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Dúvidas.

1. Compute
∫ √

1− exdx.

Solução.

Seja t =
√
1− ex. Logo, ex = 1− t2. Isto é, x = x(t) = ln(1− t2) e

x′(t) =
−2t

1− t2
.

Computemos então

∫

t
dx

dt
(t)dt =

∫

tx′(t)dt =

∫ −2t2

1− t2
dt =

∫

2(1− t2)− 2

1− t2
dt

=

∫
(

2− 2

1− t2

)

dt

= 2t− 2

∫

1

(1− t)(1 + t)
dt

= 2t− 2

∫
(

1/2

1− t
+

1/2

1 + t

)

dt

= 2t+ ln |1− t| − ln |1 + t|+ c.

Segue então
∫ √

1− exdx = 2
√
1− ex + ln |1−

√
1− ex| − ln |1 +

√
1− ex|+ c ♣
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2. Compute o comprimento do gráfico de

y = ln(x), 1 ≤ x ≤ e.

Resposta.

O comprimento é

∫

e

1

√

1 +
1

x2
dx =

∫

e

1

√
1 + x2

x
dx.

Efetuemos a substituição t =
√
1 + x2. Logo, x =

√
t2 − 1 e

x′(t) =
t√

t2 − 1
.

Logo,

∫

e

1

√
1 + x2

x
dx =

∫

√
e
2+1

√
2

t√
t2 − 1

t√
t2 − 1

dt

=

∫

√
e
2+1

√
2

t2

t2 − 1
dt

=

∫

√
e
2+1

√
2

(

1 +
1

t2 − 1

)

dt

=
√
e2 + 1−

√
2+

∫

√
e
2+1

√
2

(

1/2

t− 1
− 1/2

t+ 1

)

dt

=
√
e2 + 1−

√
2 +

1

2
ln

(

t− 1

t+ 1

)

∣

∣

∣

√
e
2+1

√
2

=
√
e2 + 1−

√
2+

1

2
ln

(√
e2 + 1− 1√
e2 + 1 + 1

)

− 1

2
ln

(√
2− 1√
2 + 1

)

=
√
e2 + 1−

√
2 +

1

2
ln

e2

(
√
e2 + 1 + 1)2

− 1

2
ln

1

(
√
2 + 1)2

= 1 +
√
e2 + 1−

√
2− ln(

√
e2 + 1 + 1) + ln(

√
2 + 1)

= 1 +
√
e2 + 1−

√
2 + ln

( √
2 + 1√

e2 + 1 + 1

)

♣
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3. Compute o comprimento do gráfico de

y = ex, 0 ≤ x ≤ 1.

Resposta.

O comprimento é

C =

∫

1

0

√
1 + e2xdx.

Façamos a substituição t =
√
1 + e2x. Então,

x =
ln(t2 − 1)

2
.

Donde segue

x′(t) =
t

t2 − 1
.

Assim,

C =

∫

1

0

√
1 + e2xdx

=

∫

1

0

tx′(t)dt

=

∫

√
e
2+1

√
2

t2

t2 − 1
dt

=

∫

√
e
2+1

√
2

(

1 +
1

t2 − 1

)

dt

=
√
e2 + 1−

√
2 +

∫

√
e
2+1

√
2

(

1/2

t− 1
− 1/2

t+ 1

)

dt.

=
√
e2 + 1−

√
2 +

1

2
[ln(t− 1)− ln(t+ 1)]

∣

∣

∣

√
e
2+1

√
2

.

=
√
e2 + 1−

√
2+

1

2
ln

(√
e2 + 1− 1√
e2 + 1 + 1

)

− 1

2
ln

(√
2− 1√
2 + 1

)

.

=
√
e2 + 1−

√
2 +

1

2
ln

e2

(
√
e2 + 1 + 1)2

− 1

2
ln

1

(
√
2 + 1)2

= 1 +
√
e2 + 1−

√
2− ln(

√
e2 + 1 + 1) + ln(

√
2 + 1)

= 1 +
√
e2 + 1−

√
2 + ln

( √
2 + 1√

e2 + 1 + 1

)

♣
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