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We review recent results related to the approximation of the Burgers equation
using the totally asymmetric simple exclusion process. The goal is to show the
existence of shocks at a microscopic level. The approach aims at simplicity rather
than explicit technical details. First we discuss the graphical representation of the
process and coupling, techniques which are used to describe the set of invariant
measures for the process. We then obtain law of large numbers and central limit
theorems for the shock. Some related cellular automata are reviewed.

1. Introduction

The Burgers equation is used as a model of transport in highways. The func-
tion u(r,t) represents the density of cars at r € IR at time ¢. We assume that, in
the absense of other cars, the velocity of a single car is #. Due to the presence of
other cars this velocity can be lower. The variation of density at 7 in an infinites-
imal time interval dt is given by the number of cars entering in the infinitesimal
interval (r, 4+ dr) that is u(r —dr,t)(1 —u(r,t)) minus the number of cars exiting
that interval: Qu(r,t)(1 — u(r + dr,t)) (note that 1 — u is the density of free space
in the interval). Hence the density must satisfy the equation
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This is called the (unviscous) Burgers equation. We think of the highway as having
only one lane. One of the most interesting phenomena in highways is the formation
of shock waves. They form when for some reason one car lowers its velocity or
stops. Then, after a small but positive time, the next car must lower its velocity
and gets closer to the previous one. Then the third car lowers its velocity and so
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on. In this way the cars are divided into two well differentiated regions: one of
high density where the cars are packed and run slowly and the other of fast cars
and low density. This phenomena has been observed in actual highways by Walker
[wa]. The shock at a given time is given by the car that is applying brakes at that
time. To model the highway at a microscopic level —i.e. taking into account the
interaction between single cars— a stochastic model called the asymmetric simple
exclusion process has been used. The assumptions that we used to derive the
Burgers equation (1.1.a) are rigorously proven for this model when the initial
conditions are non decreasing [bfsv]. We study the case of non decreasing initial
conditions that present only one shock: the initial condition will be constant to
the right and left of the origin and present a discontinuity at the origin.

In the simple exclusion process, cars are represented by particles that sit at
the integers. At most one particle is allowed at each site. Each particle waits an
exponentially distributed random time of parameter # and attempts to jump to
the nearest right neighbor. The jump is actually realized only if the site is empty.
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Figure 1. The simple exclusion process.

In Figure 1 we represent particles by black balls. The particle at the origin
has rate 6 for jumping because site 1 is empty. The particle at site 5 has rate zero
as site 6 is occupied. As we will see, the essential properties of travelling waves
of actual highways can be rigorously described using the simple exclusion process.
The main feature of this process is the following: if one starts the system with a
distribution that has densities p to the left, and A to the right, p < A, then there
exists a random position that also obey local rules so that the system as seen from
that position, uniformly in time, has densities A to the right and p to the left,
asymptotically.

On the way we review the proof of Liggett [I] that the set of all invariant
measures is given by convex combinations of the translation invariant product
measures and the blocking measures. The former are the measures v,, obtained
by putting independently at each site a particle with probability p and no particle
with probability 1 — p. The blocking measures are the measures that concentrate
mass on configurations with particles to the right of a given site and no particles
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to its left. Clearly these configurations are invariant.

The simple exclusion process has been introduced by Spitzer in [spi]. The set
of invariant measures was described by Liggett [1]. The hydrodynamical limit has
been studied by Rost [r], Benassi and Fouque [bfl] and Andjel and Vares [av]. The
existence of a microscopic shock was studied in the case of vanishing left density
by Ferrari [f1], Wick [w], De Masi, Kipnis, Presutti and Saada [dkps] and Gértner
and Presutti [gp]. In the case of non vanishing left density, the existence of a
microscopic shock was simulated by Boldrighini, Cosimi, Frigio and Nunes [bcfg]
and proven by Ferrari, Kipnis and Saada [fks]. The present approach follows Ferrari
[f2]. Bramson [b] and Lebowitz, Presutti and Spohn [Ips] and Spohn [S] reviewed
some of the results. Other related results are due to Kipnis [k] who proved a central
limit theorem and law of large numbers for the position of a tagged particle and
to De Masi and Ferrari [df] who computed the variance of the limiting Gaussian
distribution.

2. The Burgers Equation

In this section we describe the (unviscous) Burgers equation and show how
to find weak solutions when the initial condition is a shock. We briefly sketch the
geometric approach of Lax [lax].

The inviscid Burgers equation is the hyperbolic equation (in what follows we
take # =1 in (1.1))

Ju  Olu(l —u)]
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We consider the initial value problem wu(r,0) = ug(r), where
uo(r) = pl{r <0} + A1{r > 0} (2.1.b)
(shock initial conditions). The way to find the solutions is called the method of
characteristics. If one calls a(u) = 2 (u(1 —u)) = (1 — 2u), then the equation can
be written 9 5
u u
e Z 0
ar gy

so that u is constant along trajectories w(r,t) with w(r,0) = r, that propagate
with speed a(u). These trajectories are called characteristics. They are straight
lines and allow to construct a solution of the equation for ¢ small. If different
characteristics meet, giving two different values to the same point, then the solution
develops a discontinuity. Owurs is the simplest case, when the discontinuity is
present in the initial condition. Indeed, for r > 0, the characteristics starting
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Figure 2. Shocks and characteristics in the Burgers equation.

at 7 and —r have speed (1 — 2)\) and (1 — 2p) respectively and meet at time
t(r) =r/(A—p). Calling f(u) = u(l — u) and using the conservation law of the
equation it is not difficult to show that the discontinuity propagates at velocity
vi=(FN) = fp)/A=p) =1=X-p

In Figure 2 time is going down. We have drown the characteristics starting
at r and —r that go at velocity 1 — 2\ and 1 — 2p respectively. The center line is
the shock that travels at velocity 1 — A — p. The solution u(r,t) is A for r > vt
and p for r < vt i.e. u(r,t) = ug(r — vt). This means that for all continuously
differentiable test functions ®(r,t),

[ f (202 w) =

Unfortunately the solution we gave above is not unique. But this is the one with
physical interest because it comes as a limit when b — 0 of the (unique) solution
of the (viscous) Burgers equation

ou  Olu(l —u)] 0%u
o~ or * b8T2 (22)

This solution is called entropic and we will see that this is the solution one gets
when derives the equation as the hydrodynamical limit of the simple exclusion
process.

3. The Simple Exclusion Process

The state space of the process is X := {0,1}Z. Elements of X are functions
that associate a number 0 or 1 to each integer. We call these elements configura-
tions, denote them by greek letters 7, £, o, etc. and say, for a configuration 7, that
a site x is occupied by a particle if n(z) = 1 otherwise we say that x is empty. We
identify a configuration n with the subset of Z {z : n(z) = 1} of occupied sites.
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Measures on X are characterized on cylindric functions, i.e. functions that depend
on a finite number of sites.

The process was described in the introduction. We proceed now to construct
it using the graphical representation. This construction has been widely used in
other particle systems such as the contact process, the voter model, the symmetric
simple exclusion process and the branching exclusion process. In all those processes
the main tool was duality. Here it is coupling.

At each bond (z,x + 1) associate a Poisson point process (Ppp) with rate 1.
Each of these processes is a sequence of times, that we call w(z,n), n € IN with the
property that {w(z,n)—w(x,n—1)}, ; is a family of mutually independent random
variables with exponential distribution with parameter 1. That is, P(w(z,n) —
w(z,n —1) > t) = e~t. Neglect the set of probability zero where at least two of
these times coincide, i.e. the set {w : there exist (z,n), (', n") such that w(x,n) =
w(z’,n’)}. We say that an arrow going from z to = + 1 is present at the times
w(z,n), n € IN. Call w a configuration of arrows and (€2, F, P) the probability
space induced by the Ppp described above.

Fix now a time ¢. The set {w : w(z,1) < ¢, for all x > 0} has probability
zero, as well as the event defined in the same way but with < 0. This means
that for almost all w there is a pair of sites x, x + 1 such that there are no arrows
connecting them in the interval (0,¢). Repeating the same argument, we can say
that with probability one there is a sequence of sites x;, 1 € Z such that there are
no arrows connecting x; and x; + 1 in the time interval (0, ). We consider only the
w belonging to this set of probability one. For each w, we construct the process
separately in the boxes [z; + 1, z;41] N Z. Of course the x; are function of w and
t.
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Figure 3. A typical realization of a w with z_; and x;.

Now we put an initial configuration 7 at time zero, at the top of our graph
—the time is flowing down— and construct 7;, 0 < ¢t < ¢, as a function of 7 and w.
Since there are no arrows connecting different boxes, there is no interaction among
them. Since the boxes have finite lenght, we are able to label the arrows inside
each box by order of appearance. If the first arrow goes from, say, = to x + 1,
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and before the arrow there is a particle at £ and no particle at x + 1, then the
particle jumps from = to x + 1 so that after the arrow there is a particle at = + 1
and no particle at x. If before the arrow from = to x + 1 there is a different event
(two particles, two holes or a particle at  + 1 and no particle at x), then nothing
happens: the configuration after the arrow is exactly the same as before. Then
we go to the second arrow and repeat the procedure up to the last arrow in the
box and go to the next box constructing in this way nZ)t, 0 <t < t, with initial
configuration 7. For times greater than ¢, use n; as initial configuration and repeat
the procedure to construct the process between ¢ and 2¢, and so on.

Figure 4. For the same w, a realization of 7.

In Figure 4 we have drawn the trajectories of two particles starting at sites
0 and 1. They interact when the particle at 0 can not use the arrow as 1 is
occupied. We denote by E,f(n:) or Ef(n)) the expected value of f(n) with
respect to P when the initial configuration is 7. If v is a measure on X, we denote
E,f(n) := [dv(n)E, f(n:). If we define S(t) as the operator S(t)f(n) := E, f(n.),
it is an exercise to prove that for f depending on a finite number of coordinates,

S5Oy = LI SSOF),_, = SGLI0) = LSW () (3.1)
where
Lf(n) =" n(@)(1—nlz+1)[f (") = f(n)] (3.2)

where n™¥(z) equals n(z) for z =y, n(y) for z = x and 7n(z) for z # x, y.

The operator L is called the generator of the process and plays the role that
probability transition functions do in discrete time Markov processes. It describes
the intuitive instantaneous behavior of the process. In the Liggett existence the-
orem for interacting particle systems the process is constructed starting from the
generator and proving the existence of a semigroup S(t) satisfying (3.1), from where
E, f(n:) is defined. The existence theorem of Hille Yoshida is used. The graphical
approach goes back to Harris [h2] and Bertein and Galves [bg], see Liggett [L].
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4. The Hydrodynamical Limit

We describe here the heuristic derivation of equations (2.1) from the process
1; and state the theorems of convergence. We use the following notations: for a
measure on X, vf := [dv(n)f(n) and vS(t) is the measure defined by vS(t)f =
J dv(n)S(t)f(n). The product measures v, are the measures defined by

VafA — O«’|A|

where fa(n) := [[,can(z). This means that a configuration 7 picked from the
distribution v, can be constructed in the following way: at each site of ZZ put a
particle with probability «. Do this independently for each site. Define n;(r) :=
Ne—1¢(e717), where e ~1r is an abuse of notation for integer part of e~1r. Applying
(3.2) we get

iEy(nf(T)) = By [=np (r) (1 =i (r + €)) + 5 (r — €) (1 — 5 (r))]

dt

now, if there exist a limit u(r,t) = lim. o E, (75 (r)) and the measure at time ¢~ ¢
is approximately a product measure, such that F,(ng(r)(1 —nf(r + €)) converges,
as € — 0, to u(r,t)(1 — u(r,t)), then this limit must satisfy the Burgers equation
(2.1).

In fact it is proven that if u(r,t) is a solution of the Burgers equation (2.
with u(r,t) = ug(r) and v is a family of product measures such that v¢(n(e~1r))
ug(r), then at the continuity points of u(r,t),

1)

;1_1)% UES(g_lt)Tsflrf = Vu(r,t)f (4'1)
where 7,7 is the configuration defined by 7,1(z) = n(z + =) and 1, f(n) = f(72n)-
Eq. (4.1) has been proven first for initial profiles ug(r) that have only one discon-
tinuity by Rost [r] in the non increasing case and extended by Benassi and Fouque
[bfl] and Andjel and Vares [av] to the non decreasing case and for more general
jump probabilities. Benassi, Fouque, Vares and Saada [bfvs] extended the result
to any monotone profile and Landin [1a2] to piecewise constant initial profiles pre-
senting two discontinuities. We prove (4.1) when ug is a one step nondecreasing
shock, like in (2.1) using the existence of a microscopic interface.

Related to that, the convergence of the density fields has been proven. Let &
be a continuous function with compact support. Then,

lime 3™ d(er)n (@) = / B (rYu(r, t)dr (4.2)
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P almost surely.

Notice that (4.1) gives the weak convergence of the process on the points of
continuity of u(r,t). Nothing is said about the points of discontinuity i.e. in r = vt.
The expected result is the following

-1 1 1
VpAS(€7 ) Te-1y = 505 + 5V

This has been proven by Wick [w] in the case p = 0 for a related model that is
isomorphic to this one and by De Masi, Kipnis, Presutti and Saada [dkps]. We give
Wick’s proof in Section 7. Then, using symmetry arguments, Andjel, Bramson and
Liggett [abl] showed the result for the case A+ p =1 i.e. v = 0. Presumably the
study of the fluctuations of the microscopic shock allows one to treat this case also
(see Section 13).

5. Invariant Measures

A measure v is (time) invariant for the process if »S(t) = v for all ¢. This
means that if one starts the process with the initial measure v and looks at the
distribution at later times, one finds that the process is still distributed according
to v. Liggett [l described the set of all invariant measures. This is a compact
and convex set and is described by the extremal invariant measures. The product
measures v, defined in the previous section are invariant for the process. To prove
that, one has to show

VaS(t)fA = VafA

or equivalently
d

%IJQS(t)fA‘t:O =0
Suppose that A is a block of sites, A = [a,b] N Z, a,b € Z. One has to prove
that the rate of entering A := {n : n(z) = 1,z € A} is the same as the rate of
exiting. But this is true because the rate of entering is v,{n(a — 1) = 1,n(a) =
0,m(a+1) =1,...,n(0b) = 1} = a’~%(1 — a) and the rate of exiting is v,{n(a) =
L...,n(b) =1,9(b+1) = 0} = a®%(1 — ). The same argument can be applied
when A consists in more than one block.

There are also other measures, called “blocking” measures. These are also
product but not translation invariant. This means that the density depends on
the site. We call them »(™). They give mass one to a single configuration:

(1) (77(")) -1



where
1, fxz>n
(n) — ’ =
() {o, ifz <n

The (™ are translation of each other.

Theorem 5.1. (Liggett). Every invariant measure for the process is a convex
combination of vy, 0 < o <1 and v, n e Z.

This proof is based on coupling and we will sketch it after a discussion of
coupling in the next section.

It is easy to verify that the set of invariant measures is convex and compact
in the topology of weak convergence. Hence all invariant measure is a convex
combination of the extremal points of the set, by the Krein Millman Theorem. A
measure is said to be invariant extremal if it can not be written as a non trivial
convex combination of other invariant measures. We will see later that the extremal
invariant measures play a role in the proof of law of large numbers.

6. Coupling

Coupling is the main tool in this process. Almost all the results have been
proved using coupling. There is a simple way of describing it using the graphical
representation.

Let n and 7’ be two initial configurations. The coupled process is the process
defined by (14,7, ). In other words we are realizing the two processes with the
same realization of the arrows. This implies that the coupled process is realized
in the same probability space (€2, F, P), and we can refer to probabilities or
expectations with the same letters P and E. Since the particles of each copy follow
the arrows without influence of the other copy, each marginal of the coupling has
the distribution of the simple exclusion process. Intuitively the coupling works in
the following way. Particles at site « of the configurations 7, and », use the same
arrows, so that they try to jump at the same time. If the destination site z + 1
is empty in both configurations the jump is realized in both marginals, but if it
is occupied for one of the marginals, then the jump is realized only for the other
marginal.

In Figure 5 we see the configurations of 7 and 7’ before and after an ar-
row. One of the features of the coupling is that if n > 1’ (coordinatewise) then
Nt > nc’d7t for almost all w € Q, all ¢ > 0. To prove this, it is sufficient to
show that this is true for one arrow, as there is a finite number of arrows in
each of the boxes where we construct the process. Suppose then that there is an
arrow from x to x + 1. There are the following possibilities, the top line repre-
sents the occupation numbers of the configuration n; at sites z and = + 1, before
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Figure 5. Coupling.

the arrow to the left and after the arrow to the right. The bottom line repre-
sents the same for the configuration n’. We ilustrate only the cases when 1 > n’:
1111 1111 1111 1111 1001 1001 01 01 01 01 00 00
1001 0101 1111 0000 1001 0000 0101 0000 0000
We see that in any case, if before the jump the top configuration is greater than
or equal to the bottom configuration, then the same is true after the jump. This
property is called attractivity. This implies that

v < p implies vS(t) < uS(t)

where v < i is defined by the following equivalent statements

1. There exists 7 on X? with marginals v and p such that 7{(n,7’) : n <
'} =1.

2. For all non decreasing f, vf < uf.

If p < A, then v, < vy. To see that, we construct a measure on X? with
marginals v, and vy and concentrated on {(n,7') : < n'}. We need a family
{Uy, }zez of random variables which are independent and uniformly distributed on
[0,1]. Define n(z) = 1{U, < p} and n'(x) = 1{U, < A}. The resulting distribution
of (n,n") has the desired properties.

Now we sketch how Liggett uses the coupling to describe the set of invariant
measures for the process in the translation invariant case. First prove that if
v and v/ are extremal invariant for S(¢) then there exists an extremal invariant
measure ¥ for the coupled process with marginals v and v'. We say that there is a
discrepancy at site x if ny(x) —n; () = £1. Let f,, be the number of changes of sign
of ne(z) — ni(z), —n < & < n. Then one observes that under the coupling, if an
arrow involving two discrepancies of different sign is present, then the discrepancies
eliminate each other.

This is the key ingredient to prove that if 7 is extremal invariant and trans-
lation invariant for the coupled process, then

v{nzn't=1 or v{n<n't=1 (6.1)

This implies that all extremal invariant and translation invariant measures are the
Vy'S.
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Figure 6. Discrepancies eliminate each other.

Later it will be useful to read the coupling in the following different way.
Assume that (7, 7’) is the initial pair of configurations for the coupled process and
that ' < n. Call &(n,7n’) the set of sites {x : n(xz) > n'(x)} and o(n,n’) the set

{z:n(x) =n'(2)}.

L ]
[ ]
=

L]

€1
]
=

e: are o-particles (first class)
x: are ¢-particles (second class)

Figure 7. Another way of looking at the coupling.

Also call & = &(me,m;) and oy == o(n, n;). Then we can recover (n,n;) from
(0¢,&). On the other hand this last coupled process has an interesting property.
First, at each site there is at most one particle, either £ or o. Second, when an
arrow appears involving two sites with the same kind of particles (¢-§ or o-0), the
same rules as for the (non coupled) process n; hold. But when the arrow involves
0-¢ particles the rules are different. If the arrow goes from the ¢ particle to the
¢ particle, then the particles interchange positions. If the arrow goes from the
¢ to the o particle, then nothing happens. In some way we can say that the o
particles “do not see” the £ particles that must live in the sites not occupied by the
o particles. For this reason it is said that the o particles are “first class particles”
and the & particles are “second class”, or that the o particles have “priority” over
the ¢ particles. This priority is denoted o; F &. This process can be constructed
directly, just fixing the initial configurations ¢ and £ and the priorities o; - &;.

In the same way, if one considers a three way coupling with initial configura-
tions (n,n',n"),n >n" >n", and call a(n,n’,n") the set {x : n(x)+n'(x)+n"(z) =
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Figure 8. The o - £ version of Figure 5.

3}, &(n,n'sn") the set {z : n(x) + n'(x) + n"(x) = 2} and v(n,7',7") the set
{z : n(x) + 7' (z) + n"(x) = 1}, we have a process (oy,&, ;) with priorities
oy & F 4 from which one can recover the original three way process.

7. The Semi-infinite Case

In this section we consider the measure vy y, that is, the product measure with
densities 0 and A to the left and right of the origin, respectively. For convenience
we assume also that there is a particle at the origin, and define v/ := v(.|n(0) =
1). Hence our initial measure is v ,. Call X(t) the position at time t of the
particle that is initially at the origin. "We keep track of the position of that particle
considering the process (ny, X(t)) in {(n,2) : n € X, z € Z, n(z) = 1}. The
generator of this process is the following

Lim,2) = > n@)@—=nlz+D))fn"" 2) = f(n,2)]

T, x+1#£z
+ (1 =nlz+D)[f*** 24+ 1) = f(n, 2)]

Now we are interested in the process as seen from the tagged particle. Hence we
consider the process 7, := Tx ;)7 This process has the following generator

L= > n@)—n@+1))f0"*") - f(n)

z,x+1#£0

+ (L= @)L (ran™) = ()]

For this process there is a translation each time that the tagged particle moves,
in such a way that the tagged particle is always at the origin. The position of the
tagged particle can be recovered from this process by defining X (¢) := number
of translations of the system in the time interval [0,¢]. The following remarkable
result is the key tool in this section. It comes from queuing theory. The connection
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between the simple exclusion process and a system of queues has been established
by Kesten (see [spi], [L] and also [k], [f1], [df] and [dkps]). In words one can think
that each particle is a server in a series of infinitely many queuing systems, where
each system consits of a server and a queue. The holes are thought of as customers.
Each time that a particle jumps over a hole, it is served and enters in the next
system. The Burke’s theorem says that a single queue with Poisson arriving times
at rate a and exponential service times at any rate b > a has Poisson exiting times
at the same rate a. In this way the arriving time of the next system is the same
as the one for the previous one and the exiting time of any system is Poisson. In
our context, we have:

Theorem 7.1. Burke’s Theorem. If the initial measure is 1/67)\ then 7y )n; and
X (t) are independent. Indeed

E(f(tx@mne)| X (1) = V(')’Af for allt > 0

and X () is a nearest neighbor totally asymmetric random walk with parameter
1-A

Proof. The measure v , is invariant for the process n; := Tx (7. Define the
reversed process 15, 0 < s < ¢, with respect to 1/6)\, by

By J05) = [ vz () B )=

Since the measure v} , is stationary, n} is a stationary Markov process with that
measure as invariant. The generator L* is the adjoint of the operator L’ on Lg(y(’L \)
and is given by

L*fm)y= > n@)@—nlz—1D)fn"""") = f(n)
z,x—1#0

+ (1= Nf (™) = ()]

To prove that L* is the adjoint of L’ in L2 (v ,) one has to prove that vj ,(fLg) =
1/67 \(gL*f). This follows from the following identities:

[ or@n) (@)@ = nta + D) f@gre)
— [ oatdnnta + D1 = n@) 07 g (m)



for x,z + 1 # 0, and

[ @ (= n@) g = [ via@nt =N gm)

Now observe that out of the origin 7} is a simple exclusion process with jumps
only from right to left. Furthermore the leftmost particle jumps to the left not
with rate one but with rate 1 — A\, producing a translation of the system so that we
keep the configuration in the set with one particle at the origin and no particles
to its left. Call X*(¢) the number of translations of n; in the interval [0,¢]. Then
(ny, X(t) — X(0)) = (n§, X*(0) — X*(¢)) in distribution. Now, since the law of
—X*(t) is that of a Ppp of parameter 1 — A and is independent of 7, so is the law
of X (t). Since ng = ny, this finishes the proof. &

The next result is just a consequence of the fact that X (¢) is a Poisson point
process and can be found in introductory books on stochastic processes.

Corollary 7.2. Law of large numbers and Central limit theorem. The following

hold X
t
lim X(@) =1-X\ P, , as.
t—oo t '
X —1p) _ 1— —1
T Gl ol Gl S VPN
e—0 (I —=Xe 1t

Corollary 7.3. Hydrodynamics. The following holds

Vo ifr<1l-—A

. -1 o
lim vonS(e ”%1”‘{W ifr>1-A

Proof. Write
Ts—lTV(l),)\S(g_lt)f = EV(’))\TE—lT—X(E—lt)f(TX(E—lt)ns—lt)

Now, by Burke’s theorem, 7x 7 has distribution 1/6’ 5 for all ¢ independently of
X (t). On the other hand, by the law of large numbers for X (t), e~ 1r — X (e71¢)
converges almost surely, as e — 0, to —oo if r > vt and to oo if r < vt. This proves
the Corollary. &

Corollary 7.4. Dynamical phase transition. The following holds

;:ll_I)I(l) VO,AS(g_lt)Tg—l(1_)\)t+e—1/2r = (1 - g(r))VO + g(r)y)‘



where g(r) := (2m)7Y2 [T exp(—2?/2)dz is the standard Gaussian distribution
function.

Proof. The idea is the same as in the proof of the previous corollary. The
difference is that in order to show that | X (e't) — e~ tvt — e~/2r| diverges one
needs to use the fact that X (¢) is roughly a Gaussian random variable with variance
(of the order of) t. After this it suffices to notice that g(r) is just the probability
that X (¢~'t) is to the left of e~1vt + e~1/2r and apply Burke’s theorem again. &

8. The Tagged Particle Process

This is the process (1, X (t)) on the state space X x Z. If X(0) = « then
no(z) = 1, so that X (¢) describes the position of the particle that at time 0 was at
x. The generator for this process is

Lim,z) = > n@@—=n@+))fn"" 2) = f(n,2)]

T, x+1#z
+ (L =n(z+ ) f* T 2 +1) = f(n,2)]

In this process 7:(X (t)) = 1 for all t. Notice that by the translation invariance of
P (i.e. Tyw has the same probability as w), we get

E(":w)Tuf(ntaX(t)) = ETu(’I],.’E)f(nth(t)) (81)

where 7,(n,z) := (741, — u). Now define the process as seen from the tagged
particle

772 =Tx )Tt

For this process 7;(0) = 1 for all ¢. The generator is

L= > @) —n+D)f0""") = f(n)]

T, x+1#£0

+ (L= @)L (ran™) = f(n)]

Let S(t) be the semigroup for 7, and S’(¢) the semigroup for n;. Let S be the
set of translation invariant measures, i.e. S := {p on X : y = 7, pu for all z}. Let
p € S with p(n(0)) > 0. Define p’ := pu(.|n(0) = 1). That is, for any cylindric f,

1

) /du(n)n(O)f(n)-

W= (n(



The next result is due to Harris [h1] (see also Port Stone [ps| and Ferrari [f1]).
It says that the distribution of the process as seen from the tagged particle is the
same as the distribution of the process as seen from the origin conditioned to have
a particle at the origin.

Theorem 8.2. Let p be translation invariant and p(n(0)) > 0, then p'S’(t) =

(nS(1))"

Proof. First show, as an exercice, that uS(t)(n(0)
(-

) = u(n(0)). For this it suffices
to show that pL(n(0)) = 0. By the definition of (.)’,

US()'f = s [ ASO) ) Fa)n o)

1

= (,7(0))/ p(n) Y (@) Egyalf (n:)1{X (t) = 0}]

1

- u(1(0)) /d () Z (@) E(rn,0)f (T—ame) 1{ X () = —}]

= @ & | OBl e X0 = o)

(8.3)

where the third identity follows from the translation invariance of the process (8.1).
Now writing n(z) = (77)(0) and using the translation invariance of p, the last
member of (8.3) equals

-1 / A1) By 3 Fram) L{X (1) = —a} = /S'(1)f

u(n(0)) 2

Note: all interchanges of sums with integrals are justified as f is cylindric (hence
bounded). &

Corollary 8.4. If y is invariant for S(¢) and translation invariant, then p’ is
invariant for S’(¢). In particular we have that v} is invariant for the process as
seen from the tagged particle.

Proof. (/S'(t) = (uS(t)) = 1/'. &

Remark. Identify a configuration n with the ordered set {x;};c z of occupied sites
such that xq is the first occupied site to the right of the origin of 7. It has been



proven [f1] that {v, : 0 < p < 1} is the set of extremal invariant and “translation
invariant” measures —the measures for which 7 and 7,7 are identically distributed.

There are also other invariant measures that concentrate on the set {7 :
Y s<o?(®) < co}. These can be constructed in the following way: let £ be a
configuration distributed according to vy. Now call z; the position of the i-th
particle (zg = 0). Let n = n(§) be defined by n(z) = 1{z > 0}¢{(z). Then the
distribution of 7 is v} ,. Call plfl the distribution of 7,,7. It is proven in [f1] that
all invariant measures for the process as seen from the tagged particle are convex
combinations of v/, and pll but we don’t use it in this paper.

Now, calling G(t) the position of the leftmost particle of 1, so constructed and
X (t) the position of the tagged particle of £ we get that G(t) = X (¢). Hence, if the
law of large numbers or the central limit theorem holds for one of these positions
then it also holds for the other.

9. Laws of Large Numbers

To prove laws of large numbers we use the ergodic theorem. We follow Kipnis
[k] and Saada [s1] [s2]. The Birkhoff ergodic theorem guarantees that if p is
invariant, then for all cylindric f, (1/t) fg f(n?)ds converges P, a.s. to a limit,
where we used the notation 7! to indicate the random configuration obtained at
time s when the initial configuration is 7.

We say that P, is ergodic if for all cylindric f,

) t
foy = Jim =t [ p)as = uf Py as

t— o0

Lemma 9.1. If ;1 is extremal invariant for n; then P, is ergodic.

Proof. We follow Rosenblatt [rb]. Assume that P, is not ergodic. Then there
exists ¢ > 0 and a cylindric function f such that pu(A) = 3, 0 < 8 < 1, where
A = {n: f(n) > c¢}. But A is a.s. closed for the motion, i.e. for all n € A,
P,(n: € A) = 1. The same is true for A°. Hence p(.|A) and p(.|A€) are invariant
and we can write g = Bu(.|A)+(1—F)u(.]A°). This implies that p is not extremal.
L)

Theorem 9.2. Let F(t) be an additive functional of 7. That is, law(F(t + s) —
F(t)|ny,u <t)=law(F(t+s) — F(t)|n;). Assume that p is extremal invariant for
the process and that lim_,o A= E,(F(t + h) — F(t))? < co. Then

lim w

Jm =wp P, a.s.



where 9 is the compensator of F(t) defined by

. BE(F(A+h) = F(t)|n=mn)
b(n) = lim .

We say that 1(n) is the instantaneous increment of F'(¢) when the configuration
at time ¢ is 7.

Proof. Define .
M(t) = F(t) - / () ds 9.3)

It is easy to see that M (t) is a martingale because the instantaneous increment
of F(t) is ¢ () which is exactly the same as the instantaneous increment of the
integral in (9.3). Now, since M (t) is a martingale, t~*E, M (¢)? is independent of
t and we can write

BME? o BulF 1)~ F(0)?

t h—0 h h—0 h

If this last limit is finite, we call it 4® and we can apply the convergence theorem
for martingales (Breiman [B]) to conclude that

Mt
lim L =0 P, a.s.
t—o0
So that ® ,
—_— _1 p—
Jm t i ¢ 0 Y(ns)ds = pp By a.s

where the second identity follows from Lemma 9.1. &

Let’s see some applications of this theorem.

Corollary 9.4. Law of large numbers for the flux. Let F(t) := #{i : 2;(0) <0
and x;(t) > 0} — #{i : ;(0) > 0 and z;(¢) < 0}, where x;(t) is the position of the
i-th particle of ;. Then

a.s.

nm@:m—m P

1%
t—o0 A

Proof. We apply the theorem to the process 7;. We saw before that v, is extremal
invariant. On the other hand v¢(n) = n(0)(1 — (1)), varp = A(1 — A) and v \® =
A(l=A)<oco. &



The next corollary has been proven in Section 7, using Burke’s theorem. We
give a proof that does not use that result.

Corollary 9.5. Law of large numbers for the tagged particle.

X
lim X(@) =(1-X) P, as.
t A

t— o0

Proof. We apply the theorem to the process 7xn:. It was proved by [f1] that
vy is extremal for 7xyn:. We have that ¢(n) = (1 — (1)), mayp = (1 = A),
limp, 0 Ey, (X (¢ + h) — X (¢))?/h = (1 — A). Hence EM(t)? = ¢(1 — \) < oo and
the Theorem applies. &

Corollary 9.6. Law of large numbers for the flux throught a random position.
Let U(t) be a birth process with rate w independent of n; , i.e. P(U(t) = k) =
e~ (wt)k /k!. Let F(t) be the net flux throught U(t): F(t) := #{i : ;(0) < 0
and x;(t) > U(t)} — #{i: 2;(0) > 0 and z;(t) < U(t)}. Then

F
lim # =AMl-X)—w P, a.s.

t— o0

Proof. We apply the theorem to the process 1y 4)n;. First we claim that if p is
invariant for this process, then y is translation invariant. It is easy to show that if
 is invariant then 7, p is also invariant. To prove the claim it suffices to show that
the processes with initial measure g and 7,4 converge to the same measure. To
do that we couple two versions of the process in the following way: we choose the
same initial configuration for the two processes according to p and consider two
versions of U(t): Uy(t) with initial point 0 and U, (t) with initial point . These two
versions are independent up to 7" := first time that Uy(t) = U,(t). After T, they
continue together. In that way 7, ;)n: and 1y, ()7 are the processes with initial
measure p and 7, u, respectively. Since Up(t) and U, (t) are independent random
walks, they will meet with probability one and the two processes will coincide after
T. Since the initial measures are invariant they must be the same. This proves
the claim.

Now, using the method of Liggett described in Section 6, one proves that all
extremal invariant measures for this process are the product measures with density
p, 0 < p < 1. Once proved that vy is extremal invariant for this process, the rest
follows as in the previous corollaries. &



10. Microscopic Shock in the General Case

We saw that in the case of vanishing left density the position of the leftmost
particle defines a microscopic shock. Indeed the system as seen from the shock has
a measure p'S’(t) = v, , for all times. Such strong statment is not true in the case
of non vanishing left density. We introduce a weaker definition of a microscopic
shock:

Definition 10.1. We say that a random position X (¢) is a microscopic shock for
ny it calling py the distribution of 7x (47, the following weak limits hold uniformly
in t:
lim 71pp;=vy, lm 71,u;=v,
T—+00 T——00

When the left density does not vanish it is not obvious how to define the
position of a microscopic shock. One can try to tag a particle and follow it, but
one immediately realizes that the tagged particle has the wrong velocity: in regions
of v, has velocity (1 — p) and in regions fo vy has velocity (1 — A). Nevertheless,
in some sense, the idea of considering a last particle used for vanishing left density
also works in the general case. We couple two processes. The o process with initial
measure v, and the n = o + v process with initial measure v, ). At time 0 we
couple the initial configurations as in Section 5: Let {U,},cz be a sequence of
independent identically distributed random variables with distribution uniform in
[0,1]. Given a realization of those variables we define o(z) = 1{U(x) < p} and
v(z) = {p < U, < A}.1{z > 0}. The two processes use the same arrows, hence
the process o; coincides with the set of sites occupied by the two marginals and
v¢ the set of sites occupied only by the marginal o 4+ . The reader can check that
when an arrow appear from site x to site y, the following can happen:

1. The site z is occupied by a o or v particle and y is empty. Then the particle
jumps.

2. The site x is occupied by a ¢ or 7y particle and y is occupied by a o particle.
Then nothing happens.

3. The site x is occupied by a v particle and y is occupied by a v particle.
Then nothing happens.

4. The site x is occupied by a ¢ particle and y is occupied by a v particle.
Then the particles interchange positions: after the arrow o(y) = 1 and v(z) = 1.

We say that the o particles are first class and the v are second class particles.
We denote this priority by oy = 4.

Our program is to prove that the law of the system as seen from the leftmost ~y
particle satisfies (10.1). When p = 0 the 7 process coincides with the 7 process and
we saw in Section 7 that this is the case. For p > 0 we call X (¢) the position of the
leftmost y particle. We have that oy - (7 \ X (¢)) F X (¢) and since 1, = o +¢, we



have (n;\ X (t)) = X (t), where we identify the position X (¢) with the configuration
having a particle at X(¢) and no particles at the other sites. So the process
(ng, X (1)) is well defined without using the o and v processes.

Theorem 10.2. Assume that 7 has distribution v,y and X (0) = 0. Then X (¢)
is a shock for 7.

The proof of this theorem uses properties of translation invariant systems.
To get a related translation invariant system we couple the processes (o4, 7;) with
a third process (; in such a way that o; + 7 + (; at time zero has distribution
vy that is translation invariant. The way of doing that is to use the uniform
variables U,: define ((z) = 1{p < U, < A}.1{z < 0}. Call & = 4 + (;. Then the
process (o, &) has initial product distribution with marginals v, and vy_, and a
translation invariant distribution for all £. We say that a measure 75 on X? has
the good marginals if [ dma(0,8)f(0) = v,f and [dma(0, &) f(o+&) = vaf. If the
process (oy, &) has initial distribution with the good marginals, then at any time
t the distribution of the process has the good marginals.

Assume now that £(0) = 1, so that X(¢) is the position of the & particle that
at time zero is at the origin. Now we have the following result the proof of which
is the same as the one of Theorem 8.2:

Theorem 10.3. Let A > p, w3 be a translation invariant measure, 74 = mo(.|£(0) =
1) and S5(t) be the semigroup of the process 7x ) (0, &t), then

myS5(t) = (m292(t))" (10.4)

Equation (10.4) is crucial. It expresses the distribution of the process as seen
from X (¢) in terms of the distribution of the process without shifting.

Lemma 10.5. If 75 is a measure with the good marginals then for any cylindric
function f on X,

lim [ dry(0,§)7af(0) = vpf

r—Fo00

lim [ dry(0,8)7af(0+ &) =vaf

x—Fo0

(10.6)

Proof. We use our knowledge that the o and o + { marginals of 7y are v, and
vy respectively. Call g(x) = 7, f. Since f is cylindric function, g(x) is uniformly
bounded and for any sequence w,, there exists a subsequence z,() such that



w’zg(a:n(k)) is convergent. We want to show that the limit is always v,f. Since
T59(Tp(ky) is convergent, so is the Cesaro limit

lim (1/K) Z@g Tn(k)) (10.7)

K—x

To compute this limit we take yet another subsequence with the property
that for all k, n(k + 1) — n(k) > b — a, where we let [a,b] be a (finite) interval
containing the set of sites determining f. For this subsequence we have that, under
T2, §(Tnk)) and g(wp(x41)) are independent. Then, since the o marginal of 73 is
V,, the law of large numbers imply that

lim (1/K)

K—oo g(mn(k)) = fo o a.8.

M=

=
Il

1

Since 7 is absolutely continuous with respect to mg, the same is true 74 a.s. By
dominated convergence we have that the limit in (10.7) must be v, f and we have
proved the first line of (10.6). Analogously one proves the second line. &

Proof of Theorem 10.2. Let 75 be the product measure with the good marginals.
Let (0,&) be distributed according to 75. Then, defining 7 by n(z) = o(x) +
{(x){z > 0} = o(z) + (), we have that n has distribution v} ,, X(0) = 0 and
ne(w) = or(x) +&(2)H{z > X ()} Now, 7x)yne(x) = 7x (1) (01 (z )"‘ft( )z = 0}.
On the other hand by (10.4), 7x()(04,&:) has distribution (moSo(t))" which is
absolutely continuous with respect to m3.55(t), a measure with the good marginals.
Hence Lemma 10.5 implies that, uniformly in ¢,

lim [ d(v, \8'(t))(m)7af(n) = lim [ d(m385(t))(0,&)7af (0 + &) = vaf

T——+00 ’ T— 400

by Lemma 10.5. Analogously,

Jim [ ) S O) et ) = tim [ dw$5(0)(0.)7af(0) = vif
11. Law of Large Numbers for the Shock

In this section we prove that X (t)/t converges almost surely tov =1—p— A.
Given U(t) € IR we define the o flux throught U(t) by F,(t) := #{i : 2;(0) <



0,2zi(t) > U(t)} — #{i : z:(0) > 0,z(t) < U(t)}, where z(t) is the position of
the i-th particle of oy. For the uniqueness of the representation we fix z(0) as
the position of the first particle to the right of the origin. Analogously we define
Fyie(t) and Fe(t). If my is a measure with the good marginals, then o; and
oy + & are simple exclusion processes with (extremal invariant) measure v, and
vy respectively. Hence, by Corollary 9.6, if U(t) is a Poisson point process of
parameter w, then

Fye(t
lim L():AQ—A)—M

t— o0 t
Jim Folt) _ p(1—p) —wp
But F,1¢(t) = F,(t) + Fe(t), hence
gim Py g wa )
=(A=p)(v—w)

where v = 1 — A — p. The limit is negative for w > v and positive for w < v. On
the other hand, F{ )(¢) is non increasing in U(t) and for U(t) = X (t), due to the
exclusion interaction, F¢(t) = 0. Hence

X(
lim X (@) =v, P, , a.sk (11.1)

t—oo
As a consequence of the law of large numbers we can prove the hydrodynamics
announced in Section 4:

Theorem 11.2. Let u(r,t) be the following solution of the Burgers equation (2.1):

w(r,t) = A forr >t
" p for r < wt.

Then in the continuity points of u(r,t),

;1_1)% Vp,)\S(g_lt)Ts—lrf = Vu(r,t)f
Proof. Let A C Z be a finite set and let fa(n) := [[,c4 ()

Vp,/\(n)EnTE—leA(ns—lt)

—
&

dl/é (07 &)E(U,ﬁ)Ts—lrfA(o-s—lt + ’75—1t)

N~

/ (11.3)
= /dv (0,8 E(o.6)Te-1r—x(c-1t) fa(0e-1, + Vi-1y)

dl/é(O', &)E(U,ﬁ) Z Ts—lr—zfA(O-Z:*lt + 7;—1t)1{X(5_1t) = !17}



where E,, is the expected value of the process with initial configuration 7, etc.
and v(z) = &(2)1{z > X(t)}. Now, consider a positive number a such that
|r — vt| > a, and decompose the sum in the last line of (11.3) in three parts:
{z:]e7tr—z| <a},{w:er—2x>a}and {z:e7'r —z < —a}. The integral
of the first of those three sums goes to zero by (11.1) and dominated convergence.
By Lemma 10.5, the second part converges to vy fa, if > vt and to zero otherwise
and the third part converges to v,f4 if r < vt and to zero otherwise. &

The following result can be proven in a similar way.

Theorem 11.4. Convergence of the density fields. For any smooth function ®
with compact support, the following holds

lim e @(5:0)7761t(:c):/11%<13(r)u(r,t)dr

P, , almost surely.

12. Second Class Particles and Characteristics

We saw in Section 2 that in regions where the solution u of (2.1) is constant,
the characteristics have speed 1 — 2u, and that the shock forms at the meeting
point of the characteristics with different speeds. In this section we study the
microscopic counterpart of this phenomenon. We first show that if a second class
particle is added at time zero at a given site, and the first class particles are
distributed according to v, then, calling W (t) the position at time ¢ of the second
class particle, we have that

lim W) =1-2a, Py, as. (12.1)
t— o0 t
Denote by W (e~1r,e~t) the position at time e~1¢ of a second class particle that
at time zero is at site (integer part of) e~!r. Then we prove that

w(r,t), fort < t(r)

ot for ¢ > t(r) Lo @5 (12.2)

£

limeW (e~ tr,e71t) = {

e—0

where w(r,t) is the characteristic starting at » and ¢(r) is the time when w(r,t)
and w(—r,t) meet, as defined in Section 2:

oy [T (L2 i >0
WA= r+(1—=2p)t ifr<o0



and t(r) = [r|/(A = p).

Proof of (12.1). We couple the process (n, W(t)) (the process with only one
second class particle located a W(t)) and initial measure v, with the process
(04, &, X (t)) with initial measure v, , p < A and a § particle at the origin. Take
first p = a (hence A > «). Initially the two processes are coupled in such a way
that 79 = o9 and W(0) = X (0) = 0. Since the processes are using the same arrows
and o; - &, we have that 7y = o, for all £. On the other hand,

W(t) > X (t) for all t almost surely. (12.3)

Equation (12.3) holds at time 0. To prove it for all times it then suffices to show
that if X(t—) = W(t—) = «z, no arrow involving x at time ¢ has the effect that
W (t) < X(t). There are the following possibilities:

— the arrow goes from z to x + 1 and m—(z + 1) = oy—(x + 1) = 1, then
X(t)=W(t) =x.

— the arrow goes from z to z + 1 and n_(x + 1) = oy_(z + 1) = 0, then
W(t)=xz+1and X(t) =2+ (1 —&—(x +1)).

— the arrow goes from z — 1 to z and 7 (z — 1) = o4_(x — 1) = 1, then
W(t)=2—1and X(t) =2 — 1.

— the arrow goes from z — 1 to « and m—(z — 1) = oy—(x — 1) = 0, then
W(t) =z and X(t) = x.

In all cases, after the arrow W (t) > X (¢). This implies that

t X(t
lim inf W) > lim X() =1—p—A as. (12.4)
t—o0 t t— o0
for all A > a, where the identity is the law of large numbers for the shock (11.1).
Now, taking A = a (p < «a), nw = o¢ + &, a similar argument shows that

W (t) < X(t) almost surely and that

X

lim sup Wit < lim =1—p—X as. (12.5)

t—o0 t—o0

Since (12.4) holds for p = o and all A > « and (12.5) holds for A = a and all p < «
this completes the proof of (12.1). &

Proof of (12.2). For each r and € couple (n;, W(e~1r,t)) with initial measure
v, with (n¢, X (t)), with initial measure 7,. Observe that after 7' := inf{¢ :
X(t) = W(e~tr,t)}, we have that X (¢) = W (t). Hence one only needs to prove



that lim._,o €T = t(r). This follows from the law of large numbers for X (¢) (11.1)
and the following law of large numbers for W ():

limeW (e r,e7 ) = r+ (1 - 2a)t P, a.s. (12.6)

e—0

that can be shown as (12.1). &

13. Shock Fluctuations

We first show that a perturbation on the initial condition translates as time
goes to infinity into a shift of the shock position. For any given configuration 7
and site y € Z, let Y1 be defined by (i € {0,1}):

i () = {n(w) for o #£vy

1 for ©=y.

Let X (n,t) be the random position of the shock when the initial configuration is
n, i.e. the position of a second class particle initially at 0. Define r* := (A — p),

r~ = —(A—p).

Theorem 13.1. For all € > 0 it holds

lim sup Ey, (X8 = X)) —(A—p)"H =0 (13.2)

t—00 (r—4e)t<y<(rt—e)t

Tt
1

S yl0 1y _ y|l _

Jim = ) By, (X (077, 8) = X (", 1)) = 1 (13.3)
y:
1 0

im - 04y — 1)) =

Jun = > B, (X0 8) = X (1) =1 (13.4)
y=r—t

Proof. To catch the idea we first prove it for p = 0. It is convenient to consider
an initial configuration ¢ distributed according to vy and 7 defined by n(x) =
&(x)1{x > X(t)}, where X(t) = X(n,t). Call X*(t) := X(n¥"*,t). We have
already seen that the two processes will differ at only one site. Let W (t) be the
site where the processes with initial configuration n¥!* and 7¥!° differ by time ¢.
Call x,(t) the positions at time t of the particles of the process starting at £vlo,
with 2(0) = 0. The shock in both configurations is X'(t) = X°(t) = z¢(t) for all



times ¢ < Ty := inf{t : W(t) < zo(t)}. After T1, due to the exclusion interaction
XYt) = W(t) < zo(t). Call Ty := inf{t : W(t) = z_1(t)}. Now Ty is finite with
probability one. After T, W(t) = x_1(t). Since v\(z¢ —z_1) = 1/ we get the
theorem in this case.

When p > 0 the shock is given also by z((t), the 0-th &-particle. With the
same argument we show that, after To, W (t) = z_1(¢). Equations (13.3) and
(13.4) follow because the expectation of each term is bounded by A — p. &

Define (if the limit exists)
D = lim t~ 1E (X (1) —wt)?

t— o0

and 1 A1 — A
5. PA=p+A0 -
A=p

The next result gives D as a lowerbound for D.

Theorem 13.5. D > D
The proof of this theorem is a corollary of the next result. In order to state
it define
. 2
D(t) = B, (X(t) - vt)?,

no(n, rtt) —ni(n,r-t 2
10 = [ v\ (X (g0) - 2= D)
where X (n,t) and 7% are defined at the begining of Section 13 and ng(n, z) =

Z;zo(l —n(y)) is the number of empty sites of 7 between 0 and = and nq(n, x) :=

Zgzw 7(y) is the number of 7 particles between the origin and z < 0.

Theorem 13.6. The following holds

lim D) _ D + lim I(t—t) (13.7)

t—oo L t— o0

if the limits exist. If not (13.7) holds with lim substituted by either limsup or
lim inf.

Proof. Summing and substracting vt, I(t) equals

[ Ccn ) - o+ [ang o (8D )

/dupA(n) < 1&’”{) b _ pt>2 (13.8)
E(X ("0 (n, %) — (1=t — W—f—pt))



where we have used that no(n,7%t) and ni(n,77t) are independent under v/ ,.
Dividing by ¢ and taking ¢ — oc, the first term gives lim(D(¢)/t), and the second
and third terms give D. Then it suffices to show that dividing by ¢ and taking

t — oo the last term equals —2D. Using the definition of n;(.,.), the expectation
in the last term in (13.8) equals

)\pr DX —n@) - 1-1) = Y Xn.0)H) - p) (13.9)

T=r—"1

Integrating the first term of (13.9),

- %_p dv () 3 B (X (0, 8)((x) — V)
_ —%p dvl, \(m) D [B (X (1, )|n(x) = 1) A

= ME(X(n,t)n(z) = 1) A+ E(X(n,t)|n(z) = 0) (1 - A))]
this equals

1 /
- _/\—p,\(1 —A) /dvp,x(n)

5 1B K0 Dlae) = 1)~ B O D) = 0] (13.10)
- _)\%p)\(l N )\) /d”;,x(ﬂ) ;E (X(nw“’t) _ X(ﬂwm,t))

Dividing by t and taking the limit as ¢ — oo of the first term of (13.9), we get
using (13.3) on (13.10) that

: A=)
g g [ @ | Dm0 - ) | = =0

and analogously using (5.4),




This implies the Theorem. o

Remarks. From Theorem 13.6 we conclude that the diffusion coefficient of the
shock is the same as the conjectured diffusion coefficient if and only if the position
of the shock at time ¢ is given —in the scale v/t~ by (A — p)~! times the number
of holes between 0 and rt minus the number of particles between 0 and r—¢. In
any case, I(t) is non negative, then D is always a lower bound and this proves
Theorem 13.5. When p = 0, X (¢) has the distribution of a plain tagged particle
in the simple exclusion process with density A In this case it is known that D :=
lim oo t7E(X(t) — EX(t))?2 = D = (1 — A) (Corollary 7.2). This implies that
lim; o 1(t)/t = 0, hence in the scale v/t the position of R(t) is determined by the
initial configuration in the sense discussed above. This was proved by Gartner and
Presutti [gp] using a different method.

We finish this section by mentioning a couple of open problems.

Prove that there exists a microscopic shock in more dimensions or for a jump
function that allows to go further than to the nearest neighbors. The argument of
this approach does not work even for the case of two parallel lines with a symmetric
dynamics for jumps between the two lines and asymmetric jumps inside each line.
Landim [lal] proved the existence of the hydrodynamical limit in high dimensions
for some initial conditions.

General initial conditions. Benassi, Fouque, Saada and Vares [bfsv] have
proved that the hydrodynamical limit can be taken when the initial profile is
monotone and the jump probabilities are more general. Prove the hydrodynamical
limit for any initial profile.

Fluctuations. It is expected that the fluctuations arround the deterministic
hydrodynamic limit depend on the initial configuration as the fluctuations of the
shock do. In the case p = 0 this has been studied by [bf2].

14. The Nearest Neighbor Asymmetric Simple Exclusion Process.
General Case.

Almost all the results described above have been proven for the process where
the particles can also jump backwards. In this case one assumes that the particles
jump at rate p to the right nearest neighbor and with rate ¢ the the left one. We
assume p+q =1 and p > gq.

The graphical representation works in the same way. The only difference is
that now we have different Ppp per bond (z,x + 1). One associated to arrows
going from x to x + 1 with rate p and the other associated to arrows going from
x + 1 to x at rate q. As before we can couple two or more versions of the process
making the different versions to follow the same arrows.



The set of extremal invariant measures is {v, : 0 < a < 1} U {v™ :n € Z}.
The measure »{™ concentrates on the set A,, := {1 : Y eso(1=n(2) =32, o nlz) =
n}. They are defined by v™ := vlI(\|A,) for all k, where v[¥l is also product,
have marginals

z—k
Mlg(e) = 120

and are even reversible for the process. They approach exponentially fast the
densities 0 and 1 to the left and right of the origin respectively, so that, under
v(™ | the origin is a shock for p = 0 and A = 1. Now we construct a reversible
measure for the process (1, R(t)), where R(t) stands for the position of the second
class particle at time ¢. Put a second class particle at ¢ with probability

(14.1)

m(i) = M(p/a) (1 + (/)51 + (a/p)*H)) (14.2)

where M (p/q) is a normalizing constant making > m(i) = 1. For the other sites
decide that a n particle is present at site 5 with probability

) ifj<i

) ifg>i

N= N=

il < @/a =2 /(L4 (p/a)~
0= B s e

independently of everything. Since the measure concentrates on a denumerable
state space, that statement follows from a routine computation. It is clear from
(14.2) that the second class particle will remain tight, hence it also is a shock in
this case.

In the case 0 < p < A < 1 one follows the same steps as in the case p = 1. So we
construct a process (o¢, &, X (t)), with oy - & and X (¢) is a tagged £ particle. Then
one calls z;(t) the positions of the { particles, assuming that x¢(t) = X (¢). Finally
one chooses the i-th & particle to be R(t) with probability m(i) and label the
others ¢ particles independently in the following way: the j-th particle is labeled
~ with probability m(j|i) otherwise it is labeled (. The remarkable property of
this distribution is that the labeling remains invariant for later times. Hence the
density of 7 particles vanishes to the left of X (¢) and the density of { particles
vanishes to the right of X (¢) exponentially fast. Furthermore X (¢) — R(t) remains
tight. Since our original process can be recovered by writing 7, = o + 7y as before
one can prove that either X (¢) or R(t) are microscopic shocks. The advantage of
R(t) is that it can be defined directly as a second class particle with respect to 7,
while for defining X (¢) one needs to use the process (oy,&;).

With this observation and a little care one can prove all the other results. We
refer to [tks| and [f2] for details.



15. The Weakly Asymmetric Simple Exclusion Process

We have studied the hydrodynamical limit of a process by rescaling time and
the space in a convenient way. The rescaling is done with a parameter €. Another
possibility is to consider not a single process, but a family of processes depending
on the parameter €. Indeed this is what is done to derive the (viscous) Burgers
equation

ou 0*u 0

ot or? + or
This kind of limit is called kinetic. In this case the family consists of asymmetric
simple exclusion processes as defined in the previous section with p = 12i and
q= 156. Since the asymmetry p — ¢ goes to 0 with the scaling parameter e, the
resulting (family of) process(es) is called weakly asymmetric. It was introduced
by De Masi, Presutti and Scacciatelli [dps| and studied by Gartner [g], Dittrich
[d] Gartner and Dittrich [gd] and Ferrari, Kipnis and Saada [tks]. The results are
quite complete and reinforce the conjectures for the simple exclusion process we
did in the previous sections.

Let L® be defined by L® = (1 — e¢/2)Ly + €L, where L is the generator of the
simple exclusion process defined in (3.2) and

Lof =) slf(™*th) = f(n)]

(u(l—u))=0 (15.1)

is the generator of a symmetric exclusion process. Denoting by S€(t) the semigroup
corresponding to the generator L®, and by v® a family of product mesures with
marginals given by v°(n(e~1r)) = ug(r) the kinetic limit is given by

gl_I}I(l) Vsss(g_lt)T[s—l/Qr]f = Vu(r,t)f
(local equilibrium), where wu(r,t) is the solution of (15.1) with inital condition
u(r,0) = wp(r). This result was proven by De Masi, Presutti and Scacciatelli
[dps| and by Gartuner [g]. Notice that the scaling is different from the one we used
to derive the unviscous Burgers equation. To obtain the Laplacian 0%u/d%*r one
needs to scale space as square root of time. Since we are looking at time ¢~! and
L is multiplied by €, the asymmetry is not rescaled but it appears anyway in the
macroscopic limit as a transport term. The same authors proved the law of large
numbers for the density fields: Let ® be a smooth function with compact support.
Then, calling n; the process with generator L®,

lime Y d(en)nt 1, (@) = / B (rYu(r, t)dr

TEZ R



P, almost surely. The stationary case was study by Ferrari, Kipnis and Saada
[tks]: For each € there exists a position X (¢) such that the process as seen from
X (t) has a law p® with the property that for all e, u* ~ v, x. Furthermore

lim 1° (n(e~"?r)) = u(r)

e—0

where

is the stationary travelling wave solution of the Burgers equation (15.1) with
asymptotic densities p and A. Also the density fields converge and the hydro-
dynamical limit is performed for this family of initial measures. The equilibrium
case in a finite macroscopic box was studied by De Masi, Ferrari and Vares [dfv].

A stronger result has been proved by Dittrich [d], who exibits a function &; of
the initial configuration 7, such that for any test function 1,

lim e 37 (71, (@) — £ 1y(@)h(e) = 0

In other words, in that scale the motion is determined by the initial configuration.
The approach also allows to study the shock wave case. In this case he proves
that the shock fluctuates as a Brownian motion with diffusion coefficient given by
D, defined in Section 13 and that these fluctuations depend only on the initial
configuration.

An interesting problem is to decide what happens with the second class par-
ticle in this limit. Calling R(t) the position of the second class particle at time ¢,
with R(0) = 0, the rescaling of (14.2) gives

A—p

1+exp(2s(A—p ))(1+GXP(23()‘_P)))dS

lim P, (Rs(t)—vtge_(l/z)r):M/
e—0 0 (

where M = lim._,o M ((3 4+ ¢)/(3 — ¢€)) is the limit of the normalizing constants
of (14.2). We conjecture that the limiting motion of the second class particle is
a Ornstein Uhlenbeck process with an appropriate drift with stationary measure
given above.

De Masi, Presutti and Scacciatelli [dps] have studied the fluctuation fields
and proved that they converge to a generalized Ornstein Uhlenbeck process. Rav-
ishankar [ra| studied the d-dimensional case.

16. The Boghosian Levermore Cellular Automaton



In this section we review recent results of Ferrari and Ravishankar [fr] on a
deterministic version of a probabilistic cellular automaton introduced by Boghosian
and Levermore [bl]. This is a dynamical system with random initial condition. The
simplicity of the model allows to prove all the known results and conjectures for
the asymmetric simple exclusion process.

A configuration of the one dimensional Boghosian Levermore Cellular automa-
ton (BCLA) is an arrangement of particles with velocities +1 and —1 on Z, satis-
fying the exclusion condition that there is at most one particle with a given velocity
(+1 or —1) at each site. We denote a configuration by 5 € {0,1}%*{=1+1} .= X
the state space. If n(z,s) = 1 we say that there is a particle with velocity s at site
x, where x € Z and s € {—1,+1}.

Dynamics. The time is discrete and the dynamics is given in two steps:

1. Collision: for a given 7 let Cn be the configuration

CU(% +1) = 1{77(377 1) + 77(377 _1) > 1} = maX{ﬂ(% 1)7 77(377 _1)}
CU(% _1) = 1{77(377 1) + 77(377 _1) = 2} = min{n('rv 1)7 77('777 _1)}

In other words, if there is no particle or two particles at x, then nothing happens.
If there is only one particle at x, then this particle adopts velocity 1.

2. Advection. This part of the dynamics moves each particle along its velocity
to a neighboring site in unit time. The operator A is defined by

An(z,s) =n(xz — s, s).

Defining T := AC, the dynamics is given by

Ner1 = Ty

We say that a measure g on X is stationary for the process if p7I' = p. Cheng,
Lebowitz and Speer [cls] have noticed that this dynamics acts independently in
the space-time sublattices {(z,t) :  + ¢ is even} and {(x,t) : © + ¢ is odd}. Any
translation invariant measure concentrating in one of the sets {n : n(z,1) =1}, {n:
n(xz, —1) = 0} is stationary for the process. Also there are non translation invariant
measures, the measures v™ giving mass 1/2 to ™ and Tn™ where n"(x,+1) =
1{z > n}. Observe that the configuration 7™ is two steps invariant (i.e. 7" =
T?n™). The problem of determining if the measures introduced above are sufficient
to describe the set of all invariant measures for the process is open. We remark
that in contrast with simple exclusion, there are stationary translation invariant
ergodic measures that are not product measures.

The hydrodynamical limit has been performed for initial product measures
with densities 0 and p for particles with velocity —1 and +1 respectively at neg-
ative sites, and with densities A and 1 for particles with velocities —1 and +1,



respectively to the right of the origin. Hence the particle density per site to the
left of the origin is p and to its right is 1 + A. The limiting density per site satisfies
the equation

ou
E'i‘F(U)—O

where
Flu)=ul{0<u<1}+(2—-u)l{l <u<2}

This equation has only two characteristics, 1 and —1 according to the density being
bigger or smaller than 1. The definition of the microscopic shock is the same as for
the simple exclusion process. Just take two configurations that differ at only one
velocity at only one site. At latter times they will also differ at only one site that
we call second class particle, as it gives priority to other particles that attempt to
occupy its place.

When the initial configuration is taken from the product measure described
above, it turns out that the position of the second class particle can be expressed
as a sum of a random number of independent and identically distributed random
variables, each of which is a difference of two geometric random variables. Fur-
thermore the number of summands is independent of the summands. Hence, as a
corollary of this result we can prove laws of large numbers and central limit theo-
rems for the position of the shock. Another result is that the position of the shock
at any given time is independent of the configuration at that time as seen from
the shock. This gives a way to prove the hydrodynamical limit described above.

The results can be extended to initial measures with more than one step and
to decreasing profiles and also to the probabilistic cellular automata when the C
rule is applied with probability p and is not applied with probability 1 — p [frv].
The weakly asymmetric case was studied by [lop].

17. Other Cellular Automata

In this section we show that the BLCA is isomorphic to two simple exclusion
type of automata in {0,1}# and a type of sand-pile automaton.

The asymmetric simple exclusion cellular automaton. For a given configuration
€ € {0,1}%, define B¢ as the configuration

B1£(2z+1) = 1{£(22) + £(22+ 1) > 1} = max{{(22),£{(22+ 1)}
BL£(22) = £(22) + €2+ 1) — 1{E(22) + €22+ 1) > 1)
= min{&(2z2),&(2z+ 1)}



and B3¢ as the configuration

By¢(2z) = 1{£(22 — 1) + £(22) > 1}
Byt(22—1) =622 —1) +£(22) — 1{{(22 — 1) + £(22) > 1}

Now define the asymmetric simple exclusion cellular automaton (ASECA):

2t = B1&2¢—1 and {as41 = Bala (17.1)

In words, at even times, all particles occupying even sites that can jump to the
right (i.e. that the succesive odd site is empty), jump to the right. At odd times,
the particles occupying the odd sites do the same.

We prove that this is isomorphic to a subsystem of the BLCA. As observed
before, the BLCA consists in two independent subsystems: {n(x,s,t): =+t odd }
and {n(x,s,t) : x +t even }. Consider the subsystem {n(z,s,t): z+¢ odd } and
define the configuration &; by

_ [nx+1,-1,t) fort even

and
n(2x —1,1,t) for ¢ even

&(20) = {n(2a:, —1,1) for ¢ odd (17.2.5)

We have the following result which proof is straightforward (see Figure 9)
Lemma 17.3. The transformation (17.2) defines an isomorfism between the sub-

system {n(z,s,t) : x+t odd } and &, t € Z, such that & is the asymmetric simple
exclusion cellular automaton, with distribution described by (17.1).

| k| 5
D 1 i i L & 0 1 ? 3 i 5 L
i —— = |u
Y ras ;J’ =0 (11]
}.-'ff ot \"-. ;'.r"' v e b
. - i bal s S 151
N, / \\
\"'x 5, _,-"l‘ \
= o ~ tw2 . e | i a2
.-"J.I /“"-. -\
/ T
/ \/ \ .

Figure 9. Isomorphism between the BLCA and the ASECA.


User
Placed Image


The automaton 184. This automaton was classified by Wolfram [wo|, and studied
by Krug and Spohn [ks|. For a configuration v € {0,1}#%, let B~y be the configu-
ration defined by

1 ify(z—1)=1and y(2) =0
By(z)=40 ify(z)=1land y(z+1)=0
v(z) otherwise

In words, B~ is the configuration obtained when all particles of v allowed to jump
one unit to the right do it. Define the automaton by vz = Bvy;—1. Assume now
that at time 0, all even sites are empty. In this case this is isomorphic to & with
the same initial configuration. On the other hand, if all even sites are occupied, it
is also isomorphic to &. Nevertheless, for other configurations this system is not
isomorphic, presenting a richer structure. But for those tipe of initial conditions
the results proved for the BLCA hold.

3_:'.5 \

09 % 3 4 §

Figure 10. Isomorphism between the automaton 184 and a sand-pile.

Sand piles. We consider now an infinite version of an automaton introduced by
Bak [b] and studied by Goles [g]. Consider a process (; on the state space {( €
Z% : ((x) > ((x +1)}. Define C : ¢ — C¢ as follows

CC(z) = ((z) + 1{¢(z = 1) = ¢() = 2} = H{{(2) — ((z + 1) = 2}

In words, we can think that at each integer there is a pile of grains of sand. At
each time each pile is ready to give one of its grains to its right neighboring pile.
But this only happens if after that the receiving pile is not higher than the the one
that is giving the grain. This operations are all done in parallel. The automaton
is defined by

G =CG-1
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It turns out that for some initial configurations, this automaton is isomorphic
to the Automaton 184 described above. This has been established in [fgv]. Let
be a configuration of {0,1}# and define ¢ = ((v) as the configuration

((z) = —x 4+ vy(x) (18.10)
Then it is easy to see that
C¢(x) = —x + By(x)

so that we get that (;(v) = —x + y4(x) for all ¢, all z. This implies that all the
results for the hydrodynamics and shocks hold for this model for this kind of initial
conditions. Other initial conditions are under investigation by [fgv].

It is not hard to see that a particle system can be constructed using the
same law. Assume that at each site we have a Poisson point process of rate one,
independent of everything. When the clock rings at site z, it attempts to give
a grain to site x + 1, but it does so only if {(z) — ((x + 1) > 2. This graphical
construction is useful to show the existence of such a particle system because as
in the simple exclusion case, at each given time we can make a (random) partition
of the space in finite boxes that do not interact among them. One can show that
the transformation (18.10) makes this system isomorphic to the simple exclusion
process.
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