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Oz spaces

A subset S of a topological space X is in X in case each
zero-set of S is the restriction to S of a zero-set of X.
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@ Spaces in which special sets are z-embedded, Can. J. Math., 28 (1976), 673-690,

Blair calls a Tychonoff space X an if every open set of X is
z-embedded.
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Oz spaces

A subset S of a topological space X is in X in case each
zero-set of S is the restriction to S of a zero-set of X.

In the article
@ Spaces in which special sets are z-embedded, Can. J. Math., 28 (1976), 673-690,

Blair calls a Tychonoff space X an if every open set of X is
z-embedded.

A useful characterisation is that X is an Oz space if and only if every
regular-closed subset of X is a zero-set.
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Frames

oA is a complete lattice L in which the distributive law

an\/S=\/{arx|xe S}

holds forallac Land S C L.
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Frames

oA is a complete lattice L in which the distributive law

an\/S=\/{arx|xe S}
holds forallac Land S C L.

° are maps that preserve the frame
structure.

@ An example of a frame is the lattice of open subsets O X of a
topological space X.
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Frames

@ Anelement aof Lis an element b, written a < b, in
case there is an element s, called a element, such that
ans=0andsVvb=1.
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Frames

@ Anelement aof Lis an element b, written a < b, in
case there is an element s, called a element, such that
ans=0andsVvb=1.

@ The frame L is ifa=\/{xelL|x< a}foreachac L.

@ Anelement ais b, written a << b, if there are
elements (x;) indexed by rational numbers Q N [0, 1] such that
a= xg, X1 =band x, < xs forr <s.

@ The frame Lis ifa=\/{xeL|x =< a}for
each a € L.
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Frames

@ Coz L is the cozero part of L, and is the
consisting of all the cozero elements of L.
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Frames

@ Coz L is the cozero part of L, and is the
consisting of all the cozero elements of L.

@ [SListhe of L and it is the frame of
regular ideals of Coz L. We denote by j, : L — L the join map
J — \/J, and the right adjoint of j; is here denoted by r;.

@ Bya of a frame we mean a prime element, that is, an
element p < e such that for any a and b in the frame, aA b < p
implies a < p or b < p. We denote by Pi(L) the set of all points of
L.
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Frames

@ An element a of a frame L is called whenever a=\/ S
implies a =/ T for some countable 7 C S, and L is Lindelof
whenever e € L is Lindelof.
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Frames

@ An element a of a frame L is called whenever a=\/ S
implies a =/ T for some countable 7 C S, and L is Lindelof
whenever e € L is Lindelof.

@ For any sublattice A of a frame L, anideal J C Aiis called
Q if \/ S # e for any countable S C J, and

o if\VJ#e,
the joins understood in L.

@ Aframe Lis if any o-proper maximal ideal in Coz L is
completely proper.

@ A topological space X is iff it can be embedded as a
closed subset of a product of copies of the real line R.
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Oz frames

Oz frames are the natural pointfree counterpart of Oz spaces.
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Oz frames

Oz frames are the natural pointfree counterpart of Oz spaces.

@ B. Banaschewski, T. Dube, C. Gilmour, J. Walters-Wayland, Oz in

pointfree topology
Quaestiones Mathematicae 32 (2009), 215-227.

They define a frame L to be an Oz frame if every a € L is
coz-embedded.

Example
@ Every Boolean frame L is Oz.

@ If L=9X, then Lis an Oz frame iff X is an Oz space.
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Pointfree ring R L

Throughout, by “ring" we mean a commutative ring with identity. For a
ring Aand a € A, we let let Max(A) denote the set of maximal ideals of
A. We set
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Pointfree ring R L

Throughout, by “ring" we mean a commutative ring with identity. For a
ring Aand a € A, we let let Max(A) denote the set of maximal ideals of
A. We set

M(a) = {M € Max(A) |ac M} and M(a) =(|M(a).
In the article

@ G. Mason, z-Ideals and Prime Ideals, J. Alg. 26 (1973), 280-297,
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Pointfree ring R L

Throughout, by “ring" we mean a commutative ring with identity. For a
ring Aand a € A, we let let Max(A) denote the set of maximal ideals of
A. We set

M(a) = {M € Max(A) |ac M} and M(a) =[)M(a).
In the article

@ G. Mason, z-Ideals and Prime Ideals, J. Alg. 26 (1973), 280-297,

Mason calls an ideal / of Aa if forany aand b in A,

acl and M(a)=Mmb) = bel

Oghenetega Ighedo (UNISA) Oz-spaces 8/16



Pointfree ring R L

Let L be a completely regular frame, and RL be the ring of real-valued
continuous functions on L with R*L as the subring of its bounded
elements.
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For any a € L we abbreviate M9 as M., and remark that
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Pointfree ring R L

Let L be a completely regular frame, and RL be the ring of real-valued
continuous functions on L with R*L as the subring of its bounded

elements.
For | € 5L,

M' ={aeRL|r(coza)C I} and O'={a e RL| r(coza) < I}.

For any a € L we abbreviate M9 as M., and remark that

M; ={a € RL|coza < a}.

The maximal ideals of RL are precisely the ideals M’ for | € Pt(j5L).
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Pointfree ring R L

It is shown in
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Pointfree ring R L

It is shown in

@ T. Dube, Contracting the socle in rings of continuous functions,
Rend. Sem. Mat. Univ. Padova, 123 (2010), 37-53.

that annihilator ideals in R L are precisely the ideals M-, forac L. In
particular, for any o € RL, Ann(a) = Mcoz o)+ -

For any Tychonoff space X, the rings C(X) and R(DX) are
isomorphic.

@ B. Banaschewski, The real numbers in pointfree topology,
Textos de Matematica Série B, Departamento de Matematica da Universidade de
Coimbra, 1997.
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Characterisation

Anideal of aring Ais a if it is of the form M(a) for
some a € A.

Oghenetega Ighedo (UNISA) Oz-spaces 11/16



Characterisation

Anideal of aring Ais a if it is of the form M(a) for
some a € A.

Corollary

An ideal of RL is an intersection of maximal ideals iff it is of the form
M', for some | € SL.
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In the ring R L, principal z-ideals have the following description.
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Characterisation

Anideal of aring Ais a if it is of the form M(a) for
some a € A.

Corollary

An ideal of RL is an intersection of maximal ideals iff it is of the form
M', for some | € L.

In the ring R L, principal z-ideals have the following description.

Lemma
Principal z-ideals of RL are precisely the ideals M, for ¢ € Coz L. J
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Proof.
We recall that M(a) = [({M € Max(RL) | o« € M}.
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Proof.
We recall that M(a) = (\{M € Max(RL) | « € M}.

Put ? = {/ € Pt(8L) | « € M'}, then

P ={lePtpL) | r(coza) < I}.
Since SL is spatial,
AP = N{l€PtsL)]| r(coza) < I} = ri(coza). So,
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Proof.
We recall that M(a) = (\{M € Max(RL) | « € M}.

Put P = {/ € Pt(8L) | « € M'}, then

P ={lePtpL)| r(coza) < I}.
Since SL is spatial,
AP = N{l€PtsL)]| r(coza) < I} = ri(coza). So,

M(e) = [{{M e Max(RL) | o € M}

= (M |IcP}
= M""and by the Corollary,
,WL(coz a)

M(coz a):
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Characterisation

We say aring is an if every annihilator ideal of the ring is a
principal z-ideal.
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Characterisation

We say aring is an if every annihilator ideal of the ring is a
principal z-ideal.

Proposition

A completely regular frame L is an Oz-frame iff RL is an Oz-ring.

Proof.

Suppose L is an Oz-frame, and let Q be an annihilator ideal of R L.
Then there is an a € L such that Q = M,-. Since L is an Oz-frame,

a* € CozL, hence Q is a principal z-ideal, and therefore R L is an
Oz-ring.

Conversely, suppose RL is an Oz-ring. Forany a € L, My is an
annihilator ideal, and so, by hypothesis, there is a ¢ € Coz L such that
M.« = M., so that a* = c. Therefore L is an Oz-frame. O

y

Oghenetega Ighedo (UNISA) Oz-spaces 13/16



Characterisation

The property of being an Oz-ring is preserved by ring isomorphisms.
Since X is an Oz-space if and only if OX is an Oz-frame, and since
C(X) = R(DX), we have the following result.
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Characterisation

The property of being an Oz-ring is preserved by ring isomorphisms.
Since X is an Oz-space if and only if OX is an Oz-frame, and since
C(X) = R(DX), we have the following result.

Corollary

A Tychonoff space X is an Oz-space iff C(X) is an Oz-ring. A
realcompact space is Oz iff its Stone-Cech compactification is Oz.

Definition
@ A subspace S of a topological space X is in X if
every function in C(S) can be extended to a function in C(X).

@ An onto frame homomorphism h: L — Mis a map if for
every frame homomorphism ~v: OR — M there is a frame
homomorphism ¢: OR — L such that hod = ~.
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Characterisation

In Lemma 2 of the article

@ B. Banaschewski, On the function ring functor in pointfree topology, Appl. Categ.
Structures 13 (2005), 305-328,
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if and only if the ring homomorphism Rh: RL — RM is one-one.
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Characterisation

In Lemma 2 of the article

@ B. Banaschewski, On the function ring functor in pointfree topology, Appl. Categ.
Structures 13 (2005), 305-328,

Banaschewski shows that a frame homomorphism h: L — M is dense
if and only if the ring homomorphism Rh: RL — RM is one-one.

Consequently, Rh: RL — RM is an isomorphism if and only if
h: L — Mis a dense C-quotient map. This yields the following results.

Corollary

A frame L is an Oz-frame iff \L is an Oz-frame iff vL is an Oz-frame. A
Tychonoff space X is an Oz-space iff vX is an Oz-space.

v

Corollary

Every dense C-embedded subspace of an Oz-space is Oz. If a space
has a dense C-embedded subspace which is Oz, then the space itself
is Oz.
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