354 6 Continuous-Time Markov Chains

(b) Let X,,...,X; denote independent exponential random variables
each having rate 4, and interpret X as the lifetime of component i. Argue
that max(X,,..., X;) can be expressed as

maX(Xl,...,Xj): 81+82+ +£j

where ¢,,¢,,...,¢; are independent exponentials with respective rates j4,
(j—DA,..., A

Hint: Interpret ¢ as the time between the i — 1 and the ith failure.
(c) Using (a) and (b) argue that
Pl + -+ T;<t}=(1—e™ %)
(d) Use (c) to obtain that
Pyl = ~ e~ M)t (1 —e Y =e ¥(1 — e !

and hence, given X(0) = 1, X(f) has a geometric distribution with parameter
— At

pi= g,

(¢) Now conclude that

pyo = (1) - e

12. Each individual in a biological population is assumed to give birth at
an exponential rate 4, and to die at an exponential rate p. In addition, there
is an exponential rate of increase 6 due to immigration. However, immigra-
tion is not allowed when the population size is N or larger.

(a) Set this up as a birth and death model.
(b) If N=3, 1 =0=A4, p=2, determine the proportion of time that
immigration is restricted.

13. A small barbershop, operated by a single barber, has room for at most
two customers. Potential customers arrive at a Poisson rate of three per
hour, and the successive service times are independent exponential random
variables with mean 4 hour. What is -

il (a) the average number of customers in the shop?
i | (b) the proportion of potential customers that enter the shop?
5 (c) If the barber could work twice as fast, how much more business
would he do?

e 14. Potential customers arrive at a full-service, one-pump gas station at a
i Poisson rate of 20 cars per hour. However, customers will only enter the
: station for gas if there are no more than two cars (including the one
currently being attended to) at the pump. Suppose the amount of time













