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Abstract

The problem of reducing the bias of maximum likelihood estion in a general multivariate elliptical regression
model is considered. The model is very flexible and allowskan vector and the dispersion matrix to have parameters
in common. Many frequently used models are special casdsfieneral formulation, namely: errors-in-variables
models, nonlinear mixed-effects models, heteroscedastiinear models, among others. In any of these models, the
vector of the errors may have any multivariate ellipticatdbution. We obtain the second-order of maximum liketitio
estimator bias, a bias-corrected estimator, and a biassegldestimator. Simulation results indicate the effeatgs of
the bias correction and bias reduction schemes.

Keywords: Bias correction; bias reduction; elliptical model; maximlikelihood estimation; general parameteri-
zation.

1 Introduction

It is well known that, under some standard regularity caod#, maximum-likelihood estimators (MLES) are consisten
and asymptotically normally distributed. Hence, theirskimconverge to zero when the sample size increases. However
for finite sample sizes, the MLEs are in general biased. Tas of an MLE is typically of orden—!, then, for small
samples, bias correction can play an important role in thietgstimation theory.

General expressions for the multiparametet biases of MLEs were given by Cox and Snell (1968). These géner
expressions are called second-order biases and can bé insaftual problems. For instance, very high second-order
biases indicate that other than maximume-likelihood edimngprocedures should be used. Also, corrected estimators
can be formulated by subtracting the second-order biasestiie respective MLEs. It is expected that these corrected
estimators have smaller biases than the uncorrected @pesiially in small samples.
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Cox and Snell's formulae for second-order biases of MLEsevegplied in many models. Cordeiro and McCullagh
(1991) use these formulae in generalized linear modelsji€ar and Klein (1994) compute them for ARMA models;
Cordeiro et al. (2000) apply them for symmetric nonlinegression models; Vasconcellos and Cordeiro (2000) obtain
them for multivariate nonlinear Student t regression madelore recently, Cysneiros et al. (2010) study the univaria
heteroscedastic symmetric nonlinear regression modéigijware an extension of Cordeiro et al. 2000) and Patriota
and Lemonte (2009) obtain a general matrix formula for thees lziorrection in a multivariate normal model where the
mean and the covariance matrix have parameters in common.

An alternative approach to bias correction was suggesté&arthy(1993). The idea is to adjust the estimating function
so that the estimate becomes less biased. This approacle céevied as a “preventive” method, since it modifies the
original score function, prior to obtaining the parametstireates. In this paper, estimates obtained from Cox and
Snell's approach and Firth’'s method will be called biasrected estimates and bias-reduced estimates, respegctivel
Firth showed that in generalized linear models with cananliok function the preventive method is equivalent to
maximizing a penalized likelihood that is easily implermezhtia an iterative adjustment of the data. The bias reductio
proposed by Firth has received considerable attentioreistdtistical literature. For models for binary data, se&idbi
and Matthews (1995); for censored data with exponentigtiitifes, see Pettitt et al. (1998). In Bill et al. (2002) bias
reduction is obtained for the multinomial logistic regiessmodel. In Kosmidis and Firth (2009) a family of bias-
reducing adjustments was developed for a general class\afriate and multivariate generalized nonlinear modete T
bias reduction in cumulative link models for ordinal datasvgtudied in Kosmidis (2014). Additionally, Kosmidis and
Firth (2011) showed how to obtain the bias-reducing peadlimaximum likelihood estimator by using the equivalent
Poisson log-linear model for the parameters of a multinblogistic regression.

It is well-known and was noted by Firth (1993) and Kosmidisl &firth (2009) that the reduction in bias may
sometimes be accompanied by inflation of variance, posgiblgding an estimator whose mean squared error is bigger
than that of the original one. Nevertheless, published gogbstudies such as those mentioned above show that, iea som
frequently used models, bias-reduced and bias-correstadators can perform better than the unadjusted maximum
likelihood estimators, especially when the sample sizenialls

Our goal in this paper is to obtain bias correction and biasicgon to the maximum likelihood estimators for
the general multivariate elliptical model. We extend thekwof Patriota and Lemonte (2009) to the elliptical class of
distributions defined in Lemonte and Patriota (2011). Ineor illustrate the ampleness of this model, we mention
some of its submodels: multiple linear regression, heteastic multivariate nonlinear regressions, nonlingaeds
effects models (Patriota 2011), heteroscedastic ermvgdiiables models (Patriota et al. 2009a,b), structugab&on
models, simultaneous equation models and mixtures of titesimportant to note that the usual normality assumption
of the error is relaxed and replaced by the assumption gitieldil errors. The elliptical family of distributions inalles
many important distributions such as multivariate norrSailidentt, power exponential, contaminated normal, Pearson
II, Pearson VII, and logistic, with heavier or lighter taitean the normal distribution; see Fang et al. (1990).

The paper is organized as follows. Secf{idn 2 presents traiootand general results for bias correction and bias
reduction. Sectiopnl3 presents the model and our main resaisely the general expression for the second-order bias
of MLEs, in the general multivariate elliptical model. Sect[4 applies our results in four important special cases:
heteroscedastic nonlinear (linear) model, nonlinear diigffects models, multivariate errors-in-variables mesaad
log-symmetric regression models. Simulations are presentSectiol7. Applications that use real data are predente
and discussed in Sectibh 6. Finally, Secfibn 7 concludepdper. Technical details are collected in one appendix.



2 Biascorrection and biasreduction

Letd be thep-vector of unknown parameters afydits rth element. Also, let/ () be the score function arid.(6) = U,
its rth element. We use the following tensor notation for the clamis of the log-likelihood derivatives introduced by
Lawley (1956):

ou, B [ 0U,
Rrs = E(a—es)a Ry s = E(UTUS)7 Rys,t = E(a—esUt)v

02U, Ok
e r (t) e —TS e
Brst E(89589t) g 20, kst = E(UUU,),

and so on. The indices, s and¢ vary from 1 to p. The typical(r, s)th element of the Fisher information matrix

K () is ., s and we denote by™* the corresponding element &f(6) 1. All x's refer to a total over the sample and

are, in general, of ordet. Under standard regular conditions, we have that = —x, s, krs,t = nﬂ? — Kypst and

Kr,st = 2Kpst — nﬁfﬁ — nﬁi) — ng). These identities will be used to facilitate some algebogierations.

Let B5(0) be then~! bias vector oféwhosejth element ingj (0), 5 =1,2,..., p. It follows from the general
expression for the multiparameter ! biases of MLEs given by Cox and Snell (1968) that

p
; 1
B/G\j (9) = Z I{jm’%s’t{iﬂrst + ’irs,t}- (1)

r,8,t=1

The bias corrected MLE is defined as N R ~
Opc = 0 — By(0).
The bias-corrected estimat@gc is expected to have smaller bias than the uncorrected eeti,rﬁa

Firth (1993) proposed an alternative method to partialijaee the bias of MLEs. The method replaces the score
function by its modified version
U™(0) = U(0) — K(0)By(6),

and a modified estimatéBR, is given as a solution to* () = 0. It is noticeable that, unlike Cox and Snell’'s approach,
Firth’s bias reduction method does not depend on the firsten®.

3 Modd and main results

We shall follow the same notation presented in Lemonte atrib®a(2011). The elliptical model as defined in Fang et
al. (1990) follows. Ag x 1 random vectoly” has a multivariate elliptical distribution with locatiommmeter. and a
definite positive scale matriX if its density function is

) =1229((y — )2y — ), (2)

whereg : [0, 00) — (0, 00) is called the density generating function, and it is suchj@oﬁugflg(u)du < o0. We will
denoteY ~ El (1, %, g) = Ely (11, X). Itis possible to show that the characteristic function(s) = E(exp(it'Y)) =



Table 1: Generating functions of some multivariate eligtidistributions.

Distribution Generating function(u)
normal (\/21_77)(1 e—u/2
Cauchy Fﬁf)ﬁ*qﬂ(l + u)f(1+q)/2
Studentt Fﬁé;)w*qﬂu*‘l/? (1+ %)7(%[’)/2, v>0
power exponential %2—‘1/(”%“1/%—“/? A>0

exp(it " 1)p(tT $t), wheret € R7andyp : [0,00) — R. Then, if is twice differentiable at zero, we have thdt® =

and Va(Y) = ¢%, where§ = ¢'(0). We assume that the density generating functia@oes not have any unknown
parameter, which implies thatis a known constant. Frorhl(2), when= 0 andX = I, wherel, is a¢ x ¢ identity
matrix, we obtain the spherical family of densities. A costpensive exposition of the elliptical multivariate clas o
distributions can be found in Fang et al. (1990). Table 1emessthe density generating functions of some multivariate
elliptical distributions.

LetY:,Ys, ..., Y, ben independent random vectors, whéfehas dimensiog; € N, fori = 1,2, ..., n. The general
multivariate elliptical model (Lemonte and Patriota 204&3umes that

Y—Z:/Ll(97xl)+ela i:17"'1n7

with e; ind El,,(0,%,(0,w;)), where 4 means “independently distributed as?; andw; arem; x 1 andk; x 1
nonstochastic vectors of auxiliary variables, respebti@ssociated with théh observed respondg, which may have
components in common. Then,

ind

Y, ~ Ellh(ﬂiazi)a i=1,...,n, (3)

whereu,; = u;(0,x;) is the location parameter add = ¥;(6, w;) is the definite positive scale matrix. Both andX:;
have known functional forms and are twice differentiabléhwespect to each element@fAdditionally, 6 is ap-vector
of unknown parameters (whepe< n and it is fixed). Sincé must be identifiable in modédll(3), the functiomsand:;
must be defined to accomplish such restriction.

Several important statistical models are special casé®aféneral formulatiofi{3), for example, linear and nordine
regression models, homoscedastic or heteroscedastitureasnt error models, and mixed-effects models with normal
errors. It is noteworthy that the normality assumption fog rrors may be relaxed and replaced by any distribution
within the class of elliptical distributions, such as thei@&intt and the power exponential distributions. The general
formulation allows a wide range of different specificatidmsthe location and the scale parameters, coupled wittga lar



collection of distributions for the errors. Section 4 prasefour important particular cases of the main modkel (3) tha
show the applicability of the general formulation.

For the sake of simplifying the notation, let=Y; — u; andu; = ziTEi_lzi. The log-likelihood function associated
with (@), is given by

00y = 4i(0), 4)
=1

wherel;(0) = —1log |%;] + log g(u,). It is assumed tha(-), 1; andy; are such that(6) is a regular log-likelihood
function (Cox and Hinkley 1974, Ch. 9) with respecttdlo obtain the score function and the Fisher informatiorrimat
we need to derivé(d) with respect to the unknown parameters and to compute someents of such derivatives. We
assume that such derivatives exist. Thus, we define

Oni Opi 0% 0%

Qs (r) 0, y o Qi(sr) 90,00, ) i(r) 90, ) i(sr) 90,00,

and
Ay = =27 Cin 57
forr,s = 1,...,p. We make use of matrix differentiation methods (Magnus aeddécker 2007) to compute the
derivatives of the log-likelihood function. The score \@cand the Fisher information matrix fér can be shortly
written as B
U@)=F"Hs and K(§)=F'HF, (5)

respectively, with F = (F/,.. .,FnT)T, H = block-diag{H,,....H,}, s = (s,
...sm)T, H = HMH andM = block-diag{ M’ ,..., M, }, wherein

Di El 0 -t ViZ;

Fi = <V;) » Hi= |:0 2 ® Ez] v 8= [—Vqui - ’UiZiZiT) ’
where the “vec” operator transforms a matrix into a vectostagking the columns of the matriid; = (a;x1), ..., @ip)),
Vi = (vedCi1y), - - -, vedCypy)), vi = —2Wy(u;) andWy(u) = dlog g(u)/du. Here, we assume that has rankp
(i.e., u; andX; must be defined to hold such condition). The symbol fndicates the Kronecker product. Following
Lange et al. (1989) we have, for thevariate Studentdistribution withr degrees of freedom, (11, X, v), thatiV,(u) =
—(v+q)/{2(v + u)}. Following Gémez et al. (1998) we have, for theariate power exponentid@ E, (1, , ) with
shape parameteér> 0 andu # 0, thatW, (u) = —Au*~1/2, X # 1/2. In addition, we have

dthi2,1) . 0 0 0
M; = i ‘ +(c; — 1 ,
[ 0 20,2 @ X (C ) |:O veO(Ei)veo(Ei)T
where ¢; = Wi /lala + 2)}  dien = EW2(rir;)  and 12 -
E(WZ(ri)r?), with r; = ||L;|]*, Ly ~ Elg4,(0,1,,). Here, we assume thgtu) is such that);o 1y and;( 2) ex-
ist for alli = 1,...,n. One can verify these results by using standard differgotidechniques and some standard

matrix operations.

The values of);; ) are obtained from solving the following one-dimension&grals (Lange et al. 1989):

wi(l,k) = / Wg(82)l9(82)rqi+2kilcqidsv (6)
0
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wherec,, = 27%/1“(%) is the surface area of the unit spher&iti andI'(a) is the well-known gamma function. One
can find these quantities for many distributions simply s@\W8) algebraically or numerically. Table 2 shows these
guantities for the normal, Cauchy, Studelind power exponential distributions.

Table 2: Functions; s, 1, ¥i(2,2), Yis,2), Yi(3,3) for normal, Cauchy, Studentand power exponential distributions.

Yi(2,1) Yi(2,2) Yi(3,2) Yi(3,3)
normal % qi(qrr?) _qi(q§+2) _qi(qi+28)(qi+4) g >1
qi(gi+1) qi(qi+2)(qi+1) ¢i(qi+2)(qi+1)? 4i(2i+2)(g:+4) (g +1)? )
Cauchy 16 13) o+ TS A@ s T 8@ 9@t ¢ =1
q:(gi+v) q:(gi+2)(gi+v) qi (¢i+2) (gi+v)* i (q:+2) (qi+4) (g +v)° )
Student Tatvi?  Aatvt?) Setm)@iits) Serzn@iity %21 v >0
. >\21—w 4X—1 )\'31—\ 6A—1 2)\ 1 4)\ 1
power exponential #(2%) 241 —Wg%; —22+1(E+]) =1, A>3
. A2r( %2 ) ) AST( %2 ) ) )
power exponential 21/(@2%32) %22 +:) —#@gf) — u(2Abgi)(rtq:) %>2,A>0

It is important to remark that the;; »,’s may involve unknown quantities (for instance, the degreefreedom
v of the Student distribution and the shape parameteof the power exponential distribution). One may want to
estimate these quantities via maximum likelihood estiomati Here, we consider these as known quantities for the
purpose of keeping the robustness property of some disitsitss Lucas (1997) shows that the protection against&arg
observations is only valid when the degrees of freedom petrams kept fixed for the Studendistribution. Therefore,
the issue of estimating these quantities is beyond of the swipe of this paper. In practice, one can use model satectio
procedures to choose the most appropriate values of suctownkparameters.

Notice that, in the Fisher information matri (), the matrix M/ carries all the information about the adopted
distribution, whileF' and H contain the information about the adopted model. Als@9) has a quadratic form that can
be computed through simple matrix operations. Under thenabcasey; = 1, M = H~! and henced = H.

The Fisher scoring method can be used to estimatgiteratively solving the equation

(F(m)Tﬁ(m)F(m))e(m“) = T gtm) o —0,1,.. ., (7
where the quantities with the upper index)” are evaluated at, m is the iteration counter and

§m) — plm)g(m) | pr—10m) pr—10m) g(m).

Each loop, through the iterative scherk (7), consists ofeaative re-weighted least squares algorithm to optintiee t
log-likelihood [4). Thus,[(5) and7) agree with the cormasging equations derived in Patriota and Lemonte (2009).



Observe that, despite the complexity and generality of dstiypated model, expressiohs (5) (7) are very simple and
friendly.

Now, we can give the main result of the paper.
Theorem 3.1. Then~! bias vectorB,(#) under modell(B) is given by
By(6) = (FTHF) 'FTH, 8)
where¢ = (®4,...,®,)veq(FTHF)™1), ®, = (®](ys- - @) T ANy, is given in the Appendix.
Proof. See the Appendix.

In many models the location vector and the scale matrix ddhaeé parameters in common, i.g;, = p; (01, x;)
andX; = (62, w;), where§ = (6] ,605)". Therefore,F' = block—diad Fy,, Fp,} and the parameter vectats and
6> will be orthogonal (Cox and Reid 1987). This happens in mixexdiels, nonlinear models, among others. However,
in errors-in-variables and factor analysis models ortmadjty does not hold. Model[{3) is general enough to encosipas
a large number of models even those that do not have orthbparaneters.

Corollary 3.1. Whenyu; = pu;(01, ;) and¥; = ;(02, w;), whered = (6], 60, )" then~! bias vector of); andé, are
given by _ B

By, (0) = (Fy HiFy,) ' Fy Hi&
and B B

By, (0) = (Fy, HyFy,) ™' Fy, Ha&o,

respectively. The quantities, , Fp,, ﬁl, flg, & andé, are defined in the Appendix.
Proof. See the Appendix.

Formula [8) says that, for any particular model of the gelnenativariate elliptical class of model§](3), it is always
possible to express the biassdis the solution of an ordinary weighted least-squaresssigne. Also, ifz; ~ N, (0, X;)
thencz- = —@i =1, i = 0, No; = -2, H=H,

Ji(m = 0
1) = \2(Iy, ® ayr)Di)
and formula[(B) reduces to the one obtained by Patriota antbbhée (2009).

Theorem 3.1 implies that all one needs to compute bias-ciedeand bias-reduced MLEs in the general elliptical
model is: (i) the first and second derivatives of the locatientor 1; and the scale matriX, with respect to all the
parameters; (2) the derivativés, (v); (3) some moments involving the chosen elliptical disttitw (these moments
are given in Table 2 for some elliptical distributions). Wihese quantities, the matrices[ih (8) can be computed &nd th
bias vector can be computed through an ordinary weightest-fzpiares regression.



4 Special models

In this section, we present four important particular cagele main model{3). All special cases presented in Patriot
and Lemonte (2009) are also special cases of the generabaniaite elliptical model defined in this paper.

4.1 Heteroscedastic nonlinear models

Consider the univariate heteroscedastic nonlinear mafaiet by
Y; = f(z,a)+e, i=1,2,...,n,

where theY; is the response;; is a column vector of explanatory variablesjs a column vectop; x 1 of unknown
parameters and is a nonlinear function ofe. Assume that;, es, ..., e, are independent, with; ~ Ei(0,0?). Here

02 = 02(y) = h(w;'7), wherey is aps x 1 vector of unknown parameters. Then

Y, " BU(f(wi, ), 07),
which is a special case ¢fl(3) with= (a ",y ") T, u; = f(xi, @) and%; = o2. HereEl stands forFl;. Notice that for
the heteroscedastic linear mogél;, o) = =, a.

Then~! bias vectorB;(6) comes from[(B), which depends on derivativesf¢f;, a) ando? with respect to the
parameter vectdt. Also, it depends on the quantitig s 1), 1i(2,2), Vi(3,2), Yi(s,3) (See Table 2) antl/, (u;) containing
information about the adopted distribution.

4.2 Nonlinear mixed-effects mode

One of the most important examples is the nonlinear mixéectf model introduced by Lange et al. (1989) and studied
under the assumption of a Studenlistribution. Let

Y = pi(zi, o) + Z;ib; + s,

whereY; is theg; x 1 vector responsey; is a ¢;-dimensional nonlinear function ef, x; is a vector of nonstochastic
covariates/Z; is a matrix of known constants; is ap; x 1 vector of unknown parameters ahdis anr x 1 vector

of unobserved random regression coefficients. AssumethatEl, (0, Xy(y1)) andu; ~ Elg, (0, Ri(v2)), wherey;

is aps-dimensional vector of unknown parameters ands aps x 1 vector of unknown parameters. Furthermore, the
vectorshy, b, ..., by, ui, us,. .., u, are independent. Therefore, the marginal distributiotefdbserved vector is

Yi~ Elqi (,ui(xia a); Ei(Ziv ’7)) ) (9)

wherey = (v ,7 )" and%;(Zi,v) = Z:iXp(11)Z, + Ri(12). Equation[(®) is a special case & (3) with=
(", y")T, pi = pizi, o) and; = 3;(Z;, 7). From [8) one can compute the bias vedi(6).



4.3 Errorsin-variables model

Consider the model

z1; = Po+ Prwoi +qi, t=1,...,n,

wherezy; is av x 1 latent response vectaty; is am x 1 latent vector of covariateg is av x 1 vector of intercepts?;
is av x m matrix of slopes, ang; is the equation error having a multivariate elliptical dkattion with location vector
zero and scale matriX,. The variables:;; andzo; are not directly observed, instead surrogate varialilgsand Xs;
are measured with the following additive structure:

Xii=x1; + (SIM and Xo; = x9; + 5121" (10)

The random quantities,;, ¢;, d..,, andd,,, are assumed to follow an elliptical distribution given by

Xro; Hzo 212 O O O
qi | ind 0 0 X 0 0
Ouys Elzvszm 01’0 0 7, O ’
2o 0 0 0 0 T,
where the matrices,; andr,; are known for ali = 1,...,n. These “known” matrices may be attained, for example,

through an analytical treatment of the data collection rma&@m, replications, machine precision, etc (Kulathinalle
(2002)).

Therefore, the observed vectsr= (X, X,.) " has marginal distribution given by

Y ' Blyym(u(0),5:(6)) (11)

with

0) = 2 and X;(0) = 2 g 1 2,
,LL( ) < Mz ( ) Emﬂir Yy + Tao,

whered = (87 ,ved31) ", u,,,vechZ,,) ", vech(E,) ") T, “vech” operator transforms a symmetric matrix into a vec-
tor by stacking into columns its diagonal and superior diegelements. The mean vect@) and the covariance-
variance matrix:; (9) of observed variables have the matfixin common, i.e., they sharev parameters. Kulathinal
et al. (2002) study the linear univariate case<{1, m = 1).

Equation[(Il) is a special case bf (3) with=v +m, 0 = (a”,7") T, u; = p;(9) andx; = ¥;(). In this case, a
programming language or software that can perform operaitio vectors and matrices, e@ (Doornik, 2013) andR
(Ihaka and Gentleman, 1996), can be used to obtain the bitsrve;(0) from (8).

4.4 Log-symmetricregression models

Let T be a continuous positive random variable with probabilgpsity function

1 L7\
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wherey is the density generating function of a univariate elligkidistribution, and we writd” ~ LS(n, ¢, g). Vanegas
and Paula (2014) called the class of distributioriid (12)ldlgesymmetric class of distributions. It includes log-ma,
log-Student, log-power-exponential distributions, among many othassspecial cases. It is easy to verify thaf{T")
has a univariate elliptical distribution (i.e., symmettistribution) with location parameter = log(n) and scale param-
eterg. The parametey is the median of”, and¢ can be interpreted as a skewness or relative dispersiompéea

Vanegas and Paula (2015) defined and studied semi-paramegression models for a s&t, 1y, ..., T, with
T; ~ LS(ni, ¢:, g) with n; > 0 ande; > 0 following semi-parametric regression structures. Her@ssme parametric
specification fom; and¢; asn; = n;(x;, «) andg; = ¢;(w;, ).

Hence,

Yi = log(T3) ™ Bl (ui(wi, ), 6i(wi, 7)) (13)
wherep; (z;, ) = log(n(x;, «)). Therefore,[(IB) is a special case of the general elliptivadel [3), and formuld{8)
applies.

5 Simulation results

In this section, we shall present the results of Monte Canhmkation experiments in which we evaluate the finite sample
performances of the original MLEs and their bias-correeted bias-reduced versions. The simulations are based on the
univariate nonlinear model without random effects (Sectidl) and the errors-in-variables model presented in &gcti
4.2, wheny; follows a normal distribution, a Studettistribution with» degrees of freedom, or a power exponential
distribution with shape parametar For all the simulations, the number of Monte Carlo replaas is 10,000 (ten
thousand).

First consider the model described[ih (9) with= 1, Z; = 0, %; = o2 and

ui(oz):ui(a:i,a):al—i-l_’_z#?, i=1,...,n. (14)

Here the unknown parameter vectofis- (a1, as, a3, aq, 0?) T. The values of;; were obtained as random draws from
the uniform distributior/ (0, 100). The sample sizes considered are= 10, 20, 30,40 and50. The parameter values

area; = 50, as = 500, az = 0.50, ay = 2 ando? = 200. For the Student distribution, we fixed the degrees of
freedom atv = 4, and for the power exponential model the shape parameteeis dithA = 0.8.

Tables 3-4 present the bias, and the root mean squared vfdf$S E) of the maximum likelihood estimates, the
bias-corrected estimates and the bias-reduced estinmatdsefnonlinear model with normal and Studenlistributed
errors, respectively. To save space, the correspondinyisdsr the power exponential model are reported in thenenli
Supplement (Table 1). We note that the bias-corrected atsrand the bias-reduced estimates are less biased than the
original MLE for all the sample sizes considered. For inseamhem = 20 and the errors follow a Studehdistribution
(see Table 4) the estimated biasegdfare—41.24 (MLE), —12.30 (bias-corrected) ang4.55 (bias-reduced). For the
normal case witm = 10 (see Table 3), the estimated biasesvefare2.16 (MLE), 0.70 (bias-corrected) and-0.27
(bias-reduced). We also observe that the bias-reducedatss are less biased than the bias-corrected estimatesin m
cases. Asi increases, the bias and the root mean squared error of @timeators decrease, as expected. Additionally,
we note that the MLE ofv, haveyv/ M SE larger than those of the modified versions. For the estimatfe?, v M SE
is smaller for the original MLE. In other cases, we note thatéstimators have similar root mean squared errors.
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Table 3: Biases an¢/ M SE of the maximum likelihood estimate and its adjusted versigronlinear model; normal
distribution.

MLE Bias-corrected MLE Bias-reduced MLE

n 0 Bias VvMSE Bias VMSE Bias VMSE
o7l —0.29 6.69 —0.13 6.67 —0.01 6.67

o) 2.16 20.07 0.70 19.40 —0.27 19.06

10 ag3 0.01 0.13 0.00 0.12 0.00 0.12
oy 0.03 0.30 0.01 0.29 —0.00 0.29

o? —80.05 106.44 —32.06 103.32 9.09 128.72

o1 —0.08 4.07 -0.01 4.07 0.01 4.07

Q2 0.66 17.94 —0.08 17.84 —-0.27 17.82
20 o3 0.00 0.09 0.00 0.09 —0.00 0.09
oy 0.02 0.21 0.01 0.20 0.00 0.20

o? —40.07 69.73 —8.09 68.95 0.86 72.02

o7l —0.10 3.11 —0.04 3.10 —0.02 3.10

o) 0.71 17.24 —0.05 17.15 —0.18 17.13
30 a3 0.00 0.09 —0.00 0.09 —0.00 0.09
oy 0.02 0.20 0.00 0.19 0.00 0.19

o2 —26.41 55.26 —3.26 55.11 0.82 56.32

o7l —0.08 2.69 —0.02 2.69 —0.01 2.69

Q2 0.83 16.80 0.09 16.70 0.01 16.69
40 a3 0.00 0.09 0.00 0.09 0.00 0.09
oy 0.02 0.19 0.00 0.18 —0.00 0.18

o? —20.04 47.26 —2.04 47.13 0.33 47.74

o1 —0.08 2.39 —0.03 2.38 —0.02 2.38

o) 1.07 14.25 0.30 14.12 0.23 14.11
50 a3 0.00 0.08 0.00 0.08 0.00 0.08
oy 0.01 0.19 0.00 0.18 —0.00 0.18

o2 —15.93 41.41 —1.21 41.30 0.36 41.67
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Table 4: Biases an¢/ M S E of the maximum likelihood estimate and its adjusted versioonlinear model; Student
distribution.

MLE Bias-corrected MLE Bias-reduced MLE

n 0 Bias MSE Bias MSE Bias MSE
o7l —0.51 8.66 —0.31 8.63 —0.20 8.56

o) 3.34 28.47 1.39 27.34 2.05 27.67

10 ag3 0.01 0.17 0.00 0.16 0.01 0.16
oy 0.06 0.42 0.03 0.39 -0.01 0.38

o? —93.18 127.60 —54.24 130.73 —17.40 170.35

o1 -0.17 5.03 -0.07 5.02 —0.04 5.01

e 2.01 25.64 0.91 25.11 1.29 24.98

20 o3 0.01 0.14 0.01 0.14 0.01 0.13
oy 0.04 0.29 0.01 0.28 0.00 0.27

o2 —41.24 85.51 —12.30 89.41 —4.55 93.08

o7l —0.10 3.81 —0.01 3.80 0.01 3.82

o) 2.25 25.75 1.13 25.34 1.61 25.41
30 a3 0.01 0.14 0.01 0.14 0.01 0.14
oy 0.04 0.29 0.01 0.27 0.00 0.26

o? —27.15 70.02 —6.15 72.64 —1.78 107.53

o7l —0.10 3.27 —0.02 3.26 —0.01 3.26

e 1.82 24.94 0.75 24.67 1.18 24.78
40 a3 0.01 0.12 0.00 0.12 0.01 0.12
oy 0.03 0.26 0.01 0.25 0.00 0.25

o? —20.38 60.43 —4.01 62.21 —1.82 62.98

o1 -0.13 2.86 —0.05 2.85 -0.03 2.85

o) 1.48 18.86 0.38 18.59 0.24 18.46
50 a3 0.01 0.11 0.00 0.11 0.00 0.11
oy 0.02 0.24 0.00 0.23 0.00 0.23

o? —15.40 53.99 —1.94 55.56 —0.43 56.11
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We now consider the errors-in-variables model describ@@dh The sample sizes consideredare 15, 25, 35 and
50. The parameter values afg = 0.70 1,x1, 51 = 0.40 L5, ooy, = 70 11, £g = 40 I,1 andX,, = 250 I, x1.
Here 1, is asr x s matrix of ones and.. s is the identity matrix with dimensionx s. For the Studentdistribution,
we fixed the degrees of freedom:at= 4 and, for power exponential model, the shape parameter wed itd = 0.7.
We considew € {1,2} andm = 1.

In Tables 5-6, we present the MLE, the bias-corrected estisndhe bias-reduced estimates, and corresponding
estimated root mean squared errors for the normal and poyenential distributions, for the errors-in-variablesdab
For the Student distribution, see Table 2 of the online Supplement. We alestrat, in absolute value, the biases of
the bias-corrected estimates and bias-reduced estinratemaller than those of the original MLE for different sampl
sizes. Furthermore, the bias-reduced estimates are kesschihan the bias-corrected estimates in most cases. arhis ¢
be seen e.g. in Table 6 when= 1, m = 1, Y; follows a power exponential distribution and= 15. In this case, the bias
of the MLE, the bias-corrected estimate and the bias-retlesgémate of, are—4.92, —0.66 and—0.17, respectively.
WhenY; follows a normal distributionp = 15, v = 1 andm = 1 we observe the following biases of the estimates of
Yz, —16.15 (MLE), —0.53 (bias-corrected) an@d.58 (bias-reduced); see Table 5. We note that the root meanesdjuar
errors decrease with. The MLEs ofX,, and¥, havev M SE smaller than the modified versions. In other cases, the
estimators have similar root mean squared errors.

For the sake of saving space, the simulation results fordhmal, Student and power exponential errors-in-variable
models withv = 2 andm = 1 are presented in the online Supplement (Tables 3-5). Qveualfindings are similar to
those reached for the other models.

6 Applications

6.1 Radioimmunoassay data

Tiede and Pagano (1979) present a dataset, referred helne asdioimmunoassay data, obtained from the Nuclear
Medicine Department at the Veterans Administration HadpBuffalo, New York. Lemonte and Patriota (2011) ana-
lyzed the data to illustrate the applicability of the eligai models with general parameterization. Following Eeahd
Pagano (1979) we shall consider the nonlinear regressiolehf®4), withn = 14. The response variable is the observed
radioactivity (count in thousands), the covariate coroesfs to the thyrotropin dose (measured in micro-internmatio
units per milliliter) and the errors follow a normal distuition or a Student distribution withr = 4 degrees of free-
dom. We assume that the scale parameter is unknown for badkelsidn Table 7 we present the maximum likelihood
estimates, the bias-corrected estimates, the bias-rddstienates, and the corresponding estimated standars are
given in parentheses. We note that all the estimates preswiler standard errors under the Studenbdel than under
the normal model (Table 7).

For all parameters, the original MLEs are very close to tlas{ziorrected MLE and the bias-reduced MLE when the
Student model is used. However, under the normal model, significdferdnces in the estimates af are noted. The
estimates fory; are0.44 (MLE), 0.65 (bias-corrected MLE) and.03 (bias-reduced MLE).
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Table 5: Biases ang/ M S E of the maximum likelihood estimate and its adjusted versji@nrors-in-variables model;
v = 1 andm = 1; normal distribution.

MLE Bias-corrected MLE Bias-reduced MLE

n 0 Bias VvMSE Bias vVMSE Bias MSE
Bo —0.06 8.36 —0.05 8.36 —0.05 8.36

51 0.00 0.12 0.00 0.12 0.00 0.12

15 g, —0.04 4.11 —0.04 4.11 —0.04 4.11
DI —16.15 90.40 —0.53 94.88 0.58 95.30
b —5.42 14.94 —0.72 15.80 0.00 16.07

Bo —0.11 6.22 —0.10 6.22 —0.10 6.22

51 0.00 0.09 0.00 0.09 0.00 0.09

25 fig, —0.01 3.18 —0.01 3.18 —0.01 3.18
P —10.08 69.68 —0.47 71.71 —0.07 71.82
¥ —3.21 11.59 —0.20 12.03 0.06 12.10

Bo —0.06 5.17 —0.05 5.16 —0.05 5.16

51 0.00 0.07 0.00 0.07 0.00 0.07

35 fig, 0.01 2.70 0.01 2.70 0.01 2.70
DI —7.18 59.02 —0.23 60.26 —0.02 60.31
¥, —2.34 9.86 —0.15 10.13 —0.01 10.16

Bo —0.02 4.24 —0.01 4.24 —0.01 4.24

51 0.00 0.06 0.00 0.06 0.00 0.06

50 fig, 0.01 2.24 0.01 2.24 0.01 2.24
P —5.02 49.76 —0.11 50.50 —0.01 50.52
b —1.68 8.15 —0.12 8.29 —0.06 8.31
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Table 6: Biases ang M SE of the maximum likelihood estimate and its adjusted versi@nrors-in-variables model;
v = 1 andm = 1; power exponential distribution.

MLE Bias-corrected MLE Bias-reduced MLE

n 0 Bias VvMSE Bias VMSE Bias VvMSE
Bo —0.12 9.25 —0.11 9.25 —0.11 9.24

51 0.00 0.13 0.00 0.13 0.00 0.13

15 g, —0.02 6.47 —0.02 6.47 —0.02 6.47
Y, —9.27 103.32 0.52 107.51 0.82 107.64
g —4.92 15.67 —0.66 17.55 —0.17 17.76

Bo 0.02 6.83 0.03 6.83 0.03 6.83

51 0.00 0.09 —0.00 0.09 —0.00 0.09

25 g, —0.02 4.98 —0.02 4.98 —0.02 4.98
DIPN —5.60 80.20 0.36 81.95 0.47 81.99
g —-3.04 12.94 —0.36 13.49 —0.18 13.54

Bo 0.01 5.59 0.02 5.58 0.02 5.58

51 —0.00 0.08 —0.00 0.08 —0.00 0.08

35 g, —0.04 4.21 —0.04 4.21 —0.04 4.21
DI -3.53 68.01 0.77 69.10 0.82 69.12
Yg —2.14 11.11 —0.18 11.46 —0.08 11.49

Bo 0.03 4.67 0.03 4.67 0.03 4.67

51 —0.00 0.06 —0.00 0.06 —0.00 0.06

50 i, —0.03 3.52 -0.03 3.52 —0.03 3.52
DI —2.83 56.89 0.18 57.51 0.21 57.52
g —1.51 9.21 —0.12 941 —0.07 9.42
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Table 7: Estimates and standard errors (given in parergfigagioimmunoassay data.

Normal distribution

0 MLE Bias-corrected MLE Bias-reduced MLE
a;  0.44 (0.80) 0.65 (0.99) 1.03 (1.06)
as  7.55 (0.95) 7.34 (1.16) 6.91 (1.25)
as 0.13 (0.06) 0.13 (0.06) 0.13 (0.08)
ay  0.96 (0.24) 0.93 (0.28) 0.95 (0.34)
o 0.31 (0.12) 0.40 (0.15) 0.50 (0.19)
Studentt distribution
0 MLE Bias-corrected MLE Bias-reduced MLE
a;  0.90 (0.12) 0.91 (0.13) 0.90 (0.15)
az  7.09 (0.17) 7.08 (0.19) 7.07 (0.22)
ag 0.09 (0.01) 0.09 (0.01) 0.09 (0.02)
ay 131 (0.08) 1.31 (0.09) 1.29 (0.10)
a2 0.02 (0.01) 0.02 (0.01) 0.03 (0.01)

6.2 Fluorescent lamp data

Rosillo and Chivelet (2009) present a dataset referreddeetiee fluorescent lamp data. The authors analyze the ldetim
of fluorescent lamps in photovoltaic systems using an aicalyhodel whose goal is to assist in improving ballast desig
and extending the lifetime of fluorescent lamps. Followirggito and Chivelet (2009) we shall consider the nonlinear

regression model{9) witly, =1, Z; =0,%; = 02,0 = (o<T,02)T = (ao,al,ag,a3,02)T and
_ 1
B 1+ (&) + 1251 + qoxio + 04356122 ’

pi()

i=1,...,14,

where the response variable is the observed lifetime/éidedrlifetime {"), the covariates correspond to a measure of
gas discharger() and the observed voltage/ad- vertised voltage (measyrertdrmance of lamp and ballast;) and

the errors are assumed to follow a normal distribution. hegalso assume a Studerdistribution withr = 4 degrees

of freedom for the errors.

In Table 8 we present the maximum likelihood estimates, ths-borrected estimates, the bias-reduced estimates,
and the corresponding estimated standard errors. As inr&véopis application, the estimates present smaller steanda
errors under the Studefimodel than under the normal model.

The original MLEs forog andag are bigger than the corresponding corrected and reducsidasiby approximately
one unit (normal and Studehimodels). The largest differences are among the estimates; dor example, for the
normal model we have 56.33 (MLE), —54.45 (bias-corrected MLE) and 53.86 (bias-reduced MLE).

We now use the Akaike Information CriterioA {C', Akaike, 1974), the Schwarz Bayesian criterié¥(C', Schwarz,
1978) and the finite samplé/C (AIC¢, Hurvich and Tsai, 1989) to evaluate the quality of the ndramal Student
fits. For the normal model we haweIC' = —9.98, BIC = —6.79 and AICs = —2.48. For thet model we have
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AIC = —11.24, BIC = —8.04 andAICc = —3.74. Therefore, the model presents the best fit for this dataset, since
the values of thedIC, BIC andAIC: are smaller.
Let
D=3 (Y -Y;) (Y - Y,
j=1

whereY andf/(j) are the vectors of predicted values computed from the mddel fihe whole sample and the sample
without thejth observation, respectively. The quantﬁ)ymeasures the total effect of deleting one observation in the
predicted values. For a fixed sample size, it tends to be higisingle observation can highly influence the prediction
of new observations. We have = 0. 119,0.120, and0.123 (normal model) and = 0. 101,0.100, and0.095 (Student

t model) when using the MLE, the blas corrected estimate ta@dias-reduced estimate, respectively. Notice ihat

is smaller for the Studeritmodel regardless of the estimate used. This is evidencdhbatudent model is more
suitable than the normal model for predicting lifetime obflescent lamps in this study.

Table 8: Estimates and standard errors (given in parerghdberescent lamp data.

Normal distribution

0 MLE Bias-corrected MLE Bias-reduced MLE
g 29.49 (5.21) 28.54 (5.66) 28.25 (5.84)
o 9.99 (4.69) 9.68 (5.21) 9.62 (5.42)
o —56.33 (10.10) —54.45 (10.93) —53.86 (11.26)
s 26.53 (4.89) 25.61 (5.28) 25.31 (5.43)

02 1.40x 102 (5.00 x 1073) 1.80 x 1072 (7.00 x 1073)  1.90 x 10-2 (7.00 x 10~3)

Studentt distribution

0 MLE Bias-corrected MLE Bias-reduced MLE
g 30.66 (4.64) 29.94 (5.05) 29.85 (5.20)
o 8.48 (4.00) 8.24 (4.42) 8.46 (4.57)
o —58.20 (8.94) —56.79 (9.71) —56.67 (10.00)
o3 27.27 (4.30) 26.58 (4.66) 26.55 (4.80)

o2 730x1073 (3.60x 1073) 9.20 x 1073 (4.60 x 1073)  9.80 x 103 (4.90 x 10~3)

6.3 WHO MONICA data

We now turn to a dataset from the WHO MONICA Project that wassidered in Kulathinal et al. (2002). This dataset
was first analyzed under normal distributions for the maigitof the random errors (Kulathinal et al. 2002; Patriota
et al. 2009a). Thereafter, it was studied under a scale mneixitinormal distributions for the marginals of the random
errors (Cao et al., 2012). The approach used in the prespat gadifferent from the others because here we consider a
joint elliptical distribution for the vector of random erso The other authors assumed that the distributions ofrtioese
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were independent, while we assume that they are uncomldbatenot independent. For our proposal, the errors will
only be independent under normality.

The dataset considered here corresponds to the data edllEctmen ¢ = 38). As describe in Kulathinal et al.
(2002), the data are trends of the annual change in the eseriiyy and trends of the risk scores)( The risk score is
defined as a linear combination of smoking status, systtdadpressure, body mass index, and total cholesterol.level
A follow-up study using proportional hazards models was lepgad to derive its coefficients, and provides the observed
risk score and its estimated variance. Therefore, the vbdaesponse variablg;, is the average annual change in
event rate (%) and the observed covaride, is the observed risk score (%). We use the heteroscedastielfi0)
with v = m = 1 and zero covariance between the erfyrs ando,,, .

Table 9 gives the MLE and the bias-corrected/reduced ettBn@tandard errors are given in parentheses). We
considered the full sample: (= 38) and randomly chosen sub-samplesicf 10, 20 and30 observations.

The original MLEs forsy, 51 andu., are practically the same as their bias-corrected and bidseed versions for
all sample sizes. The largest differences are among theass of>,; for example, fom = 10 we have6.17 (MLE),
8.14 (bias-corrected MLE) and.81 (bias-reduced MLE). In general, as expected, larger sasipés correspond to
smaller standard errors. Far= 10 andn = 20 standard errors are somewhat smaller when using bias tiorr¢lcan
when using bias reduction.

Table 9: Estimates and standard errors (given in parergjias#iO MONICA data.

n 0 MLE Bias-corrected MLE Bias-reduced MLE
Bo  —2.58 (1.34) —2.58 (1.44) —2.45 (1.47)
B 0.05 (0.60) 0.05 (0.63) 0.07 (0.64)
10 pig, —1.54 (0.58) —1.54 (0.61) —1.53 (0.62)
Y.,  2.89 (1.50) 3.22 (1.65) 3.29 (1.69)
¥,  6.17 (3.99) 8.14 (4.93) 8.81 (5.25)
Bo —2.68 (0.65) —2.69 (0.68) —2.69 (0.69)
51 0.48 (0.30) 0.47 (0.31) 0.43 (0.31)
20 prg, —1.29 (0.44) —1.29 (0.46) —1.29 (0.46)
Y.,  3.53 (1.25) 3.73 (1.31) 3.76 (1.32)
¥,  3.00 (1.66) 3.59 (1.87) 3.73 (1.92)
Bo  —2.22 (0.54) —2.22 (0.55) —2.20 (0.55)
B 0.43 (0.24) 0.43 (0.25) 0.42 (0.25)
30 pe, —0.77 (0.42) —0.77 (0.42) —0.77 (0.42)
Y., 471 (1.34) 4.88 (1.39) 4.89 (1.39)
¥,  4.36 (1.86) 4.89 (2.01) 4.88 (2.01)
Bo —2.08 (0.53) —2.08 (0.54) —2.08 (0.54)
B 0.47 (0.23) 0.47 (0.24) 0.46 (0.24)
38 e, —1.09 (0.36) —1.09 (0.36) —1.09 (0.36)
Y.,  4.32 (1.10) 4.44 (1.13) 4.45 (1.13)
PI 4.89 (1.78) 5.34 (1.89) 5.30 (1.88)
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7 Concluding remarks

We studied bias correction and bias reduction for a muiatarelliptical model with a general parameterization
that unifies several important models (e.g., linear andineat regressions models, linear and nonlinear mixed rspdel
errors-in-variables models, among many others). We exttemavork of Patriota and Lemonte (2009) to the elliptical
class of distributions defined in Lemonte and Patriota (200 express the second order bias vector of the maximum
likelihood estimates as an ordinary weighted least-sguagression.

As can be seen in our simulation results, corrected-biasatsirs and reduced-bias estimators form a basis of
asymptotic inferential procedures that have better paréorice than the corresponding procedures based on theabrigin
estimator. We further note that, in general, the bias-red@stimates are less biased than the bias-corrected eetima
Computer packages that perform simple operations on reatend vectors can be used to compute bias-corrected and
bias-reduced estimates.
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Appendix
LemmaA.l Letz; ~ El,,(0,%;, g), ande; andy; ;1) as previously defined. Then,
E(vlz )
A
E(U ) 7/%(2,1) %,
qi
E(v?vedzZ T) =0,
E(vivedzz \vedziz ) T) = ¢;(ved S, )vedS;) T +258; ® ),
E(vivedzz )vedzz ) 1) = —c; (ved S, )vedS;) " +2%; @ %),
E(vf’zl Al(t)ZZZ Al(s)zzz Al(r)zl) = —8w; (tr{Ai(t)Ei}tr{Ai(S)Ei}tr{Ai(T)Ei}

+ 2t { Ay B fr{ A ) X Ay X4 }
+ 2tr{AZ—(S)Ei}tr{Ai(t)EiAi(r)Ei}
+2tr{ Ay D r{ Ay 1y Xi Ay Xi })
+ 8tr{A;(1) i Ai(s) i Ay Zi}) s

wherec; = 8¢is0/{ai(a + 2)}, Vi) = EW2(r)r?), @ = ias/{a(e + 2)( + 4)} and sz =
E(W2 (ri)r}).

Proof. The proof can be obtained by adapting the results of Mitdd®i89) for a matrix version.

From Lemma A.1, we can find the cumulants of the log-likelithderivatives required to compute the second-order
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biases.

Proof of Theorem 3.1: Following Cordeiro and Klein (1994), we writE]l(1) in matriotation to obtain the:~! bias
vector off in the form

B;(0) = K(6)'Wved K(0) "), (15)
whereW = (WM ... W®)is ap x p? partitioned matrix, each’ ("), referring to therth component o, being a
p x p matrix with typical(t, s)th element given by

) 1 3 1 .
( ) = 2’11557" + Kis, = ’{1(55) - EHtST = 4’{1(55) Z(ths-,?“ + K.(sﬁ‘) + Hgt))'

BecauseK(e) is symmetric and theth element ofved K (0) 1) is wl k!t + (wS) + w212 + - + (Wl +

wil) )RS 4t (w,E” R w(f; )RPTIP 4 wt(ﬁ)np=1’, we may write

T S T 1 T S
wll) = 5l + 0l)) = 2+ 1) — w2 — k). (16)

Comparing[(1b) and18) we note that for the proof of this teeoit suffices to show that T H¢ = Wved(F T HF)™1),
ie.,
W=F HMH(®,,...,0,).

Notice that

—fc i) T i
Rsr = Z{;tr{Ai(r)Oi(S)} - r ai(s)zi Qi(r)
= (17)

(ci —1)
tr{ Ay S Hr{ Ay 550 L
4 r{ i(s) }r{ (r) }

The quantities); 5 1y andi;(», 2y do not depend ofi and hence, the derivative f (17) with respecttés

n ¢
k() = Z{ Etr{Ai(t)EiAi(s)Ci(r) + Ai)ZiAi ) Citry + Cigrs) Ai(r)

=1

. 4%(2 1) _ T
+ Ciery Ai(s) } Z{ )Ei Lair) + @l Ai Gir)

i=1

_ " C; — _
+ a2 1ai(tr))} + Z{ ( 1 )tr{Ai(t)Oi(s) + 3 1Ci(ts)}tr{Ai(r)Ei}}

i=1

n (Ci — 1) —
+ Z{ 1 i Ciry + 377 Cieny Hr{ A i -

=1

Therefore,
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kG + ) — s = Z{ %tr{Ai(r)EiAi(s)Cz’(t) + Ai(s) ZiAir) Ciry
=1

N R
+2Ci(rs)Ai(t)}}_Z{ p (2‘%‘(1:)21‘ @i(sr)

=1

T T T
+ ai(t)Ai(s)ai(r) + ai(s)Ai(r)ai(t) - ai(s)Ai(t)ai(r))}

+ Z{ tr{Az(T i(s) T b CZ(TS) }tr{AZ(t P }}

Now, the only quantity that remains to obtainds, , = E(U:U,U,). Noting thatz; is independent of; for i # j,
we have

n

1
Kisr = §ZE{ tr{A;4)(3i — viziz T Mr{A,; (s)(Zi —viziz] )}

=1
tr{ Ay (i — vizizg )}] + 4te{ iy (B — viziz )} (0] a5
2z B ai(s)) +4tr{ Ay (i — Uizizi—r)}(U2a;t)2i_lziz;r2_l

i(s)) + 4tr{Ai(s) (Zs UzZzZT)}(U?%T(t)Ei121'2;2_1%@))}-

Then, by using Lemma A.1 and frofn {16), we have, after lengtggbra, that

W) = Z FH;M;H;®,(,, (18)
=1
where
1 OF;
and
B — 1 ( miCi(ry 2mi ®az(r))
ir) 2 \ 2122 ® Qi(r) 2(01 — I)Slz(r)
1 St{Cin S 2na)vedS) T
4 27711'V€C(21')CL;-ET) 2(Ci + 8(7)1)821(”
with
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mi = ¢; +4Vi2,1)/C, M2 = ¢ — Hbi2,1)/ i,
1
Stitry = vedE;)vedCi) T + ivec(Zi)vec(Ei)Ttr{Ci(r)E;l} and
Sai(ry = vedCiry VeqE;) " + ved S )ved Cyy) " + 45, @ Cipy

1
+ [EZ ® X + Evec(Ei)vec(Ei)T}tr{Ci(T)Ei’l}.
Using [18) and[(15) the theorem is proved.

Proof of Corollary 3.1: It follows from Theorem 3.1, eq[]8), when
F = block—diad Fy, , Fy,}, H = block—diad Hy, H,} and¢ = (¢ ,¢]) 7,
T ~ ~ ~
whereFy, = {F‘Z(l),...,F‘;(n)} andH; = block-diad H(1), ..., Hj } for j = 1,2, with Fy, ;) = 9p;/06]
F92(i) = 6[veo(2i)]/89T, E[l(i) = %E;l andﬁQ(i) =¢ (2% ® Ei)_l + (¢ — 1)veo(2i_1)veo(2;1)T. Further-
T T

more,&; = [gf(l),...,gf(n)} andé, = [5;(1),...,5;71)} with

§15) = — Fel(z ved((Fy HiyFo,) ™),

a0y = ZMi*‘Pi* ved(Fy, HayFa,) ™) +

vec((F(,EH(z)ng)’l).

(M o 4F92(i>)

OO|P—l

Also,  Fy = [Fd iy ol Fostiy = [Fg, iy Forls @F = (@)
* * * r _ O0Fy, s __ OF,
s Qi B = [Py Pl Fovy = ﬁ, Fuy = ﬁ, wheref, () andfs,, are therth andsth
elements ob); andf,, respectivelyr = 1,...,p1,s=1,...,p2 and

L1 vedY;)ved ;) "
M; (Iq? 2¢; + vedy;) Tvedy; ))

1 ~ _ _
Z(S = 1)S1is) + 3 (Ci + SWi)SQi(s)) (Ei '® % 1) Eo, iy,

z(r (27721 Ilh ® al(T)) + nllveqz ) z(r Ez 1) Fel(l)
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Supplement

Additional Monte Carlo ssmulation results

Tables 10-14 report simulation results to complement oatyais in Section 5 of the main article.

Table 10: Biases antf M SE of the maximum likelihood estimate and its adjusted versigonlinear model; power
exponential distribution.

MLE Bias-corrected MLE Bias-reduced MLE

n 0 Bias VMSE Bias VMSE Bias MSE
fo%1 —0.34 8.43 —0.11 8.41 —0.02 8.41

o) 3.25 25.61 0.98 24.35 2.61 24.70

10 a3 0.01 0.16 0.00 0.15 0.02 0.15
oy 0.05 0.39 0.02 0.37 —0.02 0.36

o? —84.16 110.90 —40.38 107.40 —8.30 128.57

o1 —-0.11 5.09 —0.00 5.08 0.03 5.08

e 1.48 23.11 0.35 22.87 0.61 23.02
20 a3 0.00 0.12 0.00 0.12 0.00 0.12
oy 0.04 0.27 0.01 0.26 0.00 0.26

o? —40.95 74.29 —10.90 74.50 —3.51 77.20

o1 —0.04 3.85 0.06 3.85 0.07 3.85

o) 1.10 22.11 —0.06 21.90 0.30 22.06
30 o3 0.01 0.12 0.00 0.12 0.00 0.12
oy 0.03 0.26 0.01 0.25 0.00 0.25

o2 —27.24 60.14 —5.48 60.62 —1.99 61.73

fo%1 —0.05 3.31 0.04 3.31 0.05 3.31

o) 1.35 21.43 0.22 21.23 0.59 21.38
40 a3 0.01 0.11 0.00 0.11 0.00 0.11
oy 0.03 0.25 0.00 0.24 0.00 0.23

o2 —20.41 51.38 —3.44 51.72 —1.32 52.34

o1 —0.05 2.96 0.04 2.96 0.05 2.95

o9 1.20 18.02 0.04 17.78 -0.03 17.73
50 o3 0.00 0.11 —0.00 0.10 —0.00 0.10
oy 0.03 0.24 0.01 0.23 0.01 0.23

o? —16.22 45.76 —2.33 46.08 —0.89 46.46
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Table 11: Biases andf M SE of the maximum likelihood estimate and its adjusted versienrors-in-variables model;
v = 1 andm = 1; Student distribution.

MLE Bias-corrected MLE Bias-reduced MLE

n 0 Bias VvMSE Bias vMSE Bias MSE
Bo —0.00 9.90 0.01 9.90 0.01 9.89

51 0.00 0.14 0.00 0.14 0.00 0.14

15 g, 0.05 4.82 0.05 4.82 0.05 4.82
Y, 5.18 129.34 291 128.12 2.66 127.86
Yg —3.64 19.52 —0.68 20.72 —0.42 20.85

Bo —0.02 7.14 —0.01 7.14 —0.01 7.14

51 0.00 0.10 0.00 0.10 0.00 0.10

25 g, 0.03 3.69 0.03 3.69 0.03 3.69
DIPN 3.61 97.32 2.25 96.76 2.17 96.69
g —2.31 14.87 —0.47 15.41 —0.38 15.44

Bo —0.02 5.93 —0.02 5.93 —0.02 5.93

51 0.00 0.08 0.00 0.08 0.00 0.08

35 g, —0.01 3.12 —0.01 3.12 —0.01 3.12
DIPN 1.94 79.78 0.98 79.45 0.94 79.44
Yg —1.65 12.63 —0.31 12.96 —0.26 12.97

Bo —0.01 4.92 —0.01 4.92 —0.01 4.92

51 0.00 0.07 0.00 0.07 0.00 0.07

50 g, 0.01 2.59 0.01 2.59 0.01 2.59
DI 1.04 65.50 0.37 65.33 0.36 65.33
Yg —1.18 10.53 —0.24 10.78 —0.21 10.79
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Table 12: Biases antf M SE of the maximum likelihood estimate and its adjusted versienrors-in-variables model;
v = 2 andm = 1; normal distribution.

MLE Bias-corrected MLE Bias-reduced MLE

n 0 Bias VMSE Bias VMSE Bias VvMSE
B 0.01 8.36 0.02 8.36 0.02 8.36
B ~0.05 8.33 —0.04 8.33 —0.04 8.33
B ~0.00 0.12 ~0.00 0.12 ~0.00 0.12
e 0.00 0.12 0.00 0.12 0.00 0.12
15 fig, —0.02 4.08 —0.02 4.08 ~0.02 4.08
Y.,  —1633  89.71 —0.72 94.10 039  94.52
n{t 540  14.86 —0.71 15.70 0.01 15.97
{2 0.03 9.85 0.04 11.16 0.04 11.37
nZ? —552  14.88 —0.85 15.69 —0.13 15.95
B 0.00 6.15 0.01 6.15 0.01 6.15
B ~0.03 6.20 ~0.02 6.20 ~0.02 6.20
B ~0.00 0.09 ~0.00 0.09 ~0.00 0.09
B 0.00 0.09 0.00 0.09 0.00 0.09
25 i, 0.02 3.16 0.02 3.16 0.02 3.16
S, —9.80  69.34 —0.17 71.39 023  71.50
() ~317 1158 —0.18 12.03 0.08 12.11
n{? —0.00 7.81 0.01 8.44 0.01 8.49
% —-335 1143 —0.37 11.81 —0.11 11.88
g 0.02 5.11 0.03 5.11 0.03 5.11
B ~0.05 5.10 ~0.05 5.10 ~0.05 5.10
i ~0.00 0.07 ~0.00 0.07 ~0.00 0.07
2 0.00 0.07 0.00 0.07 0.00 0.07

35 ia, 0.00 2.68 0.00 2.68 0.00 2.68
S, ~7.26  58.99 —0.31 60.21 —0.10  60.26
() —2.30 9.85 —0.11 10.13 0.03 10.16
n{? —0.02 6.71 —0.02 7.09 ~0.02 7.12
nZ —2.44 9.71 ~0.26 9.94 —0.12 9.97
g 0.03 421 0.03 421 0.03 4.21
B ~0.07 4.21 ~0.06 4.21 ~0.06 4.21

Je ~0.00 0.06 ~0.00 0.06 ~0.00 0.06
2) 0.00 0.06 0.00 0.06 0.00 0.06

50 jua, —0.01 2.24 —0.01 2.24 —0.01 2.24
S, —5.06  49.79 —0.15 50.52 —0.05 5054
st ~1.67 8.09 —0.11 8.23 —0.05 8.25
n{? —0.05 5.65 —0.04 5.88 —0.04 5.89

nZ? —1.72 8.09 —0.16 723 —0.10 8.24




Table 13: Biases antf M SE of the maximum likelihood estimate and its adjusted versienrors-in-variables model;
v = 2 andm = 1, Student distribution.

MLE Bias-corrected MLE Bias-reduced MLE

n 0 Bias VMSE Bias VMSE Bias VvMSE
B ~0.02 9.64 ~0.01 9.63 ~0.01 9.63
B ~0.00 9.48 0.01 9.48 0.01 9.48
i 0.00 0.13 0.00 0.13 0.00 0.13
B ~0.00 0.13 ~0.00 0.13 ~0.00 0.13
15 fig, 0.04 4.80 0.04 4.80 0.04 4.79
S, 712 130.46 3.11 128.28 270 127.89
st —249  19.77 0.19 20.99 0.40 21.11
n{? 018 1251 0.19 13.38 0.20 13.45
nZ? —3.05  19.46 —0.42 20.58 —0.20 20.68
B 0.01 6.95 0.02 6.95 0.02 6.95
B ~0.02 7.00 ~0.02 7.00 ~0.02 7.00
B 0.00 0.10 0.00 0.10 0.00 0.10
B 0.00 0.10 0.00 0.10 0.00 0.10
25y, 0.04 3.65 0.04 3.65 0.04 3.65
S, 446 95.94 2.08 94.96 1.96  94.88
() ~151 1497 0.14 15.52 0.22 15.55
n{? 0.17 9.44 0.18 9.84 0.18 9.85
n{? ~178  14.99 —0.14 15.52 —0.07 15.54
B ~0.01 5.87 ~0.00 5.87 ~0.00 5.87
B ~0.04 5.75 ~0.03 5.75 ~0.03 5.75
i 0.00 0.08 0.00 0.08 0.00 0.08
2 0.00 0.08 0.00 0.08 0.00 0.08

35 i, 0.03 3.05 0.03 3.05 0.03 3.04
S, 337 79.82 1.68 79.23 162 79.19
() ~1.17  12.40 0.02 12.72 0.06 12.73
n{? 0.16 8.02 0.17 8.26 0.17 8.27
nZ? ~122 1268 —0.03 13.00 0.01 13.02
g 0.00 4.77 0.00 4.77 0.00 4.77
B 0.01 4.79 0.02 4.79 0.02 4.79
e 0.00 0.07 0.00 0.07 -0.00 0.07
@ -0.00 0.07 -0.00 0.07 -0.00 0.07

50 jia, 0.03 2.55 0.03 2.55 0.03 2.55
S, 2.28 6553 1.09 65.19 1.07 65.18
n{t 071 1054 0.14 10.74 0.15 10.75
n{? 0.12 6.64 0.13 6.78 0.13 6.79

n#? -0.89 1058 -0.05 280.76 -0.04 10.76




Table 14: Biases antf M SE of the maximum likelihood estimate and its adjusted versienrors-in-variables model;
v = 2 andm = 1; power exponential distribution.

MLE Bias-corrected MLE Bias-reduced MLE

n 0 Bias VMSE Bias VMSE Bias MSE
B 0.03 9.06 0.04 9.05 0.04 9.05
B 0.08 9.15 0.09 9.14 0.09 9.14
B ~0.00 0.12 ~0.00 0.12 ~0.00 0.12
B —0.00 0.12 —0.00 0.12 —0.00 0.12
15 g, 0.06 6.82 0.06 6.82 0.06 6.82
Su, —9.63  99.78 0.48 103.49 0.78  103.61
() —470 1597 —0.47 17.07 0.01 17.27
n{? —0.07  10.50 —0.07 11.74 —0.08 11.88
nZ? ~516  16.04 ~1.00 17.00 —0.52 17.18
B 0.03 6.71 0.03 6.71 0.03 6.71
B 0.02 6.81 0.03 6.81 0.03 6.81
i ~0.00 0.09 ~0.00 0.09 ~0.00 0.09
B ~0.00 0.09 ~0.00 0.09 ~0.00 0.09
25 g, 0.02 5.39 0.02 5.39 0.02 5.38
S, —575 7828 0.42 80.03 0.53 80.07
Bt —275 1254 —0.07 13.10 0.10 13.16
n{t? 0.01 8.50 0.02 9.10 0.02 9.14
n{? —-3.00 1256 ~0.35 13.06 ~0.18 13.12
B 0.01 5.53 0.02 5.53 0.02 5.53
B —0.04 5.58 ~0.03 5.58 ~0.03 5.58
i ~0.00 0.07 ~0.00 0.07 ~0.00 0.07
i 0.00 0.08 0.00 0.08 0.00 0.08
35 i, 0.02 4.48 0.02 4.48 0.02 4.48
Sa, ~380  66.28 0.64 67.37 0.70 67.39
n{t ~1.91  10.65 0.04 11.00 0.13 11.03
n{? —0.03 7.23 —0.03 7.59 —0.03 7.61
nZ? —2.05  10.62 —0.10 10.95 —0.01 10.98
B 0.00 4.60 0.00 4.60 0.00 4.60
B —0.01 4.69 —0.01 4.69 ~0.01 4.69
i ~0.00 0.06 ~0.00 0.06 ~0.00 0.06
2) ~0.00 0.06 ~0.00 0.06 ~0.00 0.06

50 i, 0.04 3.80 0.04 3.80 0.04 3.80
Sa, —274  55.93 0.38 56.56 0.41 56.57
st ~1.30 8.92 0.09 9.14 0.13 9.15
n{? 0.05 6.08 0.05 6.30 0.05 6.30

nZ? ~1.51 8.97 —0.12 2016 —0.08 9.17
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