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Abstract
The primal-dual scheme has been used to provide approximation algorithms for many problems.
Goemans and Williamson gave a (2 — ﬁ)—approximation for the Prize-Collecting Steiner Tree

Problem that runs in O(n®logn) time. Their algorithm applies the primal-dual scheme once for
each of the n vertices of the graph. We present a primal-dual algorithm that runs in O(n? logn),
as it applies this scheme only once, and achieves the slightly better ratio of 2 — % We also show
a tight example for the analysis of the algorithm and discuss briefly a couple of other algorithms
described in the literature.
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1 Introduction

The Prize-Collecting Steiner Tree Problem is an extension of the Steiner Tree Problem where each
vertex left out of the tree pays a penalty. The goal is to find a tree that minimizes the sum of
its edge costs and the penalties for the vertices left out of the tree. The problem has applications
in network design and has been used to approximate other problems, such as the k-Steiner tree
(finding a minimum tree spanning k vertices) and the survivable network problem [2, 8].

The best approximation algorithms known for the Prize-Collecting Steiner Tree Problem are
based on the primal-dual scheme. Different linear programming formulations of the problem may
lead to different algorithms. In this paper we present one such formulation and use it in the design
of a new approximation algorithm.

Consider a graph G = (V, E), a function ¢ from E to Q- and a function 7 from V to Q. (Here,
Q- denotes the set of non-negative rationals.) The Prize-Collecting Steiner Tree (PCST)
Problem consists of the following: given G, ¢, and m, find a tree T" in G such that

is minimum. (We denote by Vj the vertex set and by Ep the edge set of a graph H.) The rooted
variant of the problem requires 7" to contain a given root vertex.

* This is a corrected and improved version of a paper by the same auhors [5] published in 2007.
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Goemans and Williamson [10, 11] used the primal-dual scheme to derive a (2 — —1;)-
approximation for the rooted PCST, where n := |V|. Trying all possible choices for the root, they
obtained a (2 — —5)-approximation for the (unrooted) PCST. The resulting algorithm, which we
call GW, runs in time O(n3logn). Johnson, Minkoff and Phillips [12] proposed a variant of the
algorithm that runs the primal-dual scheme only once, resulting in a O(n?logn) time bound. They
claimed that their variant, which we refer to as JMP, achieves the same approximation ratio as
algorithm GW. Unfortunately, their claim does not hold, as we show below. Cole et al. [3] proposed
a faster implementation of the GW algorithm, which also runs the primal-dual scheme only once
and produces a (2 + 1/poly(n))-approximation for the (unrooted) PCST.

This paper contains two results. The main one is a modification of the GW algorithm based on
a somewhat different linear program. We show that this new algorithm achieves a ratio of 2 — %
It requires only one run of the primal-dual scheme, resulting in a O(n?logn) time bound. We also
present a family of graphs which proves that the given analysis is tight. The second result is an
example where the JMP algorithm achieves an approximation ratio of only 2, which shows that
the 2 — ﬁ ratio claimed by Johnson, Minkoff and Phillips does not hold.

Our new algorithm slightly improves the best known approximation ratio for the PCST prob-
lem. Though the improvement is small, the algorithm seems interesting and might be used in the
design of a better algorithm. Its behavior is not very different from that of JMP, but it stops
earlier, thereby achieving a better ratio.

The paper is organized as follows. The next section introduces some notation and preliminaries.
Section 3 describes the new algorithm. The analysis of the algorithm is given in Sections 4 and 5.
Section 6 comments on the running time of the algorithm. Section 7 discusses the JMP algorithm
and its variant for the rooted PCST. The so-called pruning phase of the algorithms is briefly
discussed in Section 8.

2 Notation and preliminaries

For any subset F' of E, let ¢(F) := ) cpce. For any subset S of V, let n(S) := > cgmy. If T
is a subgraph of G, we shall abuse notation and write 7(7) and 7(T) to mean 7(Vr) and 7(Vr)
respectively. (Of course, Vi denotes V' \ Vr.) Similarly, we shall write ¢(7') to mean c¢(Er). Hence,

the goal of PCST(G, ¢, 7) is to find a tree T" in G such that ¢(7") + 7 (T") is minimum.

For any subset L of V', let §L stand for the set of edges of G with one end in L and the other
in L. Given a subgraph H of G, let 6y L := Ex N6L. For any collection £ of subsets of V and any
ein F, let

L(e):={LeL:ecdL}.

For any subset S of V and any collection £ of subsets of V', let
L[S]:={Lel:LCS} and Lg:={LeL:LDS}.

A collection £ of subsets of V' is laminar if, for any two elements L; and Ls of £, either LiNLy =0
or L1 C Ly or L1 O Ly. The collection of all maximal elements of £ shall be denoted by £* and
the union of all sets in £ by |J£. If £ is laminar, the elements of £L* are pairwise disjoint. If, in
addition, | J£ =V then L£* is a partition of V.

Let £ be a laminar collection of subsets of V' and y is a function from £ into Q.. For any



subcollection £’ of L, let y(£') := >, vy We say that y respects c if

y(L(e) < co (1)

for each e in E. We say that e is tight for y if equality holds in (1). We say that y respects 7 if

y(L[S]) < m(8) and y(L[S]) +y(Ls) < 7(8) (2)

for each S in £. We shall refer to the first set of inequalities as (2a) and to the second set as (2b).
(The usual primal-dual scheme for the PCST problem uses only (2a).) If equality holds in (2a),
we say that y saturates S. If equality holds in (2b), we say that y saturates the complement

of S.

Lemma 2.1 Given a laminar collection L of subsets of V and a function y from L into Q, if y
respects ¢ and m then y(L) < ¢(T) + w(T) for any connected subgraph T of G.

Proof. Let S be a minimal set in £ containing Vp. If there is no such set, let S := V. For

B:={LeLl:orL #0},

y(B) < > [orLly, = > y(Lle)) < Y ce = o(T)

LEB GGET GEET

by virtue of (1). For C := L[S]U Lg, by virtue of (2b),

For D := L[S\ V1],

y(D) = Y yLX]) < Y w(X) < w(S\Vr)
XeD* XeD*

due to (2a). Since £ = BUC UD, we have y(£) < ¢(T) + 7(S) + n(S\ Vr) < e(T) + #(T), as
claimed. B

We denote by opt(G, ¢, m) the value of an (optimum) solution of PCST(G, ¢, 7), i.e., the min-

imum value of the expression ¢(T") + w(1") over all trees T' of G. Lemma 2.1 has the following
consequence:

Corollary 2.2 For any laminar collection L of subsets of V' and any function y from L into Q,
if y respects ¢ and 7 then y(L) < opt(G,c, ). 0

This lower bound serves as motivation for the new algorithm.

Linear programming relaxation

The definitions of “y respects ¢’ and “y respects 7" and the lower bound on opt(G, ¢, ) given by
Corollary 2.2 are based on the following relaxation of the PCST problem: find vectors z and z
that



Figure 1: A connected graph T and a laminar collection of sets whose union con-
tains V. The thick line encloses the set S in the proof of Lemma 2.1. The dotted lines
represent the collection D, the dashed ones together with set S represent C and the
solid ones represent B.

minimize Y cpceTe + Y gy T(S)2g

subject to > csr Te + D gop 25 + D gop2s = 1 foreach LCV, (3)
ze > 0 foreachec€ F,
zg > 0 foreach SCV.

The idea behind this linear program is simple: in any solution given by x and z, for each set L, either
there is an edge in 6L, or one of L and L is part of a set that pays penalty (a set S with zg =1).
Given a solution T of PCST(G, ¢, ), set x, := 1 if e € Ep and z. := 0 otherwise and set zg := 1
if S = Vr and zg := 0 otherwise. The pair (z,z) thus defined is feasible in (3) and its value is
¢(T) + 7(T). Hence, the linear program (3) is a relaxation of PCST(G, ¢, 7). Conversely, it can
be shown that any optimum solution (z,z) of (3) whose components are all in {0, 1} describes a

solution of PCST(G, ¢, m). The dual of the linearprogram (3) calls for a vector y that

maximizes ) ;- Yp

subject to dsnse¥r S Ce for each ¢ € F, (@)
dorcsYr 205y, < w(S) foreach SCV,
yp > 0 foreach L CV

Our definition of “y respects n” follows from the second group of constraints in (4). It may seem
at first that (2a) does not match that group of constraints. The apparent disagreement comes from
the fact that a laminar collection does not usually contain the complements of its elements, and
therefore Lg is usually empty for S in L. It is true, however, that, for any function y defined on a
laminar collection L, if y respects 7 then y also satisfies the second group of constraints in (4) once
y; is set to 0 for all L not in £. (The proof of this observation is similar to the proof Lemma 2.1.)
Corollary 2.2 is, therefore, a consequence of the weak duality relation between feasible solutions
of (4) and feasible solutions of (3).



3 Unrooted growth clustering algorithm

Our algorithm, which we call GW-UNROOTED-GROWTH, follows the GW primal-dual scheme. Just
as GW, it has two phases. In phase 1, a tree is obtained; in phase 2, some edges are removed from
the tree to produce the final output.

Each iteration in phase 1 begins with a spanning forest F' of G = (V, E), a nonnegative function
y defined on the componentes of F' and on some subsets of those componentes, and a collection
S of components of F' that are saturated by y. If all the components of F' except one are in S,
phase 1 ends and phase 2 begins with that only component as starting point. Now suppose that
two or more of the components of F' are not in §. Then the algorithm increases uniformly the
values of the y variables on all those components and stops when one of the following three events
happens: (a) an edge connecting two components of F' becomes tight, (b) a component becomes
saturated, (c) the complement of a component becomes saturated. If event (c) happens for some
component 7', phase 2 begins with T as starting point. If event (a) happens, the algorithm adds
to F one of the edges that became tight and begins a new iteration. If event (b) happens for some
component, the algorithm adds that component to S and begins a new iteration.

Phase 2 of our algorithm begins with the tree T" produces by phase 1 and the collection S of
saturated sets. While there exists S in S such that 65 contains exactly one edge of T', that set S is
removed from 7. (This is somewhat different from the reverse delete strategy of the GW pruning
algorithm.) Phase 2 returns the remaining tree.

The detailed description of our algorithm uses the following terminology. An edge is internal
to a partition P of V if both of its ends are in the same element of P. All other edges are external
to P. For any external edge, there are two elements of P containing its ends; we call these two
elements the extremes of the edge in P.

We can now state the GW-UNROOTED-GROWTH algorithm. It receives (G, ¢, 7) and returns a
tree T in G such that

oT)+n(T) < (2—2)opt(G,c, )

as well as ¢(T) +27(T) < 20pt(G,ec,).

GW-UNROOTED-GROWTH (G, ¢, )
1 F+« (V,0)

2 L+ {{v}:veV}

3 S,M,y<+0,0,0



4 while |[£*\ S| > 1 and M =( do
5 let g be the characteristic function of £*\ S relative to £
6 choose the largest € in Q- such that y’ := y + eg respects ¢ and 7
7 if some edge e external to £* is tight for 3’
8 then let L1 and L, be the extremes of e in £*
9 L+ LU {L1 U LQ}
10 Yr,ur, <0
11 F+—F+e
12 else if y’ saturates some element L of £L*\ S
13 then S + SU{L}
14 else 3’ saturates the complement of an element M of £
15 M« {M}
16 y«vy
17 if M#£0

18 then let M be the only element of M
19 else let M be the only element of £*\ S

20 T « F[M]
21 > end of phase 1 and beginning of phase 2
21 R+ 0

22  while |075| =1 for some S in S do
23 R+ RU{S}

24 T+«~T-S

25 return T

(On lines 21-24, the collection R is, of course, redundant, but it will be useful for the analysis.)
With each iteration of the block of lines 5-16, the size of £*\ S decreases by exactly 1 unit. Hence,
if |£*\ S| <1 on line 4, then, on line 19, collection £* \ S has a single element.

Before discussing the algorithm, we must define some additional concepts and notation. For a
graph H and a set S of vertices of H, we denote by H|[S| the subgraph of H induced by S and by
H — S the graph H[S].

Given a forest F' in G and a subset L of V, we say that F' is L-connected if Ve N L = () or
the induced subgraph F[Vr N L] is connected. In other words, F' is L-connected if the following
property holds: for any two vertices v and v of F' in L, there exists a path from u to v in F' and
that path never leaves L. If F' spans G (as is the case during the first phase of the algorithm), the
condition “F[Vp N L] is connected” can, of course, be replaced by “F[L] is connected”.

For any collection L of subsets of V', we shall say that F' is L-connected if F' is L-connected
for each L in L.

For any collection S of subsets of V', we say a tree T" has no bridge in S if |§7S| # 1 (therefore,
either 075 = 0 or |67pS| > 2) for all S in S.

Note that each iteration of the while loop in phase 2 begins with an L-connected tree T'. At
the end, the tree T is L-connected and has no bridge in S.

At the beginning of each iteration of phase 1, F' is a spanning forest of G, £ is a laminar
collection of subsets of V' such that |J£ =V, S is a subcollection of £, M is a subcollection of L,
and y is a function from £ into Q.. The following invariants hold at the beginning of each iteration



of the block of lines 5-16:

il) F'is L-connected,;
i2) y respects ¢ and ;
i3) each edge of F is tight for y;

(

(i2)

(i3)

(i4) y saturates each element of S;

(i5) M| <1 and y saturates the complement of each element of M;
(i6)

i6) for any tree T in G, if T is L-connected and has no bridge in S, then
> y(L(e) +2y(L[T)) +2y(Lr) < 2y(L) (5)

eebEp
as well as 3o e, y(L(e) + y(L[T) +y(Lr) < (2- 2) y(L).
Here, and in what follows, £[T] and Lr stand for £[Vr] and Ly, respectively.

4 Proof of the invariants

At the beginning of each iteration of the block of lines 5-16, invariants (il) to (i5) clearly hold.
The proof of (i6) depends on the following lemma.

Lemma 4.1 Let T be a tree in G = (V, E). Let P be a partition of V and (A, B) a bipartition
of P. If T is P-connected, has no bridge in B, and Py = (), then

> 1or Al +2|AT]| < 2|4 -2. (6)
AcA

Proof. Let us say that two elements of P are adjacent if there is an edge of T' with these two
elements as extremes. This adjacency relation defines a graph H having P for set of vertices. Since
T has no cycles and is P-connected, the edges of H are in one-to-one correspondence with the
edges of T that are external to P. Hence, the degree of every vertex P of H is exactly |dpP|, and
therefore 3 > pep |07 P| = |Ey.

Of course H has at least |P[T]| isolated vertices and therefore at least |P[T]| + 1 components.
Since T has no cycles and is P-connected, H is a forest. Hence |Ey| < |P|—|P[T]|—1 and therefore

1 _
5 > [0rP| < |P| = |P[T]| - 1.
Pep

Now consider the vertices of H that are in B. Since Br = (), we have [0pB| > 1 for each B
in B\ B[T]. Actually, |67B| > 2 for each B in B\ B[T], since T has no bridge in B. Hence,

S 16rBl = > [orB| > 2(B| - 2|B[T]|.
BeB BeB\B[T)
Finally,

> oAl = > |6rP|- > |orB]
AcA PeP BeB
2|P| —2|B| - 2|P[T]| + 2|B[T]| — 2

= 2[|A]=2]A[T]| -2,



as claimed.

Corollary 4.2 Let T be a tree in G = (V, E). Let P be a partition of V and (A, B) a bipartition
of P. If T' is P-connected and has no bridge in B then

Z |67 A| 4 2|A[T]| + 2|Ar| < 2]|A|. (7)
AcA

Proof. Suppose first that Pr = (), whence also A7 = (). Then, by Lemma 4.1, we have

S 167 Al + 2 AT + 2| Az = S 674 + 2 AT)| < 2| A -2 < 2] A].
AcA AcA

Now assume that Pr # (). Then A is the disjoint union of Ap and A[T] and 67 A = ) for each A
in A. Hence,

> 167 Al + 2| A[T)| + 2| Ar| = 2|A].
AeA

This proves the corollary. m

Corollary 4.3 Let P be a partition of V and (A, B) a bipartition of P. Let T' be a tree in G =
(V,E). If [V| > 2 and T is P-connected and has no bridge in B then

> 6rAl+ AT + Az < (2-2) A, (8)
AeA

where n = |V/|.

Proof. Suppose first that Py = (), whence also A7 = (). Then, by Lemma 4.1, we have

> oAl + [AT] + | Ar| = > [6rA]+ AT
AeA AeA
< ) |orA|+2| AT
AeA
< 2|4|-2
< 20A[-2|A|/n
= (2-2) 14l

since |A| < n. Suppose now that Py # (). Then A is the disjoint union of A[T] and Ay and
drA =0 for each A in A, whence

> 160 Al + [A[T]] + |Ar| = [A] < (2 - 2) | A,
AcA

sincen > 2. 1



Proof of (i6). Clearly, (i6) holds at the beginning of the first iteration. Assume, by induction,
that (i6) holds at the beginning of some non-terminal iteration and let us verify that it holds at
the beginning of the next iteration.

Suppose, first, that line 13 is executed. Let &' := SU{S} and let T be some L-connected tree
that has no bridge in §&’. Since T has no bridge in S, (5) holds. We must show that (5) also holds
when 3y’ is substituted for y. Let P := L*, A:= L*\ S, and B:= £L*NS. Lemma 4.1 implies

S l6rLle +2 AT € + 2] Azl e < 2|Ale.
LeA

The addition of this inequality to (5) produces

> (L) + 2y (L[T]) + 2y (Lr) < 24/(L),

ecErp

since y' differs from y only in A. Hence, (i6) remains true at the beginning of the next iteration.

Now suppose lines 8-11 are executed. Let £’ := £ U {Ly, L2} and let T be an L’-connected
tree that has no bridge in S. Since T' is L-connected, (5) holds. We must show that (5) also
holds when y’ and L’ are substituted for y and L respectively. Let P := £* A := L*\ S, and
B:=L£*NS. Lemma 4.1 implies Y., . 4 [67L| e + 2| A[T]| e + 2|A7| e < 2|A|¢, as in the previous
case. The addition of this inequality to (5) produces

> y(L(e) + 2y (LT) +2y'(Lr) < 2y(L),
ecEr

since y, ., = 0 and y' differs from y only in A. Hence, (i6) remains true at the beginning of the
next iteration.

Finally, suppose lines 14—15 are executed. Since neither £ nor S change in this case, an analysis
analogours to that of the first case will show that (5) also holds when 3’ is substituted for y and
therefore (i6) remains true at the beginning of the next iteration. m

5 Analysis of the algorithm

Now that we proved invariants (il) to (i6), we are ready to study the lines 17-25. By virtue of

invariant (i3), the tree T" returned on line 25 is such that (i3)
oT) = Y e = Y y(L(e)).
ecEr ecEr

Next, we must compute a bound on 7(T). Suppose first that M # () and therefore M € M
and y saturates the complement of M according to invariant (i5). Note that the sets (JR, M and (i5)
Vr are pairwise disjoint and their union is V. Every element of R is saturated by y according to
invariant (i4). Hence, (i4)



n(T) = =(M)+ Y =(R)

ReR*
= y(L[M)+y(Ly)+ > y(L[R])
ReR*
= y(L[M)+ > y(LIR]) +y(Ly)
RER*
< y(L[T)) +y(Lum)
< y(L[T]) +y(Lr).

Now suppose M = () and therefore M is the only element of £L*\ S. Let X := L*NS; of course
X is a partition of M. Note that R* UX U{Vr} is a partition of V. Every element of R is saturated
(i4) by y according to invariant (i4). Hence,

wT) = Y wR)+ > w(X)

ReR* Xex*

= > y(LIRD+ Y y(L[X])
ReR* Xex
y(L[T])

y(L[T]) +y(Lr) -

IN A

Tree T is L-connected. Indeed, for any u and v in L N Vp, the path from u to v in T is the
(i1) same as in F' and uses only vertices of L because of invariant (il). In addition, the while loop on
(i6) lines 21-24 makes sure 7" has no bridge in §. Hence, invariant (i6) holds for 7" and therefore

o(T)+2x(T) < Y y(L(e) +2y(LT]) +2y(Lr) < 2y(L).
ecEr

(i2) Finally, by virtue of invariant (i2) and Corollary 2.2,

(T)+2n(T) < 20pt(G,e,m).

Alternatively, we could have shown that ¢(T) + 7(T) < (2 — 2) opt(G, ¢, 7). This completes the
proof of the following theorem:

Theorem 5.1 Algorithm GW-UNROOTED-GROWTH is a (2 — %)—approximation for the PCST
problem.

The approximation ratio stated in Theorem 5.1 is tight, as the example in Figure 2 shows. The
graph in this example is a cycle with n vertices. All edges but one have cost 2. The remaining
edge has cost 24 p. All vertices but the ones incident to this special edge have penalty 1, while the
two vertices incident to the special edge have penalty 10. The algorithm increases y; to 1 for each
singleton set L. At this point, all the edges but the special one become tight and are added to the
forest F' (in some order). After all of them have been added to F, the algorithm stops (phase 2 does
nothing in this example) and outputs the tree induced by the dark edges, which has cost 2(n — 1).
The optimum tree, on the other hand, consists only of the special edge (the dark edge depicted in
Figure 2(b)). The ratio between the costs of these two solutions approaches 2 — % as p tends to
ZEro.

10



Figure 2: (a) The dark edges indicate the solution produced by the GW-UNROOTED-
GROWTH algorithm, a solution of cost 2(n — 1). (b) The only dark edge indicates the
optimum solution, whose cost is n + p.

6 Running time

Algorithm GW-UNROOTED-GROWTH can be implemented to run in O(n?logn) time. The details
of such implementation are analogous to those of the GW algorithm for the rooted PCST (see [4]).
There are a few differences, though, that are worth mentioning.

The algorithm does, of course, keep track the numbers yg, 7(S), and «(S) for each S in L.
In order to compute € and to find tight edges and saturated sets, it must also keep track of the
numbers

ag = y(LIS)) and bg = y(L[S]) + y(Ls)

for each S'in £, as well as the number h, := y(L(f)) for each edge f external to £*. These numbers
are updated in each iteration as follows. Between lines 6 and 7, for each S in £*\ S, we must

add € to ag,
add te to b, for each L in L[5],

where ¢ := |£*\ S|. In addition, for each S in £* NS and for each L in L[S], we must add te to b, .
Finally, for each edge f external to £*, we must add 7€ to hy, where r is the number (0, 1, or 2) of
extremes of f in £*\ S.

Now we must consider the updates required after the decision on lines 6. Between lines 11
and 12, we must

set ar, g, toap, +ar,,

set by, to by, —ap, (or, equivalently, to by, —ay ).

The overall time required for the management of all these numbers is O(n) per iteration, since
L has O(n) sets. Therefore, it is possible to get an O(n?logn) implementation, as in the GW
algorithm.

The ideas proposed by Klein [13] and by Gabow, Goemans and Williamson [7] can also be used,
resulting in implementations with running time O(n+/mlogn) and O(n(n++/mlogn)), respectively,
where m := |E|. Finally, using the technique of Cole et al. [3], one can get a (2 — 2 + m)—
approximation that runs in O((n 4 m)log? n)-time.

7 Previous unrooted growth clustering algorithms

The JMP algorithm seems to be based on the same linear program as the GW algorithm, which
differs from the one presented above only in the definition of “y respects 7”7, which consists of (2a)

11
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Figure 3: (a) An instance of the PCST. (b) The solution produced by the JMP
algorithm when p > 0. Its cost is 4. (c) The optimum solution, consisting of vertex u
alone, has cost 2 + p. (d) A similar instance of arbitrary size consists of a long path.

alone, without (2b). Of course, JMP has no set M and does not have the case considered in
lines 14-15 of our algorithm, Here is the linear program associated with JMP: find vectors x and
z that

minimize Y cpceTe + Y gy T(S)2g
subject to Y ecsr Tet+ g5 2g = 1 foreach LCV,
z. > 0 foreache€ F,
>

Zg 0 foreach SCV.

The dual of this linear program calls for a vector y that

maximizes Lcv YL
subject to 575y
ZLQS Yr

YL

Ce for each e € E,
m(S) foreach S CV,
0 for each L C V.

(10)

IV IA A

(Compare these linear programs with (3) and (4) respectively.) Unfortunately, (9) is not a relaxation
of PCST. Hence, its optimum value cannot be used as a lower bound for opt(G, ¢, 7). Algorithm
JMP finds a feasible solution of (10) (see Minkoft’s thesis [14] for the analysis). The value of this
feasible solution might be larger than opt(G,c, ), as the example in Figure 3 shows. Indeed this
example shows that the approximation ratio of the JMP algorithm can be arbitrarily close to 2,
regardless of the size of the graph. This contradicts Theorem 3.2 in [12].

Minkoff [14] proposed the use of the JMP algorithm for the rooted PCST. (A small adaptation
is required, so that the algorithm produces a tree that contains the root vertex.) Unfortunately,
the example in Figure 3 with u as root contradicts Theorem 2.6 in [14], which claims that this
algorithm is a (2 — %)—approximation.

To our knowledge, there is no published (correct) proof that these two algorithms have any
approximation guarantee. We have verified that they are 2-approximations [6]. The proof involves
some non-trivial technicalities.

8 Strong pruning

Phase 2 of the GW algorithm, where edges are deleted from the tree produced by phase 1, is
sometimes called “pruning phase”. This phase can be viewed as an algorithm that solves (exactly
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or approximately) the PCST problem on trees. When an efficient algorithm is available to solve
the problem on trees, it is natural to use it, as it will likely produce solutions better than the usual
procedure proposed by Goemans and Williamson.

A dynamic programming approach can solve the PCST on trees in polynomial time. Phase 2 of
the GW-UNROOTED-GROWTH algorithm can be replaced by such dynamic programming. This is
called “strong pruning”. Johnson, Minkoff and Phillips [12] and Minkoff [14] have already suggested
this procedure.

With strong pruning, the JMP algorithm is at least as good as without it. But the example
shown in Figure 3 does not apply to JMP with strong pruning. The worst example we have for
this variant is depicted in Figure 2; it has ratio 2 — % We conjecture that the JMP algorithm with
strong pruning achieves a ratio better than 2. The approximation ratio of our algorithm does not
improve by using strong pruning, as the example in Figure 2 shows.
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