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1. Introduction

S —aset. 6 CP(S) is a texturing of S (and
S is said to be textured by &) if

(1) (6,C) is a complete lattice containing S
and ), and

/\jeJAj = ﬂjeJAj: (Aj €6,j¢€J)

\/jeJAj = UjEJAjo (Aj e 6,7 € J) for all
finite J.

(2) 6 is completely distributive.

(3) & separates the points of S (i.e. given s #
so> in S there is A € & containing only one
of these two points).

We call (5,6) a texture space (M. Brown,
1980)



e In a texture, arbitrary joins need not co-
incide with unions, and clearly this will be
so if and only if & is closed under arbitrary

unions. In this case (S,8) is said to be
plain.

e A mapping o : & — & satisfying o(c(A)) =
AL VAeBGand ACB=0(B)Co(A), VA, B €
S is called a complementation on (S, S)
and (S,6,0) is then said to be a comple-
mented texture.



Examples

1. Foranyset X, (X,P(X),nx) is the comple-
mented discrete texture representing the
usual set structure of X. Here the com-
plementation 7x(Y) = X \VY, Y C X, is
the usual set complementation.

2. For I = [0, 1] define 3 = {[0,¢] |t € [0,1]} U
{[O,t) | t € [0,1]}. (I,T,t) is a comple-
mented texture, called the unit interval tex-
ture.

3. The texture (L, £) is defined by L = (0, 1]
and £ = {(0,r] | r € [0,1]}.



Two classical selection principles

A and B — sets of families of subsets of an
infinite set X.

For each sequence (An :n € N) in A there is a

sequence (By : n € N) of finite sets such that
for each n, By C An, and U,y Bn € B.

Sl(.A, B)Z
For each sequence (A, : n € N) in A there is

a sequence (by : n € N) such that for each n,
bn € Ap, and {b, : n € N} is an element of B.



Game Theory

Grin(A,B): in the n-th round ONE chooses a
set A, € A; TWO responds by a finite B,, C
An. The play (A1,B1,---,An, Bn,---) is won by
TWO if and only if Uyen Bn € B.

G1(A,B): in the n-th round ONE chooses a
set A, € A, and TWO b, € A,. TWO wins a
play (A1,b1;---; An,bpn;---) if {bp : n € N} € B;
otherwise, ONE wins.



2. Selection properties of texture spaces

Let (5,6) be a texture. A subset C of & is
said to beacoverofaset ACSiIfACVC; if
VC =S, then C is said to be a cover of S. By
C (or Cg when it is necessary) we denote the
family of all covers of S.

Definition. A texture space (S5,8) is said to
be Menger (Rothberger) if S satisfies the se-
lection property S¢;,(C,C) (S1(C,C)).

Textures having the Menger property satisfies:
each cover of S has a countable subcover. This
property will be called the Lindelof property.
For this reason we assume that all covers of a
texture are countable.



(S5,86) is a texture iff (S, &) is a C-space (1
topological space with a completely distribu-
tive lattice of open sets)

Proposition. (S,8) has the Menger property
implies that the topological space (S,&¢) has
the weak Menger property.



For a texture (S, 6) the symbol Cn denotes the
collection of all covers C of S with the property:

For each k£ and each partition C =(C1 U
-+ UC there is an ¢ < k with C; € C.

Theorem The following are equivalent in a
texture space (S, 6):

(1) S4in(C,C) holds;

(2) S+ (Co,C) holds.
f



Theorem. For a texture space (S,6) TFAE:

(1) S has the Menger property Sy, (C,C);

(2) ONE does not have a winning strategy in
the game G¢;,(C,C) on S.



Ramsey theoretic approach

Recall the following notion in Ramsey theory,
called the Baumgartner-Taylor partition rela-
tion. For each positive integer k,

A — [B]?

denotes the following statement:

For each A in A and for each function
f : [A]? — {1,---,k} there are a set
B € Bwith BC A, ajedl, -k}
and a partition B = U, <o Bn Of B into
pairwise disjoint finite sets such that
for each {a,b} € [B]? for which a and
b are not from the same B,, we have

f({a> b}) = .

Call a texture space (S,8) w-Lindeldf if each
C € Cq has a countable ¢’ c C with C' € Cq.



Theorem. Let (S,6) be an w-Lindelof texture
space. Then (1) = (2) below:

(1) ONE has no winning strategy in the game

(2) For each k € N the partition relation Co —
[C]2 holds.



A texture space (S, &) is said to have the dual-
Menger property if for each sequence (K :
n € N) such that for each n, £, C & and
Nnen Kn = 0, there is a sequence (Fp i n € N)
satisfying: (1) for each n, F, is a finite subset
of K, and (2) Npen{F : F € Fn} = 0.

T he dual-Rothberger property is defined sim-
ilarly.



Proposition. For a texture (S,&) the follow-
ing statements are equivalent:

(1) (S,6) has the dual-Menger property;

(2) (S,6° has the Menger property.

(3) For each sequence (7, : n € N) such that
TnCSand S=V{T :T € Tn}, n €N, there
is a sequence (¥, : n € N) such that (1)
for each n, ®, is a finite subset of 7,, and
(2) for each A € & there is B € Upeny Pn
with BN (S '\ A) # 0.



3. Selection properties of ditopological
texture spaces

A dichotomous topology on (S, &), or ditopol-
ogy for short, is a pair (r,x) of generally un-
related subsets 7, k of & satisfying

(r1) S, 0er,

(7‘2) Gl, G2€T=>G1HG2€T,

(13) G,eT,iel=V;G,; e,

(Rl) S? @ E H:r

(ko) Ki, Ko e k= KjUK>E€k,

(k3) K; €k, i€l =NK;EK.

(5,6,7,xk): Ditopological texture space.



Let (7,x) be a ditopology on (S,&) and take
A€ &, The set {G; |i € I} is called an open
coverof AifG; e rforallte ITand A C V,c1G;.

The family {F; | i € I} is called closed cocover
of Aif F; €k for all : € I and N7 F; C A.

Dicompactness

Let (7,x) be a ditopology on the texture (S, &)
and A € 6.

1. A is called compact if whenever {G; | i €
I} is an open cover of A then there is
a finite subset J of I with A C U;ecsGj.
The ditopological texture space (5,6, 1, k)
is called compact if S is compact.



2. A is called cocompact if {F; |i € I} is a
closed cocover of A then there is a finite
subset J of I with N;c;F; € A. The di-
topological texture space (S, S, 1, k) is called
cocompact if () is cocompact.

3. (7,k) is called stable if every K € k with
K # S is compact.

4. (t,k) is called costable if every G € T with
G #= () is cocompact.

A ditopological texture space (S, S, 1, k) is called
dicompact if it is compact, cocompact, stable
and costable.

A ditopological texture space (S,6,7,k) is o-
compact (o-cocompact) if S is a countable
union of compact sets (@ is a countable in-
tersection of cocompact sets).



Selection properties and ditopology

Let (5,6, 7, k) be a ditopological texture space
and A a subset of S.

A is said to have the Menger property if for
each sequence (U, : n € N) of open covers of
A there is a sequence (V, : n € N) of finite
sets such that for each n € N, V, C U, and
A C VpenVVn. (S,6,7,k) is Menger if the set
S is Menger. (This is denoted by S¢;,(0g,0g);
65 — the family of open covers of S.)

A is said to have the co-Menger property if for
each sequence (F, : n € N) of closed cocovers
of @ there is a sequence (K, : n € N) of finite
sets such that for each n € N, K, € F, and
NnenNKr is a closed cocover of A. (S,6,7,k)
is co-Menger if ) is co-Menger. (Notation:
Scrin(Pg, Pg); Pg is the family of closed co-
covers of S.)



The Rothberger and co-Rothberger properties
of a ditopological spaces are defined in a similar
way.

Proposition. Let (5,85, 7, ) be a ditopological
texture space.

a) If (5,6,7,k) is o-compact, then (5,6, 7,k)
has the Menger property. (b) If (5,6, 71,k) is o-
cocompact, then (S, S, , k) has the co-Menger
property



Example. There is a ditopological texture
space which is Menger (in fact Rothberger),
but not compact.

Let (R, R, Tp, kgp) be the real line with the tex-
ture R = {(—oo,r] : 7 € R}U{(—00,7) : 7 €
R} U {R, 0}, topology g = {(—o0,7) : 7 € R} U
{R,0} and cotopology krp = {(—oo,r] : r €
R} U {R,0}. This ditopological texture space
is neither compact (because the open cover
U= {(—oco,n) : n € N} does not contain a finite
subcover) nor cocompact (because its closed
cocover {(—oo,r] : r € R} does not contain
a finite cocover). But (R,R, T, kr) is Roth-
berger and co-Rothberger. Let (U, : n € N) be
a sequence of open covers of R. Write R =
U{(—o0,n) : n € N}. For each n there is some
rn € R such that (—oco,n) C (—oco,rn) € Up.
Then the collection {(—oo,ry) : n € N} shows
that (R, R, Tr, kp) iS Rothberger.



Proposition. Let (S5,6,0) be a texture with
the complementation o and let (7, x) be a com-
plemented ditopology on (S,8,0). Then S ¢

Sfin(eSaeS) if and only if 0 € Scﬁn(gs,gs).

Proposition. Let (S,6,0) be a texture with
complementation o and let (r,x) be a com-
plemented ditopology on (S,6,0). Then for
K e r with K # S, K € S7;,(0,0) if and only if
G € S.in(3,8) for Gerand G # 0.



Operations

For a texture space (S5,86) and a set A € & the
texturing 64 = {ANK : K € &} of A is called
the induced texture on A, and (A, & 4) is called
a principal subtexture of (5,8).

Proposition. Let (S,6,0,7,xk) be a comple-
mented ditopological texture space. If S is
Menger and A € k, then (A,84,74,k4) is also
Menger.



Remark. If S is co-Menger and A € 7, then
(A, S 4,74,k 4) IS also co-Menger.

An open cover U of a ditopological texture
space (S,6,0,7,k) is said to be an w-cover if
for each finite F* C S there is an element Ug of
U such that F C Up.

Proposition. The following are equivalent for
a ditopological texture space (S,6,0,7,K):

(1) For each sequence (U, : n € N) of w-covers
of S there are finite sets V,, C U, n € N,
such that U, ey Vn IS an w-cover of S,

(2) Each finite power of S has the Menger
property.



THANK YOU!



