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THE IMPLICIT AND THE INVERSE
FUNCTION THEOREMS: EASY PROOFS

Abstract
This article presents simple and easy proofs of the Irnplicit }'lInc-

tion Theorern and the Inverse Funct.ion Theorem. in t.his order. bot.h
of thclll on a finite-dilllellsional Euclidean spaec, that elllploy only t.1",
Intenncdiat.e-Valtw TIH'orern and tJw I\lcan- Valnc Thcorern, Thesc proofs
avoid compactness argurnents, the cont.raction principie. and fixed-point.
tlworcms,

1 Introduction.

The objeetive of this paper is to present very simple and easy p1'Oofs of the lm-
plicit. and lnverse Function theorems, in this oreler. on n tinite-dimensional Eu-
dicimll space, 1'he laek of sophistieateci tools useci in its proof coulci nmke 1'h(~
lmplieit Function Theorelll more acessible to nn undergraciuate audience. De-
sides following Dini's induetive approach. these delllonstrations do not elllploy
compnctness arglllllellts. the cOlltraction principie 01' allY tixed-poillt. theorem.
lnsteaci of such tools. these P1'Oof.'3rely on the lntennediate- Value Theorelll
anel the l\Iean- Value Theorelll on the realline.

TIl(' history 01' t.he llllplicit. and lnverse Function theorellls is quite long
and dates back to R. Descartes (on algebraic geometry). L Newton, G, Leib-
niz. J. Bernoulli, anel L Euler (and their works on intinitesimal analysis). J.
L. Lagrange, A. L. Cauchy, anel U. Dini (on funetions 01' real variables and
differential geollletry). Let us discuss hriefly some 01' the teelmiques that have
Iwen useci to proV(' thesc tlH'OrClIlS,
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Newton's iteration melhod for inverting f : IR -+ IR near .1'0.with f'(.ro) i
O. shows a sequence converging 10 a solution .1' of the equation y = f(.1').
Through tlw linearizatioll y ~ I( .1'0)+ f' (:1'0)( :r-:I'o) we oblain the approximate

solution .1' ~ J'o + f'(.1'O)-I[y - f(J'o)]. Then. we use the Newton-Raphson
ileralion .1',,+1 = :1'"+ 1'(:1',,)-1[:1/ - f(:I',,)]. with 11 0.1. 2 See Dontchev
awl Rockafel1al' [4. pp. 11 14] for a proof of this lIletllOel iu IR" that muplo)'s
compaclness.

Lagrangc's inversion formula shows lhe formal Ta)'lor series of lhe local
iuvprsc of au aual)'tic fUJlctiou f(.:) such that f'(.:o) i o. Ou tllf' ot]wr

hanel. Cauch)"s proof of the Implicit Function Thcorcm (for complcx func-
tions) is considered the firsl rigorous proof of this theorem. By employing lhe
method of residues. Cauchy gave an integral reprcscntation for the soluLion.
Hc also proved such theorem by the method of the majorants (a tcchniquc
useel 10 proof lhe Cauchy-Kowalewski thcOIT'1IJ for analytic partial elifferential
l'quatioJls). which also applies 10 real analytic functions. Sel' Burckd [2. pp.
173 174. 180 183] and Krantz alld Parks [6. pp. ;~O 38] anel [7. pp. 27 32.
117 121].

The two most usual approaches to tlw Implicit alld Illverse FUllction Llwo-
rems on a finite-climensional Euclidecul space hegin with a proof of the lalter
(Ihen. lhe former follows). Hence. leI, us consider a function F : IR" -+ IR" 01'
class C1 anel a point :1'0ouch that lhe clifferenlial DF(.l'o) is inverlible.

The most hasic of Ihese teclmiques uses elementary calculus auel holds
only in finile elilllensions. since it elllployo the local compactneos of IR". Let
us outlinc a proof. Tlwn~ is 111> O such that IIDF(.ro)(l')11 :2:11I11'1.for ali I' in
IR". Hencl'. IIDF(J') - DF(:ro)11 :s; m(2y'í1)-I. with DF(.r) invertihle. for ali
.1' in an opcn hall B = B(:ro: r). r > O. By applying thc mean-value theorelll
to each component of F we fiml IF(.rJJ - F(.r2)1 :2:1111:1'1- :1'21/2. for al1 .1'1.:1'2
in the c!osnre 13 of n. Thus. F : 13 -+ F(13) is bicontinuous. If Dn is the
hounelary 01'B. then the elistance d of F(J'o) to the compact F(aB) is positive.
Given y' in the open bal1 V = B(F(:ro):d/2). wc put y(:r) = Iy' - F(.rW. for
al1 .1' in 11. \\'e have Iy' - F(.r)1 > Iy' - F(.l'o)j. for al1 :1' in DB. anel through
\V('i(~rstrass's Thporelll ou J'vliuillla Wt' SUl' that y has a llliuilllulll ai a :1" iu B.
Dy clifferentiating y. we prove F(J") = .li'. TIllIs. U n n F-1 (V) is open anel
F : U -+ V has a continuous inverse G. Given y anel y+/.:. both in V. \VI' \\Tile
G(y) = :1' anel G(y + /.;) = .1'+ h. H(~uc('. /.. -+ O if anel only if h -+ O. Pnttillg
S = DF(;r). there is a c > O salisfying 15'(h/lhl)1 :2: c for ali h i o. \Ve also
have I.'= F(:r+ h) - F(J') = 8(h) + IhIE(h). \VhereE(h) -+ Oas h -+ D. Tlms.

lilll
G(y + 1.')- G(y) - 5'-I(k) _ ]'

-5'-I(E(h))
= O.

!---;(1 11.'1 - h~~] 18(h/lhl) + E(h)1
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That is, G is elifferentiable at y anel DG(y) = DF(J,)-l, where.r = G(y). For
details, see Knapp [5. pp. 152 161] anel Spivak [10. pp. 40 45].

Tlw secoud appl'Oach is more advauced aud abstraet. relies ou tlw com-
pleteness of ]RI!, can be exteudeel to complete normeel spaces (I3anach spaces)
of arbitrary dimeusion. anel holels iu more general spaces than C" functious.
The techui<jlH' depeuds ou basic flluctiollal aualysis aud n'sembh,s Npwtoll'S
method since it employs a somewhat similar iterative procedure, which we
now slatp.

The Contraction Mapping Principie. Ld X bc I/, rornplclc TTwlric S[1I/,CC.
with rncl1'ic d, Lei I1,Ssnp[1ose Ihal <I>: X -+ X satisfies d(<I>(.r), <J>(y)) ::;
Àd(;r.y), for I/,I!.r. y in X, where Àis a canstanl anli O< /\ < 1. Then, <I>has
I/, nniqluc ji:red f)(lint. Thal. i8. I.hw,.e e:I'i.~18 a nniqne ;1' ÚI X 81U:h I.hoJ <1">(:1')= .r.

Let IlS sllmnuu'ize a proof of the 1nverse FlInctiou Theorem that employs
this principie. Searchiug for a solution .1' of F(.r) = y, near .ro, we define
<1>(.1') = .r+1'-l[y-P(:r)]. with l' = DP(.I'O) and y a parameter. Hence. p(;i') =
Y is equivaleut to <I>(;r) = 1'. Since D<1>(.ro) = O, we have IID<p(:r)11 < 2-1 for all

.i' iu an opeu ball U coutainiug .ro. \\'c may assume that DF(:r) is invertible at
every J' in U. The mean-value inequality yielels 1<I>(.rtJ <I>(.1'2)1::;2-11:rl-J'21.
for ali ,1'1.J'2 iu U. Therefore. <I>has at most oue fixecl poiut in U aud thlls
F is injective on U. Hence, F : U -+ F(U) has an inverse G. Let lIS see
that v' = F(U) is open. Given Y:J = F(:r:J). with :1';3iu U. \Ve pick an opeu
ball B = B(:I':J: r). with r > O. whose closure B lies in U. Fixiug y such that
Iy- !I:!I < 2-1111'-111-11' auel takiug any J. in B.we have 1<I>(;r)-<I>(:i':J)I::; 1)2.

1<I>(;I':J)- J'al ::; IIT-1112-IIIT-111-1r = ,./2. aud 1<1>(.1')
- .I':JI ::; ,.. Tlms, <I>is a

coutraction of the complete set B iuto B. Hence. <I>has a fixed point .1' in B
aud F (.r) = 11. Therefore. II is open. Analogollsly. gi ven auy open sllbset of U.
its image by F is an opeu subset of 1/. Tlms. F: U -+ 1/ is bicontinllous. \\'e
pl'Oved above that G is cliffereutiable. For details. see Ruclin [8. pp. 221-228],
A proof of the 1mplicit Fuuction Theorem in Banach spaces. based ou the
coutraction mappiug principie. is giveu by Krantz anel Parks [7. pp. 48 f)2].

The implicit anel inverse functiou theorems are also true on manifolds and
otlH'r settings. 1\!oreover. they hold in many classes of functiolls (e.g., CIe.
Cle.o.. Lipschitz. aualytic). For extensive accounts on the history of the 1m-
plicit Fuuction Theorem auel further developments (as in differentiable mau-
ifolds. Riemanniau geometry, partial elifferential equatious. ete.). see Krautz
auel Parks [7] (this book inclueles a proof of a version of the po\Verful Nasl1-
T\Ioser theorelll), Dontchev and Rockafellar [.l. pp. 7 8, 57 59]. anel Searpello
[9].

ln this article. we prove by induetion the 1mplicit Funetion Tl1eorelll a.ud
from iL we obtain the lnverse F'nlletioll TheoJ'PllI. This approaeh is HeC!'edited
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to U. Dini (1876), who wali the first to present a proof of the Implicit Function
Theorelll for a systelll with several eqnations and several real variables. and
then stated awl proved tlw Inverse Function Theorcm. Sec Dini [a, pp. 1!J7
241].

Another pre)()f by induction of the Illlplicit Function Theorelll. that also
silllplifies Dini's argulllenl. is given by Krantz and Parks [7. pp. 36-41]. How-
(~V<'r.t his particular proof by Krantz and Parks d()(~s not establish the local
uniqueness of the implicit solution of the given equation. On the other hand.
the proof presenteel in this paper further silllplifies Dini's argulllent anel Illakes

LlH' who]e proof of the Illlplicit Function Theorem very simple. easy. anel wiLh
very few cOlllputatíons. The Inverse Function Theorem then follows imllledi-
atei:;.

2 Notations and Preliminaries.

\Ve assume without proof the following basic theorems.

The Intermediate- Value Theorem. Lct f : [a, b]
--+

]R bc confinnolls. ff À

is a value befwee71 f(a) a7ld f(b), fhen fhere is a c in [a. b] sati,~flling f(c) = À.

The Mean-Value Theorem. Lef, f : [a. b] --+
]R be conti7luous on [a.b] and

diJJerentiable on the open inferval (a. b). Then, fhere exisf,s c in (a. b) safisf!finq
f(&) - f(a) = f'(1')(& - a).

Let us consieler /1 and m. both in N. In what follows we fix the orelereel
canonical bases {el e,,} anel {fi i",}. of ]R" anel ]R"'. respectively.
GiVlm :1' = (,1'1. . . . . :1',,) anel 11= (!fI . U,,). both in ]R". tlH'ir inner proelurt.
is (.LU) = ;rU/I +... +.1'"11,,. The norm of.1' is Ixl = J(:r,;r) anel thc opcn
ball centereel at.r and raelius r > O is B(.r:r) = {y in]R": Iy- :1'1< r}.

\Ve identi(v a linear map T:]R" --+]R'" with thc m x 11lllatrix lU = (a,}).
where T(ej) = ()Ii/l + ... + um,i/",. for each j = 1,... ./1. The n0r111of l'
is 111'11= sup{IT(v)1 : Ivl :s:1} aud wc have IT(v)1:s: IITIIlul.for ali v in ]R".
Hence. l' is continuous everywhere. \\Te also write Tv for 1'(1').

Let n 118an open set in ]R". Given a function }' : n --+ ]R1/!.we denote
by F, : n --+ ]R the ith component of F. for each i

= 1 m. \Ve say that
F is elifferentiable aI, p in n if there is a linear lllap D F(p) : ]R" --+ ]R'" anel
a function E : B(O: r) --+ ]R1/!elefineel on some B(O: r). with r > O, such that
F(p + h) = F(p) + DF(p)(h) + E(h)lhl, for ali Ihl < r. where E(h) --+

() a,;

h --+ O anel E(O) = O. The function F is elifferentiahle if it is elifferentiable at
ali points in n. The matrix identified with DF(p) is the .Jacobian matrix of
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F at p,

(

!/b-(p)
âF. <i.r,

JF(p) = (~(P) ) =
.

:
d:1'j ISiSm . ;

lSiS" ';/;:;' (p)

!/b-(p)

)

();l"n

1!1':", (p)
rJ'/'H

[if /li = 1. then we write JF(p) = V'F(p)]. We say that F is of class el if F

and its first-oreler partial derivatives are continuous on n. In such case. we
also say that F is in e1(n:~"').

The following lel1ll1la (a particular case 01' the chain rule but sufficient for
our purposcs) is a local result. For practicality. we enunciate it for a function
F defi11('d on ~".

Lenlnla 1. Lei F : ~" -+ ~m lJe dijJerentialJle. T : ~k -+ ~" be the linmr
fnnction associated to a 11 x k 7'f!al matriJ: "U. and y lJe a fixed point in ~".

Then. lhe fl/.nclion (;(.1') = F(y + 1'.1'). where .1' is in ~k. is di.fJerentialJle and
salisfies JG(.I') = J F(y + 1'.1')l\I. for all .1' in ~k.

PHOOF. Let us fix .1' in ~k. Given e in ~". hy the differentiahility Df F we
have F(y+TI'+ lI) = F(y+Tr) +DF(y+TI')l'+E(e)Il'I. wherc E(l') -+ Oas

I' -+ O. Substituting /. = Th, where h is in ~k. into til<' last identity \VI' obt.ain

G(.I' + h) = G(:r) + DF(y + 1'.r)1'h + E(Th)I1'hl. Thus, supposing h j O. we

have IE(Ti';:(', I I s IE(Thl\~:ITIl1hl IITIIIE(Th)l. If h --7 O. t.hen Th --7 O anel
E(Th) --7 O. Hence. G is clifferentiable ai .1' and JG(J') = J F(y + TI')l\I. D

\Vith the hypot.hesis on Lel1lma 1, we see that if F is e1 then G is also el.
Given a and b. both in ~Il, we put ob = {a + t(b - a) : O S I S l}.

The following lel1lma. the mean-value theorel1l in several variahles, is a trivial
consequence Df the mean-value theorem on the realline and thus we omit the
proof.

Lemma 2. Lei 1lSconsideroF : n -+ ~ differentiable. with n open in ~". Let
a and b be points in n sueh that the segment ob is within n. 1'hen. thf:r'f:exists
(' in ub satisfying

F(b) ~ F(a) = (V'F(e). b -
a) .

\Ve denote the determinant 01' a real square matrix AI by det lU.

Lemma 3. LeI. F be in e1 (n; R"). with n open within ~". and p in n sat-
isfying detJF(p) j O. 1'hf:n. Frestr'icted 1.0some ball B(p;r). with I' > O. is
injer:!Úw.
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PnOOF. (See Bliss [1]) Sinee F is of elass CI anel lhe eleterlllinant funetion

cld : IR,,2 -t IR is contillllOllS aliei eleL.JF(p) = eld (h)
V (p)) cJ O. Llwr(' is(,)'j

r > () sueh that det (h) V
((' j ) ) does not vanish. for ali (,j in B(p: r). where(,r) .

1 :s; i.j :s;n.
Ld 11anel li h(' distiucL in B(p: /'). Ry <'lIlplo.villl!; tl)(~ 1Il<~au-value th('on~1Il

in several variables to eaeh eOlllponent Fi of F. we finei Ci in the seglllent ab.
within B(p; r). sueh that F,(b) - F,(a) = (\lF,(Ci).b - a). Henee.

Sinee eleI ( iJ
)
F, (Ci) ) cJ O anel b - a cJ O. we eonelude that F(b) cJ F(a). D(,r]

3 The Implicit and the Inverse Fllnction Theorems.

The first illlplieit function result we prove eoncerns one equation anel several
variables. We derlOte the variablP in IR"+1 = IR" x IR by (T. V), wlwn' .1'=
(;1'1 .:1',,) is inIR" and V is inIR.

Theorem 4. Lei F : n -t IR be of class C1 in an open sei n inside IR" x IR
and (a. b) be a Jioint in ~1sueh Ihal F(a. b) = O and ~;;'(a.b) > O. Then. IlIeTe
e.Tisl open seis X C IR" and Y C IR. with (a. b) E X x Y C n. salí8fving lhe
following.

. There ís a unique f : X -t Y sueh lha I FCr. f(.r)) = O. fOT all .1'E X.

. We have fia) = b. MOTeoveT. lhe fnnction f i8 of class Cl and salisfies

f:F (.1'. f(.I'))(.Tj
for ali ~r in X. wherc j

= 1. . . . . H.
%;;'(.r.f(x))

.

PROOF. Let us split the proof into three parts: existence anel uniqueness.
continuity. anel clifferentiahility.

o Existence and Uniq ueness. Sinee iJ)F (a. b) > O.by continuity thcre cxists aey' . .
non-clegcnerate (71+ 1)-clilllensional parallelcpipecl X' x [b1.b2]. centcred
at (a. b) anel contained in ~!. whose eelges are parallel to the coorclinate
axes such that 71;;' > O on x' x [b1.b2]. Then. the function F(a.y).
wlw]'(~ 11nlns over [b1.h2]. is strictly increasing anrl F(a./I) = O. Tlms.
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we have F(a,bd <
°

aud F(a,b2) > O. By the coutiuuity of F, there
exists au opeu uou-degeuerate n-dimeusioual parallelepiped X. ceutered
at a alHl coutailH~d iu X', whose edges are para11d to tlw coordiuatc
axes sueh that for every .1' iu X we have F(.l', bd <

°
anel F(.1',b2) > 0,

Hcnc'c. fixiug au arhitrary .l' in X auel employiug the intermeeliate-value
1]worelll ou til(' strictly iJlcn~asiug fuuctioJl PCI'. !/), when' !/ ruus ovcr
[b1, b2], yields the cxisteuce of a uuique y i(.r) iuside the opcu iuterval
Y (b1.b2) sueh that F(.r,/(:I')) = 0,

o Continuity, LeI, {)1 aml h:; he such Uml {'I < bl < b < b2 < b2. Frolll
ahove, therc exists au opeu set X", eoutaiueel iu X auel eoutainiug a.
sueh that i(,r) is iu the opeu iuterval (IJ;, b2), for 11.11:1'iu X". Thus, i is
eoutinuous at :1' = a. Now, givell a.ny a' in X. wc put b' = ira'). Then,
f: X -+ Y is a solutiou of the problem F(.l'.h(.r)) = 0, for all.r iu X,

with the eouelitioll h(a') = b' Thus. from what we have just eloue it
follows that i is coutiuuous at a'.

o Differentiability. [At this poillt iu the 1'1'001'.Diui weut ou to use a eom-
paetucss argumeut. whereas we wil1 use the mean-value theorem iusteael.]
G iV(~JI,1' iu X alld j iu {1. . . . . fi}, ld ('j h(~ the ,Íth cHlIOl1ical V('ctOI' ill IR/I

aud tI'O be small enough so that :1'+ tej is iu X. Plltting P = (:r, f(.1'))

auel Q = (.I'+tej.f(.l'+tej)). we have F(P) = °
F(Q). l\Ioreover,

Q-P = (O,... .0. i.O,... ,0, f(;I'+k;) - Jll')) is inlR"+1, when'/ is the
jth coorelinate of Q -

p, Thus. hy employing the mean-value theorcm iu
several variables on F restrieted to the segmeut PQ withiu the opcn set
X x Y. wc finel a poiut (x, Y). elepeueling ou t auel insiele PQ, satisfyiug

(]
= F(q)

- F(P) = (\lF(1'.y),q - P)
~)
}F (x, y)t + 0)1" (x, y)[J(.1' + te J - f(,r)].(

.1)
(y ,

Sinee f is eontinllolls. we have (x, y) -+ P = (:1'.
f (.l')) as i -+ O. I\Iore-

over. .')'JF auel iJ)F are eontinuous, with 0)1" uot vauishing ou X x Y. Thus,(
:1'j (li . (!J ..

by employing the ieleutities displayeel right ahove we couclude that

. f (.I'+te .I)-f(.l')
OF(x,Tj) ~JFCr,f(.l'))

hm = lim _
':";'

,).Ij

ttO / 1->0 1/~(x.y) =-~J~~'(.l'.f(.I'))'

This giv!'s the desir!'d fonllula for l
i
)!

alld iIllpli!'s Ihal f is of class CI,(,1'J

D
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Next. we prove the general ill1plicit fllnction theorel11. In general. we apply
this theorell1 when we have a nonlinear systell1 with 111eqllatíons and 11+ /li
variables. Analogously to a linear system. we interprel 'li variables as inde-
pendent variables and determine the remaining /li variables. called dependent
variables. aZia function of the 'li independent variables.

Lel ns iutroduce SOUl(' lwlpfnl nolatiou. As befoI'P. W(~ denote hy :,. =
(:1']. 1',,) a point in]P?" anel by y = CU] .y",) a point in ]p?1H.Given!1 an
opcn subset of]p?''' x ]p?rnanel a differentiahlc function F : n -7 ]p?/n.wc write
F = (F] Frn). with F, the ith component of F anel i

= 1 ./11. \Ve put

)

Analogously. we elefine the matrix ~~. = (~). with 1 -<::i -<::171anell -<::k -<::/I.

Theorem 5. (The Implicit Function Theorem). Lei. F be in C1(n:]p?rn).
wilh !1 0.11.open seI in ]P?" x ]P?"', and (a. b) a point in !1 sueh thal F(a. b) = O
and %;;'(a. li) is inucr/.ible. Then. thcrc e.ást an opcn se/. X, in.~Ú!ic]P?"and
eonlaining a, and an open seI.. y, irIBide]P?'" and eontaining b. sa.l:ish/ing the
.following.

. Given.1' irl X. Ihcre is a unique y = /(.1') zn Y sueh Ihat F(./'./(.I')) = O.

. We have f(o.) = b. Mor'couer. f : X -7 Yis o.f cla88 C1 and

[

ÜF .

]

-I

[

ÜF

]
.1f(:r) = - -;-(.r.f(.1')) -;-(.r./(.1')) . .for all:r in X.ay lnXm d.Tmxn

P]{OOF. \Ve splil the proof inlo fom parIs: fineling Y, existence anel differen-

tiahility. diITerentiation formula. aud uniqueness.

<>Finding Y. Defining <P(.r. y) = (:r. F(.r. y)). where (.r. y) is in n. we have

~ ) = elet i~F.
iiy y

with I the identit~, matrix of order /I anel () the 11x 111zero matrix. Tlms.
det .1cJ>(a.b) # O. As a consequence, shrinking !1 if neeeled. by Lelllllla a
we lllay assume Ihat cJ>is injective and !1 = X' x Y. with X' an open
sd in IP?/Ithat contains li, ,1,]]dY an open set in IR'" that contains b.
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<>Existence and differentiability. \Ve claim that the equation F(:I'. h(.r)) = O.
with the condition h(a) b. ha;; a solution i = i(.l') of class cl on some
opeu s('[ coutaiuiug a. Let lIS prove it hy iudllctiou ou 111.

The case m = 1 follows from Theorem.1. Let us assume that the claim
is true for m - 1. Then. fur the case m. fulluwing the uotatiuu F
(FI . FIII) we write F = (F2. .. '. F",). Furthenuore. we put (.r:.11)=
(.rl "r,,:yl y"'). .li' = (112 1111I)..11= (!/I:Y'). and (.r:y) =
(:1': .111: .li').

Let us consider the invertible matrix J = ~;;. (a. b) aud the associated
hijective linear functiou :r : ]R'" -+ ]RIII. By Lemma 1 we deduce that

the f11ll('tioll G(:l': .:) = F[:r: b+:r-I(: - b)], df'filled ill sO!lle o!>eu suhset

of]R" x]R11! that coutains (a. b). satisfies (interpretiug the variable.r as
a fixed panuneter) the identity i/I;(:r::) = ~~.[1';b + :r-I(: - b)]J-I

Heuce. the fuuctioll G satisfies 11; (a: b) = JJ-I aud til(' couditiou
G(a: b) o. Therefore. we may assume that J is the identity matrix
of order 111.

Now. let us cunsider the equation FI (:r: .111:y') = o. where l' and .li' are
independent variables and .111is a depeudem variahle. with the condition
!/l(a:b') = bl. Siuce ~(a;bl:b') = 1. there exists by Theorem 4 a

fuuction 'P(1'; .li') of class Cl on some opeu set [let us say. a cartesiau
product U x V of open sets] coutaining (a: b') that satisfies

Fd1': 'P(;r:!/'): !/'] = O and the condition 'P(a: b') = bl.

on this open set. NexL suhstitllting !/I = 'P(.r: !/') iuto F(1': YI: .li') O.
we look at sol ving the eq uation

F[:l':'P(:!'.!/');!/'] =0. with the coudition !/'(a) = b'.

Differeutiating F[1': -;(.1':y'); y']. with respect to !/2. . . . .!/",. we find

DF, D-;
'
) iJFi (

[)J.;
)~(a; b)-

iJ
(a; b + ~ a: b) = 0+-:--) (a: b . where 2 :S: i.J :S: m.

UYI Y) uYj
(

Yj

The matrix (~(a:b)). where 2:S: i.J:S: 11I. is the identity matrix of

order m - 1. Hence. by ind uction hypothesis there is a functionl!' of
class CI on an opeu set X containing a [with the image of ~. inside V]
that satisfies

F[:r; -;(:r;ll'(:r)).I/>(.r)] = O. for all:r in X. and the conditionl!'(a) = 1/.
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'Ve alHo have FI [.1':+"(.1':11'(.1')):(1'(.1')] = O. for all .1'in X. Definin):!; f(;r) =
(.;(.1':1/-(.1')):4)(J'»). wilh :1'in X. we oblain F[:r:f(;r)] = O. for ali .1'in
X. and f(a) = (iÇ(a:b')://) = (bl://) = b. where f is ofclass Cl on X.

o Differentiation formula. Differentiating F[.T. f(.r)] = O we find

O. with 1 ~ i ~ /li and 1 ~ k ~ n.

Inmatrix fOr1n. we write %1;'(.1', .f(;T») + %~;'(J'. .f(;l'») Jf(;r) = O.

o Uniqueness. Let .'I : X --+ Y be a function satisfying F(.r, .'1(;1'») = O,

for ali ,r in X, anel g( a) b. Given an arbitrar,v .1' in X. following
the definition of <I>we have <I>(;r.g(.T)) = (.r.F(;r.g(J')) = (.r.O) anel
<I>(.1',f(.r)) = (,r, F(.I'. f(.r)) = (.1'.O). Since in the first part of thi~ proof
(the

.,
tinding y" part) we established that <I>is injective. we eleeluce the

ielentity (:1'..'1(.1'»)= (:r.f(.r»). for all:r in X. Thus, .'I= f,

D

Theorem 6. (The Inverse Function Theorem). Lei, F : O --+ IR:.1I.where

n is an open sei in IR:.1I. be of class CI a.nri p a. point in n .S1Lchthat J F(p) is in-
uertible. Then. Ihere e,Tisl an open se/. X contairl'ing p. an open sei Y contain-

ill.'! F(p). anri Ilfllllction G: Y --+ X of cla88 ('I lha I 8ali8jies F(G(y)) = y.
for ali .11in Y. anri C(F(.T») = :1'. for all,r in X. M01'eO(J(T.

JC(y) = JF(G(y))-I. for ali y in Y.

PHOOF. \Ve split the proof int.o t\\'o parts: existence and differentiation for-
mula.

o Existence. Shrinking O. if nece~sary. hy Lemma :3we nmy as~ume that F
i~ injective. The function <I>(:r..l!) = F(:r) - .li, where (;1'. .li) i~ in n x IR:.1I.

is ofcla~~ ('I anel satisfies <I>(p,F(p») = O anel :~:~:(p.F(p)) = JF(p).
From the implicit function theorem it follows that there exisl an open
~et Y containing F(p) anel a function G : Y --+ O 01' elass CI ~uch
tlmt <I>(G(y).y) = F(G(.lI») -

y = O. for all y in Y. That is. we have
F(G(.lI)) = y. for all .li in Y.

HenCIJ. tl[() sei, Y is contained in the image of F. Since F is continuous

anel injective, the pre-image seI, X F-' (Y) is open. contains p. anel F
maps X biject.ivcly ont.o Y.

The ielentity F(G(y») = y, for all y in Y, implies that G maps Y to X.

Since F is bijective fl'Om X to Y, the map G is bijcctivc fl'Om Y to X.
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o Differentiation formula. Let
C(y) = (C](y) C,,(y)).
\Ve obtain

us \Vrite F(;r) = (F](.r),,,.,F,,(;r)) and
Differentiating (C1(F(:r)) C,,(F(;I')))

o

4 Some Final Remarks.

[I is lhe anthor's bPlief thaL in gmlPral. an denH'ntary and ('asy proof 01' a

theorem can help very much a beginner in getting a good understanding 01'
such theorem. Thus, the aUlhor hopes that this proof of the Implicit Function
TIH'orem providps a good alternative introduclioll 10 this fundamental t!H'owm
01' Real Analysis.
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