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About

In 1990, Tkachenko showed that the free abelian group of size c can be
endowed with a countably compact Hausdorff group topology under CH.

Ten years later, Koszmider, Tomita and Watson obtained such a topology
from MA(countable).

In 2007, Madariaga-Garcia and Tomita showed that MA was not
necessary: the existence of c many pairwise incomparable selective
ultrafilters implies the existence of a countably compact Hausdorff group
topology on the free abelian group of size c.

In this talk, I will try to give an idea of how their construction can be
adapted in order to endow the additive group of the real line with a
countably compact Hausdorff group topology (without non-trivial
convergent sequences).
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Overview

We will identify R with Q(c) and construct a group monomorphism

Φ : Q(c) → Tc

so that Φ[Q(c)] is countably compact and has no convergent sequences
(except the trivial ones) when considered with the subspace topology
induced by Tc.

How such embedding will be constructed?
We will associate to each α < c a group homomorphism φα : Q(c) → T
satisfying two conditions and Φ will be given by

Φ : Q(c) → Tc

J 7→ Φ(J)

where
Φ(J)(α) = φα(J), for every α < c.
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Overview

One of these conditions will guarantee that Φ is injective and the other
will ensure that every non-trivial sequence in Φ[Q(c)] admits two
accumulation points.

Each φα will be settled in two stages:

(1) We will first construct a group homomorphism φ from a countable
subgroup of Q(c) to T by induction;

(2) We will extend φ to Q(c) and, then, obtain φα.

In every inductive step, we will approximate the values of φ by non-empty
open arcs of T. To make this possible, we will deal only with sequences
where there is enough “freedom” to prescribe a pre-determined
accumulation point.
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Sorting the sequences

If J ∈ Q(c) and µ ∈ supp J, then

J(µ) = p(J,µ)
q(J,µ)

where q(J, µ) > 0 and gcd(p(J, µ), q(J, µ)) = 1. Define

d(J) = lcm{q(J, µ) : µ ∈ supp J} and a(J, µ) = d(J) · J(µ).

Define, also,
|p(J)| = max{|p(J, µ)| : µ ∈ supp J}

and
|q(J)| = max{q(J, µ) : µ ∈ supp J}.

Definition

We say that f : ω → Q(c) is of type i if f satisfies condition (i) described
below:

(1) supp f (n) \
⋃

m<n supp f (m) 6= ∅, for every n ∈ ω;

(2) |q(f (n))| > n, for every n ∈ ω;

(3) {|q(f (n))| : n ∈ ω} is finite and |p(f (n))| > n, for every n ∈ ω.
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Sorting the sequences

Proposition

If f : ω → Q(c), there exists j : ω → ω strictly increasing such that f ◦ j is
either constant or of type i, for some i ∈ {1, 2, 3}.

Let F be the set of all sequences in Q(c) that are of type 1, 2 or 3. Fix
{fξ : 0 < ξ < c} an enumeration of F such that⋃

n∈ω
supp fξ(n) ⊂ ξ, for every ξ ∈]0, c[.

Fix also {pξ : 0 < ξ < c} a family of pairwise incomparable selective
ultrafilters and {Jα : α < c} an enumeration of Q(c).

Proposition

For every α < c, there exists φα : Q(c) → T a group homomorphism such
that:

(i) φα(Jα) 6= 0 + Z;

(ii) φα(χξ) = pξ − lim{φα(fξ(n)) : n ∈ ω}, for every ξ ∈]0, c[.
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A countably compact group topology on the real line

Theorem

Under the existence of c many pairwise incomparable selective ultrafilters,
the additive group of the real line admits a countably compact group
topology without non-trivial convergent sequences.

Proof.

Consider f : ω → Q(c). If f is non-trivial, then f has two constant and
distinct subsequences or f has an injective subsequence. If f ◦ j1 is an
injective subsequence of f , there exists j2 : ω → ω strictly increasing such
that n 7→ f ◦ j1 ◦ j2(2n) and n 7→ f ◦ j1 ◦ j2(2n + 1) belongs to F . So,
they are given respectively by fξ0 and fξ1 , for some ξ0, ξ1 ∈]0, c[.
Since φα(χξi ) = pξi − lim{φα(fξi (n)) : n ∈ ω} for every α < c, we have
Φ(χξi ) = pξi − lim{Φ(fξi (n)) : n ∈ ω}. Thus, χξ0 and χξ1 are (distinct)
accumulation points of {f (n) : n ∈ ω}. It implies that f is not
convergent and that τ = {Φ−1(U ∩ Φ[Q(c)]) : U is an open set of Tc} is
a countably compact group topology on Q(c).
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Constructing group homomorphisms

Fix α < c and let E ∈ [c]ω be such that:

• supp Jα ⊂ E ;

•
⋃

n∈ω fξ(n) ⊂ E , for every ξ ∈ E \ {0}.

We obtain {Ek : k ∈ ω} ⊂ [E ]<ω, {bk : k ∈ ω} strictly increasing,
{rk : k ∈ ω} and i : ω → E \ {0} such that:

• supp J ⊂ E0 and E =
⋃

k∈ω Ek ;

• i(k) ∈ Ek and Ek+1 ⊃ Ek ∪ supp fi(k)(bk);

• {bk : k ∈ i−1({ξ})} ∈ pξ;

• fi(k) of type 1: supp fi(k)(bk) \ Ek 6= ∅;
• fi(k) of type 2: |q(fi(k)(bk))| · rk > d(J) ·

∏
m<k d(fi(m)(bm)) =: ck ;

• fi(k) of type 3: |a(fi(k)(bk))| · rk > 4 · d(fi(k)(bk));

• r0 = 1
4·
∑

µ∈supp J |a(J,µ)|
;

• rk+1 = rk
2·
∑

µ∈supp fi(k)(bk )
|a(fi(k)(bk ),µ)|

, for every k ∈ ω.
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Constructing group homomorphisms

Lemma

Let {pj : j ∈ ω} be a family of pairwise incomparable selective ultrafilters.

For each j ∈ ω, let {ajk : k ∈ ω} ∈ pj be an increasing sequence such that

k < ajk for every k ∈ ω. Then, there exists a family {Ij : j ∈ ω} of
pairwise disjoint subsets of ω such that:

(i) {ajk : k ∈ Ij} ∈ pj , for every j ∈ ω;

(ii) {[k, ajk ] : k ∈ Ij , j ∈ ω} is a family of pairwise disjoint intervals of ω.
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Constructing group homomorphisms

How to construct φ : Q(E) → T?
First, we guarantee that φ(Jα) 6= 0 associating to each ξ ∈ E0 an open
arc ψ0(ξ) with diameter r0/d(J) such that
0 + Z 6∈

∑
ξ∈supp J a(J, ξ) · ψ0(ξ).

In a successor step k + 1, we will associate to each ξ ∈ Ek+1 an open arc
ψk+1(ξ) such that:

(1) d(fi(k)(bk)) · ψk+1(ξ) ⊂ ψk(ξ), if ξ ∈ Ek ;

(2) ck · d(fi(k)(bk)) · δ(ψk+1(ξ)) = rk+1 ∀ξ ∈ Ek+1;

(3) δ(
∑
ξ∈supp fi(k)(bk ) a(fi(k)(bk), ξ) · ψk+1(ξ)) ≤ rk/ck ;

(4) ψk(i(k)) ∩
∑
ξ∈supp fi(k)(bk ) a(fi(k)(bk), ξ) · ψk+1(ξ) 6= ∅;

If we define φ(χξ) =
⋂

k≥Nξ
ck · ψk(ξ) where Nξ = min{n ∈ ω : ξ ∈ En}

we conclude that

{φ(fi(k)(bk))) : k ∈ i−1({ξ})} → φ(χξ)

and, therefore, that φ(χξ) = pξ − lim{φ(fξ(n)) : n ∈ ω}.
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Constructing group homomorphisms

Lemma

For every α < c, there exists φα : Q(c) → T a group homomorphism such
that:

(i) φα(Jα) 6= 0;

(ii) φα(χξ) = pξ − lim{φα(fξ(n)) : n ∈ ω}, for every ξ ∈]0, c[.

Proof.

We have φ : Q(E) → T satisfying (i) and (ii) for each ξ ∈ E \ {0}. Let
{αξ : ξ < c} be a strictly increasing enumeration of c \ E . Define
φ(χα0) = pα0 − lim{φ(fα0(n)) : n ∈ ω} and extend φ to a group
homomorphism from 〈Q(E) ∪ {α0}〉 to T. Since T is a divisible group, it
is possible to extend φ to a group homomorphism from Q(E∪{α0}) to T.
Repeating inductively this construction, we obtain φα : Q(c) → T
satisfying (i) and (ii).
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Generalizations
Almost torsion-free abelian groups

An abelian group G is said to be almost torsion-free if

G [n] = {x ∈ G : nx = 0}

is finite for each positive integer n.

Theorem (B.-Tomita, Houston J. Math. (2013))

Under the existence of c many pairwise incomparable selective ultrafilters,
if G is an abelian almost torsion-free group such that |G | = c, then G
can be endowed with a countably compact group topology without
non-trivial convergent sequences.
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