulatesis presented that any dependence relation should satisfy. They show thenhow a contraction operation satisfying the G�ardenfors postulates can beobtained from a dependence relation.Their dependence relations are syntax independent and only logicallyindependent formulas can be related. From this it seems clear that thenotion of relevance captured by the postulates is very di�erent from the onewe are trying to model. Our notion is independent of the logic.The idea of using graphs representing dependency relations for �nding therelevant part of a database is well-known in the �eld of logic programming(see, for example, [Kowalski, 1979]). In the case of logic programs, thedependency relation is not symmetric and the graph obtained is a directedone. 8 CONCLUSIONS AND FURTHER WORKWe have presented a way of introducing more structure to belief bases sothat relevant beliefs can be retrieved in an e�cient way. The belief bases arerepresented by a graph, instead of by a set of formulas, where the formulasthe agent believes are the nodes and the edges represent a relatedness rela-tion. We have shown some example of relatedness relations and how theycan be obtained.



ON STRUCTURED BELIEF BASES xxiWe presented an algorithm to retrieve the most relevant beliefs from astructured belief base and showed that the algorithm could be used insteadof the compartmentalization function de�ned in [Hansson and Wassermann,1999]. In this way, we obtained e�cient and well characterized operationsof belief change.In more realistic agents, the whole belief base may be connected, thatis, it may be impossible to isolate a small connected component. In suchcases, one can think about more sophisticated notions of connectedness, like�nding connected \chunks" in the graph and preferring edges internal to achunk over the others (see, for example, [van Dongen, 1997]).The structure of the belief base is used now only to retrieve the mostrelevant beliefs. Then traditional operations for belief change are appliedon the set of beliefs retrieved. Further work includes investigating how touse the structure of the belief base also for implementing more e�cientoperations of belief change.Acknowledgments: I would like to thank Chris Albert, Kevin Gary,Hans Rott and Frans Voorbraak for comments on an earlier draft. This re-search is sponsored by a grant from the Brazilian funding agency CAPESand the Dutch Research Council PIONIER-project Reasoning With Uncer-tainty. REFERENCES[Alchourr�on et al., 1985] Carlos Alchourr�on, Peter G�ardenfors, and David Makinson.On the logic of theory change. Journal of Symbolic Logic, 50, 1985.[Benferhat et al., 1997] Salem Benferhat, Didier Dubois, and Henri Prade. Some syn-tactic approaches to the handling of inconsistent knowledge bases: A comparativestudy. part 1: The 
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