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Abstract

In this paper, we show that the Carathéodory’s extension theorem is still valid for a class of
subsets of (2 less restricted than a semi-ring, which we call quasi-semi-ring.
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1 Introduction

As shown by to paradoxes such as the Banach-Tarski paradox (see Banach and Tarski, 1924), it is
not always possible to define a measure (e.g., Lebesgue measure) in the power set of the main set
Q). Instead, we must restrict our attention to certain measurable subsets of (2. The Carathéodory’s
extension theorem basically extends a countably additive premeasure defined in a small class, usually
a semi-ring, to a large class of measurable sets that contains the smaller one. The real line is the main
motivation for using a semi-ring as the starting class of subsets, because the Borel sigma-algebra can
be generated by a class of semi-open intervals, which is a semi-ring (see, for instance Halmos, 1974).
Therefore, by defining a premeasure on this class of semi-open intervals (which is an easy task),
an extension to the Borel sigma-algebra (which contains “non-pathological” subsets of R) is readily
available through the extension theorem.

Gudder (1984) showed that, in some cases, if the initial class A of subsets of €2 is not closed
by intersections then the premeasure defined in this colletion cannot be extended to a measure on
o(A), where o(A) is the smallest sigma-algebra that contains .4. This demonstrates that, in some
way, the closure-by-intersections property is crucial for the extension measure theory. In this paper,
we show that it is possible to extend a premesure defined in a specific class A of subsets of {2, which



is not closed by intersections, to a measure on o(A). We basically prove that: (1) all elements in
this collection are measurable (in the sense of Carathéodory’s “splitting principle”), (2) the extension
(the outer measure) agrees with the premeasure on the starting collection and (3) it is unique on the
smallest ring generated by this collection (it is not trivial here, since the starting class of subsets is not
a m-system). Some of the proofs given in this note are similar to those in Athreya and Lahiri (2007).

Below we define a quasi-semi-ring of subsets which is central for the construction of our theory.

DEFINITION 1.1. Let ) be nonempty. A class A of subsets of () is a quasi-semi-ring if the following

conditions hold;
1. e A

2. If A, B € A, then there exist disjoint subsets By, ...B,,C1,...,Cy € A such that AN B =
Ui, Bi and An B¢ = J¥_, C;, where n, k < oo,

The main difference between a quasi-semi-ring and a semi-ring is that the former may not be
closed by finite intersections but the latter must be. It is not hard to see, by the above definition, that
a semi-ring is always a quasi-semi-ring, but the converse is not always true. Below, we show some
classes of subsets of {2 that are quasi-semi-rings but are not semi-rings. The first two examples are

artificial ones, but the last one is more natural. The readers are invited to find other examples.

EXAMPLE 1.1. Consider that A, B,C C Qand A = {&,A,B,ANBNC,ANBNC* AN BN
C,ANBNC AN BNC,A°N BN C}. Then, Ais a quasi-semi-ring but it is not necessarily a

semi-ring (it is not closed under finite intersections).

In order to better understand the above example, the reader should draw a Venn diagram with the
sets A, B and C.

EXAMPLE 1.2. Suppose that 2 = R? and A = {all semi-closed rectangles where base # height}U.
It is not a semi-ring, because some intersections of rectangles do produce squares. On the other hand,
every square can be represented by finite union of disjoint rectangles with different base and height.
Note also that if A, B € A, then AN B and AN B¢ may be @, rectangles with different base and height

or finite unions of disjoint rectangles with different base and heigh. Therefore, A is a quasi-semi-ring.

EXAMPLE 1.3. Let €2 be a circle in the plane and assume that A is a class containing all the semi-
closed arcs of ), assume also that & € A . It is easy to see that A is not a semi-ring, since it is not
closed under intersections. Take the parametrized arcs A = (0, %] € Aand B = (w, %F] € A, then
ANB = (m,%]U(0,2] ¢ A. On the other hand, it is a quasi-semi-ring, because if A, B € A, then
AN B and AN B¢ are unions of semi-closed disjoint arcs or & or they are in A. Notice that, A would

2



be a semi-ring if it were defined as the class containing all the semi-closed parametrized arcs of )

restricted to the interval (0, 2w]. The quasi-semi-ring does not require such restriction.

Apparently, a collection of subsets formed by all semi-closed “pieces” of any smooth close surface
is not a semi-ring (since some intersections are not semi-closed “pieces”), but, on the other hand, it is
a quasi-semi-ring (since these intersections are formed by union of semi-closed “pieces”).

With the purpose of proving our results, we use the usual tools firstly introduced in Carathéodory
(1918), namely: the outer measure and the Carathéodory’s “splitting principle” (the criteria for mea-
surability of sets). Let {2 be nonempty. Given a premeasure i well-defined in a quasi-semi-ring

A (i.e., (@) = 0 and it is countably additive), the outer measure induced by 4 as a function of

sets from the power set of (2 to [0, 00| is usually defined as p*(A) = inf { s M(A4) 1 A C

Ujs1 45 {45151 C Ay forall A C Q. In this definition, it should be clear that the covers of A

have to be formed by countable many sets. The well-known properties of an outer measure are: (i)
p (@) = 0, (ii) p* is monotone and (iii) x* is countably subadditive.

In this note, we use another equivalent definition of outer measure where the covers are formed
by disjoint sets. This will help us to prove that the outer measure equals the premeasure on the

quasi-semi-ring.

PROPOSITION 1.1. The outer measure induced by i can alternatively be defined as

fa(A) = inf { Z,u(Aj)  AC U A;, {4} C Adisjoint}

i>1 j>1

forall A C Q.
Proof. Notice that p*(A) < u(A) forall A C €2, since

{{Aj}j21 C Adisjoint: A C | Aj} C {{Aj}j21 CA: AC UAJ}.
i>1 i>1
Define By = Ay, By = Ay N A, B, = A;N AL, N...NA{, for ¢ > 1. By definition of quasi-
semi-rings, there exist disjoint sets CT,...,C};! € A such that A, N A5, | = Uf;l C7'. Note that
A, NAS (NAS , = Uf;l(CfﬂA%_Q), therefore exist another disjoint sequence D7;,..., D! ;€ A
such that (C' N A¢_,) = U?‘:”l D%, then A, NA; | NA; = Ui, Uéz”l D?,. Thus, by repetitively
applying this argument, we find that B, = |J"y H] such that H,... H]’ & A are disjoint sets.
As Uz An = Uy B = U, U2y HYY, we have that for each cover of A, {A,},>1, there exist

Mn

another cover of A formed by disjoint sets {{ H"}/"" },>1 € A. Also, observe that

An::(Anrw(gjj%>c)LJ(Anrw(Ejj%)) = (E}H?)LJ(EJ@&JWAQ),
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there exist disjoint sets N7*,..., N € A such that A, N A4; = Uf;”'l NJ*, then by finite additivity
mMn n n— kni ni
p(An) =320 p(H) + Zi:ll j=1 N(Nj ), thus

TEBES SIS WIENES 3 prv:}

n>1 n>1 i=1
Therefore, if A C Q, then i(A) < p*(A) and we conclude that i(A) = p*(A) forall A C Q. O

Proposition 1.1 is precisely stating that any cover of any set by elements of A may be taken
to be disjoint. In what follows, we present the Carathéodory’s “splitting principle” which defines
measurable sets. A set A C (2 is said to be p*-mensurable if for all £ C €, p*(E) = p*(ENA) +
p*(E N A°). The class of all measurable subsets M = {A4; A is u*-measurable} is indeed a sigma-
algebra and the triplet (2, M, i) is a measure space independently of the starting class of subsets

A (the premeasure ;. must be countably additive). For recent motivations regarding the measurability
principle, we refer the reader to Nillsen (2001) and Koeller (2011).

1.1 Extension Theorem

This section establishes that all elements listed in a quasi-semi-ring are measurable and also that the

outer measure is equivalent to the premeasure on the quasi-semi-ring.

THEOREM 1.1. (Extension theorem) Let §) be nonempty, A a quasi-semi-ring of ) and 1 a countably

additive premeasure on A. Then,
1. AC M,
2. w(A) = u(A) forall A € A
Proof. Let A€ A, 2 C Qand {A;};>1 C Asuchthat £ C |J;5, 4;. Notice that
A= (A NA) U (AN A%.

By definition of quasi-semi-ring, for each 5 > 1 there exist disjoint sets B{, ceey Bij, Cf yee CZL], cA
such that A; N A = (%, B/ and A; N A° = [, CV. Therefore,

k; n;
A= (UB{) U (Uqﬂ').
i=1 i=1
By the finite additivity of the premeasure ;1 we have

kj nj

p(A;) = u(B) +> ()

i=1 =1



and
kj ' n; '
Don(A) =3 > uB)+Y Y uc))
j>1 j>1 =1 j>1 i=1
Notice that EN A C U5, U, B and EN A° C Ujs1 Uiy C?, hence, by definition,
D (A = pr(ENA) + pt(ENA%),
j>1

for all covers, {A;};>1 C A, of E. Then,
p(E) = p"(ENA)+p (BN A°).

By subadditivity we conclude that u*(E) = p*(ENA) 4+ p*(E N A°). Thatis, if Ae A= Ae M,
thus .4 C M, which proves item 1.

Now, let A € A and suppose that p*(A) < oo (if it is infinity the equality is obvious). For each
€ > 0, there exist a cover of A, {A,,},>1 C A such that

A) <D ulAn) < pr(A) + e (1)
n>1

Without lost of generality, consider that the cover of A is formed by disjoint sets (see Proposition
1.1). Note that A = [J,~,(A N A,), then there exist disjoint sets M7',..., M < A such that
ANA, ==, M. Thergfore, by the countably additive property, we have that:

—(YU) =SS0

n>1i=1 n>1 i=1

On the other hand, there exist also disjoint sets N{', ..., N} € Asuch that A, NA° = |J", N}, thus

A, = (A, NA)U (A, N A% (UMn)u(L_jNy).

By finite additivity of the measure,

ST uA) = S ) + S wv) > 305 )

n>1 n>1 i=1 n>1 i=1 n>1 i=1

A) <> pu(A,)

n>1

A) <> n(An) < p(A) + e

n>1

implying that (A) < p*(A). We conclude that u(A) = p*(A) forall A € A. O

and

Then, for each ¢ > 0,



1.2 Uniqueness of the extension

As a quasi-semi-ring is not a m-system, the uniqueness of the extension is not guaranteed. In this
section, we prove that the extension is unique when restricted to the smallest ring generated by the

quasi-semi-ring.

PROPOSITION 1.2. If A is a quasi-semi-ring, thenr(A) = {A: A= UL B;, {B;}:, € Adisjoint}
is the smallest ring generated by A.

Proof. By definition of quasi-semi-ring, if A, B € A, then there exist disjoint sequences Ay, ..., Ay,
By,...,B, € Asuchthat AN B = Ule A; and AN B = |J;_, B;. By construction, A C r(A),
thus A, B, ANB,ANB°e€r(A) = AUB € r(A) (notice that A and B need not be disjoint sets).

Now, let A, B € r(A), then there exist disjoint sets C4,...,Cy, € Aand Dy,...,D, € A
such that A = Ule C; and B = |J;_, D; (where C; and D; need not be disjoint). Notice that
AuB =Uj_, UL, (C;UD;) € r(A),ie. r(A) is closed under finite unions. Note also that AN B =
U, Ui, (Cin Dy) with C; N D; € r(A) foralli =1,... kand j = 1,...,n, then AN B € r(A),
since 7(A) is closed under finite unions. Finally, as AN B¢ = J*_ (C;n DN DS N...NDS) and
C;NnDiNDE N...NnDfer(A)foralli =1,...,k we have that AN B¢ € r(A). We conclude
that (.A) is a ring generated by A. In fact, r(.A) is the smallest ring generated by .A, since all other

rings generated by .A must be closed under finite unions of sets from .A. O]
An alternative proof of Proposition 1.2 is also given in Goguadze (2003).

THEOREM 1.2. Let A be a quasi-semi-ring of ). Let j, and piy be two countably additive and finite
measures defined on M such that j11(A) = us(A) for all A € A. Then, uy1(A) = us(A) for all
Aer(A).

Proof. Define C = {A € r(A), u1(A) = u2(A)}, then A C C C r(A). Let A € r(A), then
A= Ule D;, with Dy, ..., Dy € A being disjoint sets. Notice that Dy, ..., Dy € C, then p;(D;) =
pa(D;) foralli = 1,... k and (by additive property of the involved measures)

pi(A) = Ml(QDz) - iiﬂl(Dz‘) = iiﬂz(Di) = Mz(QDi> = pa(A)

implying that A = | J¥_, D; € C, therefore, 7(A) C C and r(A) = C. O

Next, we establish that if ) is covered by elementary sets in A of finite premeasure, then every
set in A can be represented by a union of disjoint sets in A with also finite premeasure.



PROPOSITION 1.3. Let A be a quasi-semi-ring and | a premeasure defined in A. Assume that there
exist a cover {A;};>1 C A for Q) such that (A;) < oo for all i > 1. Then, for all A € A, there exist
disjoint sets {C;};>1 C A such that A = Ui21 C; with 1(C;) < oo fori > 1.

Proof. Let {A;}i>1 C Asuch that Q = (J,o,; A; with p1(A;) < oo for i > 1. By arguments given in
Proposition 1.1, we can consider {4, };>1 di_sjoint sets.

If A € A then A = (J~,(4; N A), since A C |J,», Ai. There exist a disjoint sequence
Bii,..., By € Asuch that A_Z- NA= Uf;l B, ;. By monc;tonicity, we have that ;(B; ;) < oo for
all 4, j (since B; ; C A, for all ¢, j). Therefore, exist a disjoint sequence of sets {{Bi,j};“;l}izl c A
such that N

A= U U B;; and pu(B;;) < oo
i>1j=1
forallj=1,... k;andi > 1. [

Now, we can extend Theorem 1.2 to the case of sigma-finite measures.

THEOREM 1.3. (Uniqueness theorem) Let A be a quasi-semi-ring of §) and 1 a (countably additive)
sigma-finite measure (i.e., there exist {A;}i>1 C A such that Q = Ui21 A; with (A;) < oo for
i > 1). Then, uu* is the unique extension on r(A) that agrees with 11 on A.

Proof. Suppose that there exist another measure v on r(.4) that agrees with ;. on A. By Proposition
1.3, every set in .4 can be expressed as union of disjoint sets in .A of finite premeasure. By assumption,
v and p* must agree for each one of these elementary sets in A with finite premeasure, by countably
additive, we conclude that v agree with p* for every set in the ring (since the sets in r(.A) can be

represented by finite unions of disjoint elementary sets in A of finite measures). [

The smallest sigma-algebra generated by A is the smallest sigma-algebra generated by r(A). It
is known that if two sigma-finite measures agree on the ring 7(A) they must agree on the smallest
sigma algebra generated by r(A) (see, for instance, Schilling, 2005, Theorem 6.1). Therefore, two
sigma-finite premeasures defined on .4 must agree in the smallest sigma-algebra generated by .A.

We end the paper with the following results which are applications of the Theorem 1.3.

COROLLARY 1.1. Let p and v be two measures on the measurable space (2, 0(A)) and let A be a
quasi-semi-ring. If p < v restricted to A and if there exist { A;}i>1 C A such that Q = | J;5, A; with
v(A;) < oo fori > 1, then ;n < vono(A).

COROLLARY 1.2. Let (2, 0(A), 1) be a mesure space, where A is a quasi-semi-ring. Let T : Q) — )
be a measurable trasformation. If u(T—(A)) = u(A) forall A € A, then u(T~*(A)) = u(A) for all
Aeco(A).



Acknowledgments

I gratefully acknowledge grants from FAPESP (Brazil). I wish to thank Professor Nelson Ithiro

Tanaka for valuable comments and discussions on this manuscript.

References
Athreya, KB and Lahiri, SN (2007). Measure theory and Probability theory, Springer.

Banach, S and Tarski, A (1924). Sur la dcomposition des ensembles de points en parties respectivement congru-
entes, Fundamenta Mathematicae, 6, 244-277. Link: http://matwbn.icm.edu.pl/ksiazki/fm/fm6/fm6127.pdf.

Carathéodory, C (1948). Vorlesungen ber reelle Funktionen, 1st ed, Berlin: Leipzig 1918, 2nd ed, New York:
Chelsea 1948.

Goguadze, DF (2003). About the Notion of Semiring of Sets, Mathematical Notes, 74, 346-351.

Gudder, SP (1984). An Extension of Classical Measure Theory, Society for Industrial and Applied Mathematics,
26, 71-89.

Nillsen, R (2001). Irrational rotations motivate measurable sets, Elemente der Mathematik, 56, 105-121.

Koeller, AN (2011). Outer measure preserving ergodic transformations generate the Carathéodory definition of
measurable sets, Link: http://arxiv.org/abs/1101.1532

Schilling, RL (2005). Measures, Integrals and Martingales, Cambridge University Press.

Halmos, PR (1974). Measure theory, Springer-Verlag.



