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Given a discrete group G, the operation natu-
rally extends to the Stone-Cech compactifica-
tion 3G of G so that for each a € G, the left

translation

BG S x — ax € BG

is continuous, and for each g € BG, the right
translation

B8G S x — xq € BG

is continuous.




We take the points of 3G to be the ultrafilters
on G, the principal ultrafilters being identi-
fied with the points of G, and G* = 8G\ G.
The topology of 3G is generated by taking as
a base the subsets

A={peBG: Acp}

where A C G. For p,q € 3G, the ultrafil-
ter pq has a base consisting of subsets of the

form
U xB.,
rcA

where A € pand B, € q.




For every p € G¥,
Ap : BG S — px € BG
is discontinuous, and moreover,

A;:G*BprmEG*

is discontinuous [Ruppert 1979, van Douwen
1991, Lau and Pym 1995].
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Question 1. Are there p,q € G™ such that
Ap (or A7) is continuous at q?




Recall that a nonprincipal ultrafilter p on w
is a P-point if the intersection of countably
many neighborhoods of p € w™ is again a
neighborhood of p. MA implies the existence
of P-points [Rudin 1956]. However, it is con-
sistent with ZFC that there is no P-point [She-

lah 1982].




Recall that a nonprincipal ultrafilter p on w
is a P-point if the intersection of countably
many neighborhoods of p € w™ is again a
neighborhood of p. MA implies the existence
of P-points [Rudin 1956]. However, it is con-
sistent with ZFC that there is no P-point [She-
lah 1982].

Example 1. Let G be a countable group and
let g € G™ be a P-point. Then for every
p € G*, A} is continuous at g, and if G is
Abelian, then ), is continuous at q.
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Notice that p is continuous at (p, q) if and
only if

{AB: A€ p,BE€q}

is an ultrafilter base.




For every countable Abelian group G with
finitely many elements of order 2 (in partic-
ular, for G = 7Z) and for every p,q € G*,
is discontinuous at (p, q) [Protasov 1996].
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Example 2. Assume MA. Let G = @ Zo.

There is a group topology on GG with exactly
two nonprincipal ultrafilters p, g on GG con-
verging to O such thatp+p = pand q+q =
P+ qg = q + p = q. It then follows that p
is continuous at (p, q).




Theorem 1. Let G be an Abelian group with
finitely many elements of order 2 such that
|G| is not Ulam-measurable and let p,q €
G™. Then p is discontinuous at (p, q).
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Equivalently, for every Abelian group G with

finitely many elements of order 2 such that
|G| is not Ulam-measurable (in particular, for
G = R) and for every nonprincipal ultrafil-
ters p, g on G,

{A4+B: A€ p,Bc€q}

is not an ultrafilter base.




Theorem 2. Let G be an Abelian group such
that |G| is not Ulam-measurable and let p, g €
G*. If Aj is continuous at g, then there is

f : G — w such that f(q) is a P-point.
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Corollary. It is consistent with ZFC that for
every Abelian group G and for every p,q €
G™, A, is discontinuous at g.




