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Abstract

We give a comprehensive review of various methods to define currents and the energy-mo-
mentum tensor in classical field theory, with emphasis on a geometric point of view. The ne-
cessity of “improving” the expressions provided by the canonical Noether procedure is
addressed and given an adequate geometric framework. The main new ingredient is the explicit
formulation of a principle of ““ultralocality” with respect to the symmetry generators, which is
shown to fix the ambiguity inherent in the procedure of improvement and guide it towards a
unique answer: when combined with the appropriate splitting of the fields into sectors, it leads
to the well-known expressions for the current as the variational derivative of the matter field
Lagrangian with respect to the gauge field and for the energy-momentum tensor as the vari-
ational derivative of the matter field Lagrangian with respect to the metric tensor. In the sec-
ond case, the procedure is shown to work even when the matter field Lagrangian depends
explicitly on the curvature, thus establishing the correct relation between scale invariance,
in the form of local Weyl invariance “on shell”, and tracelessness of the energy-momentum
tensor, required for a consistent definition of the concept of a conformal field theory.
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1. Introduction

The energy-momentum tensor of a classical field theory combines the densities
and flux densities of energy and momentum of the fields into one single object.
However, the problem of giving a concise definition of this object able to provide
the physically correct answer under all circumstances, for an arbitrary Lagrangian
field theory on an arbitrary space-time background, has puzzled physicists for de-
cades.

One of the most traditional approaches to the question is based on the Noether
theorem, according to which a field theory with space-time translation invariance
has a conserved energy-momentum tensor. Unfortunately, the so-called canonical
energy-momentum tensor @ obtained from this procedure is in general unaccept-
able. In electrodynamics, for example, it is neither symmetric nor gauge invariant,
and even in the simplest theory of a single scalar field where it does turn out to be
symmetric and the criterion of gauge invariance is irrelevant, it has a non-vanishing
trace even when the Lagrangian shows dilatation invariance.

There is a long history of attempts to cure these diseases and arrive at the phys-
ically correct energy-momentum tensor 7*' by adding judiciously chosen “improve-
ment” terms to @". A major early success in this direction was the work of
Belinfante [1] and Rosenfeld [2] who, in particular, developed this strategy for Lo-
rentz invariant field theories in flat Minkowski space-time to provide a symmetric
energy-momentum tensor which, in the case of electrodynamics, is also gauge in-
variant and gives the physically correct expressions for the energy density and en-
ergy flux density (Poynting vector) as well as the momentum density and
momentum flux density (Maxwell stress tensor) of the electromagnetic field. Later,
Callan et al. [3] and Deser [4] proposed additional “improvement” terms to define
a new symmetric energy-momentum tensor that, for dilatation invariant scalar field
theories, is also traceless. However, all these methods of defining improved energy-
momentum tensors are largely “ad hoc™ prescriptions focussed on special models
of field theory, often geared to the needs of quantum field theory and ungeometric
in spirit.

In this last respect, the more recent paper of Gotay and Marsden [5], which also
provides an extensive list of references witnessing the long and puzzling history of the
subject, is an exception. Their approach is perhaps the first systematic attempt to
tackle the problem from a truly geometric point of view.

In a geometric setting, one should consider general classical field theories on ar-
bitrary space-time manifolds. Generically, space-time manifolds do not admit any
isometries or conformal isometries at all, so there is no direct analogue of space-time
translations, Lorentz transformations or dilatations, nor are there any conserved
quantities in the usual sense. However, the equivalence principle and the principle
of general covariance: (a) suggest that these rigid space-time symmetries should in
a generally covariant theory be replaced by flexible space-time symmetries, which
means that, in particular, the role of translations and Lorentz transformations would
be taken over by space-time diffeomorphisms, and (b) imply that the ordinary con-
servation law 0,7*" = 0 for the energy-momentum tensor on flat space-time must be
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replaced by the covariant conservation law’ V,T" = 0 for its counterpart on curved
space-time. It is therefore reasonable to explore the possibility of deriving the energy-
momentum tensor as a kind of covariant Noether current associated with the space-
time diffefomorphism group. This is the basic idea adopted by Gotay and Marsden,
worked out in detail in [5] using the modern geometric approach to general first or-
der Lagrangian field theories, where fields are represented by sections of some fiber
bundle over space-time and their first-order partial derivatives are represented by the
first-order jets of these sections, which are themselves sections of the corresponding
first-order jet bundle. In this framework, it is possible to derive the so-called canon-
ical energy-momentum tensor as part of the local coordinate expression of a globally
defined object with invariant geometric meaning, namely the field theoretical mo-
mentum map associated with the automorphism group of the underlying configura-
tion bundle. In a second step, Gotay and Marsden then present an explicit
construction of correction terms, leading to an improved energy-momentum tensor
which is both symmetric and gauge invariant.

A first problem that arises in this approach is that, in general, difftomorphisms of
the space-time manifold M do not act directly on the fields. In a geometric approach
to classical field theory, fields are sections of bundles over space-time, and what re-
ally does act on such sections are automorphisms of these bundles. (If one requires
certain so-called G-structures to be preserved, these should be G-automorphisms.)
Given a fiber bundle £ over M, an automorphism of £ is a fiber preserving diffeomor-
phism of the total space E; it is called strict if it takes every fiber to itself. An auto-
morphism of E induces a difftomorphism of the base space M, which is the identity
on M if and only if the automorphism is strict, but conversely it is not true in general
that a diffeomorphism of the base space M induces an automorphism of £. This can
be restated by noting that automorphisms of E form a group Aut(E) and strict auto-
morphisms of £ form a normal subgroup Aut,(E) such that

Aut(E)/Aut,(E) = Diff (M), (1)

so the diffeomorphism group Diff(M) of M is a quotient group of Aut(E), rather
than a subgroup.

In [5], this problem is overcome by considering liftings of Diff(M) into Aut(E).
What is really needed to define a geometric version of the so-called canonical ener-
gy-momentum tensor, via a field theoretic momentum map associated directly with
the group of space-time difftomorphisms, rather than the entire group of bundle
automorphisms, is such a lifting only at the infinitesimal level, from vector fields
X, on M to projectable vector fields X; on E, expressing the vertical components
X' of Xi in terms of the components X* of X), and a finite number of partial deriv-
atives thereof. Applying a series of partial integrations to eliminate the partial deriv-
atives of the X*, the authors of [5] arrive at an improved energy-momentum tensor
which they claim to be the physically correct one for a general first-order Lagrangian
field theory.

3 For comments on this terminology, see Footnote 21 in Section 4.2.
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A further and more serious problem is that, unfortunately, this claim as it
stands is not correct, at least not without further qualification. The reason is that
the entire analysis carried out in [5] is based on one fundamental hypothesis,
namely that the Lagrangian of the theory should be invariant under a “sufficiently
large” group of automorphisms of E. (Technically, it is sufficient to require that
every compactly supported vector field on M can be lifted to a vector field on E
whose flow leaves the Lagrangian invariant.) This guarantees that the improved en-
ergy-momentum tensor proposed in [5] is actually independent of the specific lifting
employed in its construction, but according to the second Noether theorem, it also
implies that this object vanishes “on shell”, that is, when the fields satisfy the equa-
tions of motion. Obviously, this cannot be true for the physically correct energy-
momentum tensor.

How to avoid this pitfall is of course well known and is even mentioned in [5], but
this part of the story is not integrated into a coherent general picture. Rather than
lumping all fields together and looking at the fotal Noether current, representing
the sum of the contributions to the densities and flow densities for quantities such
as charges or energy and momentum coming from «a/l fields, one should split the
fields into various sectors and concentrate on the exchange of these quantities be-
tween different sectors. There are two ways of performing such a split in a natural,
non-artificial way.

In the first variant, one considers quantities, commonly called charges, which refer
to strict bundle automorphisms, or in physical language, internal symmetries or
gauge transformations. The interaction between charge carrying fields is mediated
by gauge fields: these play a distinguished role as compared to all other fields, which
are collectively referred to as matter fields. Correspondingly, the total Lagrangian
becomes the sum of a gauge field part and a matter field part which are required
to be separately invariant under the relevant symmetry group

L=Lg+Ly. (2)

As a result, the total Noether current considered before, which indeed vanishes “on
shell”” (this statement is in fact nothing but the equation of motion for the gauge
field — normally the Yang-Mills equation) also splits into a gauge field part and a
matter field part, and it is the latter that provides the physically correct current of
the theory. In other words, this current is associated with the matter field La-
grangian alone and not with the total Lagrangian obtained by adding the gauge
field Lagrangian. Moreover, whenever some kind of improvement is necessary, one
can completely avoid carrying out the cumbersome details of this procedure be-
cause the end result can be uniquely characterized by a certain requirement of
“ultralocality” (that we shall explain in more detail later on) and turns out to be
given simply by the prescription of varying the matter field Lagrangian with re-
spect to the gauge field

3)
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In the second variant, one considers energy and momentum, which refer to bun-
dle automorphisms that are not strict but cover non-trivial space-time diffeomor-
phisms, or in physical language, space-time symmetries. The situation in this
case is almost completely analogous to the previous one. The interaction between
energy and momentum carrying fields is mediated by a metric tensor representing
gravity: this metric tensor now plays a distinguished role as compared to all
other fields, which are collectively referred to as matter fields. (Of course, both
gauge fields and matter fields in the previous sense are matter fields in this sense.)
Correspondingly, the total Lagrangian now becomes the sum of a gravitational
part and a matter field part which are required to be separately invariant under
the relevant symmetry group

L=Ly+ L. (4)

As a result, the improved energy-momentum tensor proposed in [5], which indeed
vanishes “on shell”” (this statement is in fact nothing but the equation of motion for
the gravitational field — normally the Einstein equation) also splits into a purely
gravitational part and a matter field part, and it is the latter that provides the
physically correct energy-momentum tensor of the theory. In other words, this
tensor is associated with the matter field Lagrangian alone and not with the total
Lagrangian obtained by adding the gravitational Lagrangian. Moreover, one can
once again avoid carrying out the cumbersome details of the improvement procedure
because the end result can be uniquely characterized by a certain requirement of
“ultralocality” (that we shall explain in more detail later on) and turns out to be
given simply by Hilbert’s classical prescription of varying the matter field Lagrangian
with respect to the metric tensor

5L,
0w

As a corollary, this energy-momentum tensor is automatically symmetric, gauge
invariant and independent of the lifting required for its construction from a
Noetherian point of view.

A further important issue concerning the energy-momentum tensor is the question
of whether its trace vanishes whenever we are dealing with a dilatation or scale invari-
ant classical field theory. This requires, first of all, an appropriate definition of the
concept of dilatation or scale invariance on arbitrary space-time manifolds. As is well
known, this role is taken over by the notion of Weyl invariance. Weyl transformations
rescale the metric tensor as well as all other fields (according to their Weyl dimension)
and come in two variants: rescaling by a constant factor (global Weyl transforma-
tions) and rescaling by an arbitrary function on space-time (localWeyl trans-
formations). As will be shown below, local Weyl invariance ‘“on shell” is
equivalent to vanishing of the trace of the Hilbert energy-momentum tensor.*

™ =-2

(5)

4 The term “on shell” in this context means that the desired invariance can be established only if one
uses the equations of motion for the matter fields.
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The problem that the energy-momentum tensor for certain dilatation or scale invari-
ant scalar field theories on flat space-time has a non-vanishing trace can in the light
of this result be traced back to the fact that the Lagrangian of such a theory allows
many different extensions to a general space-time background, among which two
play a distinguished role. The first is the standard extension obtained from the
prescription of minimal coupling: this turns out to be globally but not locally Weyl
invariant, not even ‘““on shell”, and that is why the trace of the “naive” energy-mo-
mentum tensor, which is the Hilbert tensor corresponding to this minimal Lagrang-
ian, fails to vanish. The second is a non-minimal extension containing an additional
term of the form R¢?, where ¢ is the scalar field and R is the scalar curvature of the
metric: this has the virtue of making the theory locally Weyl invariant, at least “on
shell”, and that is why the “new improved” energy-momentum tensor proposed in
[3] and [4], which is the Hilbert tensor corresponding to this non- minimal Lagrang-
ian, has vanishing trace. Note that even though both Lagrangians have the same
flat space-time limit, the corresponding Hilbert tensors are different even on flat
space-time, since they are defined through variation around the flat metric.

The aim of the present work is to give a complete, coherent and geometrically mo-
tivated account of the situation concerning the energy-momentum tensor for classi-
cal field theory, with particular emphasis on the compensation of the classical trace
anomaly — a subject not addressed in [5]. Reporting on an old subject with a long
history, it is almost impossible to compile a reasonably complete bibliography,
and we have therefore decided to concentrate on a relatively small number of key
papers, apologizing in advance for our omissions. For the same reason, we shall
of course not be able to avoid repeating various well-known results, but we feel that
the time has come for a comprehensive and coherent account, and we hope that even
an expert in the field will appreciate our approach to a certain number of fine points
that in our view have not been adequately dealt with elsewhere.

The paper is organized as follows. In Section 2, we briefly review the standard
Noetherian procedure for constructing the canonical total Noether current and the
so-called canonical energy-momentum tensor for first-order Lagrangian field theo-
ries on flat space-time, together with the procedure of “improvement” of the ener-
gy-momentum tensor a la Belinfante-Rosenfeld, but extended so as to include the
correction terms required for the correct implementation of scale invariance. In
Section 3, we begin with a summary of some relevant background material from
geometric field theory [7-9] (Sections 3.1 and 3.2). Next, we present the construc-
tion of the canonical total Noether current from this point of view, where it ap-
pears as the local coordinate expression of a global object known as the
covariant momentum map or multimomentum map, describe a framework for pos-
sible correction terms leading to an improved total Noether current and discuss
Noether’s first and second theorem (Section 3.3). Analysis of how the (canonical
or improved) total Noether current depends on the symmetry generators then leads
us to formulate, in theories with non-trivial local symmetry groups, the aforemen-
tioned “‘ultralocality principle”, which finds an immediate application to two differ-
ent types of field theories: those exhibiting gauge invariance and those exhibiting
general covariance, or space-time diffecomorphism invariance (Section 3.4).
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However, the procedure still does not overcome the difficulty resulting from Noe-
ther’s second theorem: this can only be achieved by splitting the theory into differ-
ent sectors, giving a special status to gauge fields (for dealing with the physical
current) and to the metric tensor (for dealing with the physical energy-momentum
tensor). In order to prepare the ground for appropriately dealing with these split-
tings, we discuss some simple mathematical aspects of G-structures (including the
notion of invariant fiber metrics) and of G-connections (Section 3.5) and then pres-
ent a list of essentially all the invariant Lagrangians that are important for the con-
struction of the field theoretical models appearing in the study of the fundamental
interactions of matter (Section 3.6). In Section 4, we elaborate on the relevant split-
ting into a gauge field sector and a matter field sector, for currents (Section 4.1),
and into a gravitational sector and a matter field sector, for the energy-momentum
tensor (Section 4.2), showing that the improved expressions constructed according
to the ““ultralocality principle”, but applied to the matter field sector alone, repro-
duce the standard expressions (3) and (5), respectively. The calculation of specific
energy-momentum tensors is also addressed, with emphasis on two special cases
that are non-trivial: scalar fields with an additional coupling to curvature (R¢?
term) and Dirac spinor fields (Section 4.3). Finally, Section 5 exposes the relation
between scale invariance, in the form of “on shell” local Weyl invariance, and
tracelessness of the energy-momentum tensor, thus clarifying the question of
how to decide, at the classical level (that is, without entering the question of a
possible trace anomaly, for which we refer to the entertaining review [10] and
the references quoted therein), whether a given field theoretical model is or is
not an example of a conformal field theory.

2. Energy-momentum tensors in flat space-time

Consider a classical field theory on flat n-dimensional space-time R” containing a
multiplet of fields ¢’ (which we may view as lumped together into a single vector-
valued field ¢) and whose dynamics is supposed to be defined by a Lagrangian L
depending only on the point values of the ¢’ and their first-order partial derivatives.
This means that the equations of motion for the fields are derived from the varia-
tional principle S = 0 for the action functional S defined by

Slg] = / d"xL(p,0p). (6)

(For simplicity, the possible explicit dependence of L on the space-time coordinates is
suppressed from the notation.) As is well known, these are the Euler—Lagrange
equations

oL oL
() 5 =" 7

Moreover, Noether’s theorem states that invariance of the action S under infinite-
simal transformations
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X =t + X (x), 0'(x) = Xp(o(x)) — X5 ()0, (x), (8)

where the indices B and F stand for “base space” and ‘““field space”, respectively,
leads to the conservation law

aﬂggan’X> = O (9)

for the canonical total Noether current j.,, given by

oL . oL ,
LX) =——X; — | ==—0,0' — 'L | X;. 10
can’ > aauq)i F(¢) <66;,q)" ¢ v > B ( )
Then the expression
oL ,
O =——0,¢0' — 'L 11
v aaﬂwi ¢ v ( )
or
oL .
[ — av I #\’L 12
O =S P (12)

provides the components of the so-called canonical energy-momentum tensor of the
theory.

Different types of symmetries are distinguished by different choices for the vector
fields X and X3 appearing in the (infinitesimal) transformation law (8). For example,
space-time translations correspond to the choice

Xi(x)=d", Xp=0, (13)

where a is an arbitrary constant n-vector. Therefore, the conservation law (9) when
expressing invariance under space-time translations becomes equivalent to the
conservation law

0,0" =0 (14)

for the so-called canonical energy-momentum tensor. Similarly, Lorentz transfor-
mations are described by setting

1} ) i i g 1 Wi j
) = o', XE(0) = Z(@)g! = 30020 (15)
where w is a constant (n x n)-matrix representing an infinitesimal Lorentz trans-
formation, which means that it satisfies the condition

O+ o, =0 (16)

but is otherwise arbitrary, whereas 2 stands for the representation of the Lie algebra
of infinitesimal Lorentz transformations on the space of field values. (This repre-
sentation, which is assumed to be given, may be irreducible or reducible, so that in
the general case, we encounter various multiplets of fields of different spin.) There-
fore, the conservation law (9) when expressing Lorentz invariance becomes equiv-
alent to the conservation law
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0,0M* =0 (17)
for the so-called canonical moment tensor, defined by
@;ud _ xn@ul _xA@,uK + Z;uc/l’ (18)
where
2 oL o
T = (2% 19
s e (19)

is called its internal part or spin part. Finally, dilatations or scale transformations are
represented by

Xg(x) =x" X;«(QD) = _dqzqoiv (20)

where d,, is a real number called the scaling dimension of the field ¢. (For simplicity,
we assume here that all field components have the same scaling dimension: the
general case containing various multiplets of fields of different scaling dimension is
handled similarly.) Therefore, the conservation law (9) when expressing scale in-
variance becomes equivalent to the conservation law

0,0"=0 (21)
for the so-called canonical dilatation or scaling current, defined by
o' =x,0" + X (22)
where
oL
Zu — 1 2
Ay 0.0 " (3)

is called its internal part.
Of course, it is well known that the so-called canonical energy-momentum tensor
suffers from a number of serious problems.
e In theories containing gauge fields, it fails to be gauge invariant: this already hap-
pens in the simplest case, namely electrodynamics.
e In general, it fails to be symmetric.
e In general, it fails to be traceless even in theories which are manifestly scale invari-
ant.
Similar statements hold for the so-called canonical moment tensor and scaling
current.
These defects can be illustrated by looking at two simple examples. One of these is
free electrodynamics, where

L=— %F‘”’FM (24)
with

Fy = 0,4, — 0,4, (25)
and

L ,
O" = 0" FFy — F'OA, (26)
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which is not gauge invariant, not symmetric and not traceless, even in four space-
time dimensions where scale invariance of the action is achieved by setting d, = 1.
The other example is the theory of a real scalar field, where

1
and
1 .
or — au(pavq) _ 5’1’”’@"(/) ah_(p + UWU((P)a (28)

which is not traceless even though scale invariance of the action may be achieved by
setting d, = %(n —2) and choosing the potential U to vanish when n = 2 and to be
given by

U(p) ~ (@) (29)

when n > 2: of course, the only solutions for which U is a polynomial in ¢ are ¢° for
n = 3, ¢* for n = 4 (the famous massless ¢* theory in 4 dimensions) and ¢* for n = 6.

For physically meaningful quantities such as the components of the energy-
momentum tensor, representing the densities and flux densities of energy and
momentum, such defects are of course unacceptable. After all, these are physically
observable quantities and must therefore be gauge invariant. Similarly, asymmetric
energy-momentum tensors lead to unacceptable predictions regarding the local
torques exerted by the fields of the theory on all other forms of matter; a lucid
discussion of this aspect can be found in Chapter 5.7 of [6]. Moreover, the require-
ment of symmetry of the energy-momentum tensor is indispensable if energy
and momentum are to serve as the source of gravity, as required by the principles
of general relativity.

On the other hand, it is worth noting that, even in flat space-time, a symmetric
conserved energy-momentum tensor, which we shall generally denote by 7", has
many pleasant properties. One of these is that it allows to define a conserved moment
tensor without the need for an internal or spin part

TH* = x“TM — x*TH*, (30)
Indeed, if we suppose that

T = TH, (31)
as well as

0,T" =0, (32)

then this definition of the moment tensor immediately implies that
0,T"* = 0. (33)

Similarly, a traceless symmetric conserved energy-momentum tensor can be used to
define a conserved dilatation or scaling current without the need for an internal part

T = x,T". (34)
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Indeed, if in addition to Eqgs. (31) and (32), we also suppose that

T =0, (35)
then this definition of the dilatation or scaling current immediately implies that

0, 7" =0. (36)
As an additional benefit, we can infer from Egs. (31), (32) and (35) that the con-
formal current, defined by

C* = (2x'x, — X8 T, (37)
is also conserved

0,C" = 0. (38)

This means that conformal invariance becomes a consequence of combining Poin-
caré invariance and scale invariance.

The strategy for constructing a symmetric and — in the presence of scale invari-
ance — traceless energy-momentum tensor is always the same. The so-called canon-
ical energy-momentum tensor is “improved” by adding a term whose divergence
vanishes identically, for reasons of symmetry, that is

Tﬂ\’ — @ll\‘ + aKfK/lV’ (39)
where f is supposed to be antisymmetric in its first two indices
f}\'/IV _"_ f‘/UCV — O (40)

in order to guarantee that the vanishing of 0,7*" becomes equivalent to that of
0,0". The problem is to determine f** in such a way that 7*" becomes symmetric
and — in the presence of scale invariance — traceless. Further restrictions arise from
the postulate that /" should be a pointwise defined function of the fields and their
partial derivatives (up to some finite order). For example, in free electrodynamics,
the substitution (39) with /™" = —F**4" leads to

1 ,
™ = 1 nF*Fy; — F* F*, (41)

where we have omitted a term that vanishes “on shell”’, that is, as a result of the
equations of motion of the theory, which in this case are the free Maxwell equations
0, F" =0.

For a more systematic treatment of the method of improving the so-called canon-
ical energy-momentum tensor, it is convenient to replace the Ansatz (39) by the
equivalent Ansatz

™ = 0" + Eax(r“‘” + T — ), (42)
where 7 is supposed to be antisymmetric in its last two indices

P L (43)
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in order to guarantee that

S = %(r”“" + T — ) (44)
be antisymmetric in its first two indices. Conversely, T can be expressed in terms
of f

I A e A (45)
Now from Egs. (42) and (43) we obtain

™ —-T"=06"—-0"409,.1",
whereas Eqs. (14) and (18) yield

0,0 = " — O™ 4+ 0,2,
so we get

T — T = 0,(O@""" — X" 4 ), (46)
Similarly, from Eqgs. (42) and (43) we obtain

T = O + 1,07,
whereas Eqs. (14) and (18) yield

0,0" = O} +9,2",
so we get

T = 0,(0" — X" +1,,7"™). (47)

These relations can be used to draw the following conclusions:
1. In a Poincaré invariant theory, where @*" and ©*** are conserved (see Eqgs. (14)
and (17)), symmetry of 7" can be achieved by setting

TR — Ry (48)
Then the improved moment tensor of Eq. (30) is given by the following expression

T;ucl — @yh}. 4 Ea‘ (xlc (Z‘vu/u + SHAV Zlv,u) _xA(Zv,w\ + SHRY Zlcv,u)). (49)

2. In a Poincaré and scale invariant theory, where "', @** and ©" are conserved
(see Egs. (14), (17) and (21)), symmetry and tracelessness of 7*' can be achieved
by setting

1
TR — yRMy + — (nkuavf _ rlicvauf) (50)
provided f satisfies the differential equation

Of = 0(2" = 1, 2). (51)
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Then the improved moment tensor of Eq. (30) and the improved dilatation or

scaling current of Eq. (34) are given by the following more complicated expressions:
T,um — @,uml +§at (xvc (Zwl 4 Z’Zlmlu\}ﬂ) _xi.(sz\ 4 Sy Zx\y))

1

n—

+ ; ((xlcnu/l _ xirlulc)‘:lf _ (x;ca), _ x),a}c)aﬂf)7 (52)

a1 , ,
TF = @u _yH 4 n’dzimu +§aK(xV(ZK;w =+ Suvk chu))

! I (x*Of — x,0"0"f). (53)

+

As an example, let us look at the scale invariant scalar field theory given by the

Lagrangian (27) with the potential (29), where the scaling dimension of the field ¢

has the value d, =1(n—2) and the so-called canonical energy-momentum tensor

(28) is symmetric but not traceless. In this case,
T — 0, XF = %(n —2)pdo,

so that Eq. (51) reduces to
0f =5 (0~ 2)0(00) =

with the obvious solution
1

(n—2)0(¢%),

B

/= 4 (n—2)¢".
Thus the improved energy-momentum tensor is
1 -2
T =090 — 1" gl + " U(9) — e @ D), (54)

in agreement with the result obtained in [3] and [4].

Of course, the substitution @"" — T*' performed in Egs. (39) and (42) is not just a
formal step. After all, the components of the energy-momentum tensor, which are
the densities and flux densities of energy and momentum, are observable quantities,
and experiment must decide what are the correct expressions. In particular, the expres-
sion given in Eq. (41) for the electromagnetic field has passed all experimental tests. The
same applies to the components of the moment tensor, which are the density and flux
density of angular momentum, and, to a somewhat lesser degree, to the dilatation or
scaling current. It is also clear that the physically correct expression must be free of dis-
eases such as asymmetry or lack of gauge invariance, which means that the so-called
canonical energy-momentum tensor is really an unphysical object resulting from a for-
mal construction: it is neither canonical nor does it necessarily represent the physical
energy or momentum density of anything.”> From this point of view, one may even

5 This is why we insist on carrying along the prefix “so-called”.
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be tempted to call the entire strategy of “improvement” into question, at least as
long as it remains essentially an ““ad hoc” procedure for getting the right result
from the wrong one. What is really needed is a general method that allows to de-
rive the physically correct energy-momentum tensor of any field theory, on flat as
well as curved space-time, either by means of a general guideline for directing the
strategy of “improvement” towards a definite and unique result or else from
scratch and without any intermediate steps. This is the problem that we shall ad-
dress in the remainder of this paper.

3. Geometric formulation
3.1. General considerations

In a geometric setting, classical fields are sections of fiber bundles over space-time,
which we assume to be an n-dimensional manifold M. Simple examples show that
these bundles cannot in general be expected to be trivial and that even when they
are topologically trivial, they do not carry any distinguished trivialization. It is also
important to note that these bundles do not in general carry any additional structure,
except when one restricts oneself to special types of fields.

o Vector bundles arise naturally in theories with linear matter fields and also in gen-
eral relativity: the metric tensor is an example.

o Affine bundles can be employed to incorporate gauge fields, since connections in a
principal G-bundle P over space-time M can be viewed as sections of the connec-
tion bundle of P — an affine bundle CP over M constructed from P.

o General fiber bundles are used to handle nonlinear matter fields, in particular those
corresponding to maps from space-time M to some target manifold Q: a standard
example are the nonlinear sigma models.

In what follows, we shall therefore suppose that the fields of the theory under study

can be represented as the sections of some given fiber bundle £ over M, with pro-

jection 7 : E — M and typical fiber O, usually referred to as the configuration bundle
of the theory; another frequently used term is field bundle.® The standard procedure

here is to gather a/l the various bundles carrying the various fields that appear in a

given theory into one big “total” configuration bundle. However, the resulting

picture tends to obscure the special role played by interaction mediating fields such
as the metric tensor and Yang—Mills fields. In fact, physically realistic models of field
theory are always made up of various sectors containing different types of fields that
interact among themselves and with each other. Such sectors can be defined by as-
suming the “total” configuration bundle £ over M to be the fiber product over M of
various “partial” configuration bundles E(, ... E") over M,

% We prefer not to adopt this term because according to standard terminology, derivatives of fields are
again fields, whereas derivatives of sections of £ are no longer sections of E but of JE, the first-order jet
bundle of E; see below.
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E=EY x4 - xy EV, (55)

since a section ¢ of this fiber product corresponds simply to a multiplet
(W, ..., ") formed by sections ¢*® of E® (k=1,...,r). As we shall see in the
next section, such splittings play a central role for the correct understanding of
concepts such as currents and the energy-momentum tensor.

In this general framework, symmetries are always represented by bundle auto-
morphisms and their generators are represented by projectable vector fields. Briefly,
these concepts are defined as follows. First, a bundle automorphism of E is a fiber
preserving diffeomorphism ¢, : E — E. This means, of course, that ¢, induces a
diffeomorphism ¢,, : M — M such that the diagram

Pr
E — E
T
ﬂ«fé—M)M

commutes; then ¢, is said to cover ¢,,. Moreover, a bundle automorphism is said
to be strict if it covers the identity on M. The set Aut(E) of all bundle auto-
morphisms of E is a group, called the automorphism group of E, and the set
Aut (E) of all strict bundle automorphisms of E is a normal subgroup of Aut(E)
such that

Aut(E)/Aut,(E) = Diff (M). (57)

We also define the support of a diffeomorphism ¢,, of M to be the closure of the set
of points in M on which it does not act as the identity

supp ¢y, = {x € M /¢, (x) # x}. (58)

Similarly, the base support of an automorphism ¢, of E is defined as the closure of
the set of points in M for which it does not act as the identity on the respective fiber

supp ¢y = {x € M/ (e) # e for some e € E,}. (59)
Next, a vector field Xz on E is said to be projectable if
T, n(Xe(e1)) = T,,n(Xg(ez)) for ej,e; € E with n(e) = n(ey), (60)

where Tn : TE — TM is the tangent map to the projection n : E — M. This means, of
course, that Xz induces a vector field X;; on M to which it is n-related

Xu(x) = T,n(Xg(e)) for x € M and e € E with n(e) = x. (61)
Then Xz is also said to cover X,;. Moreover, a projectable vector field on E is said to
be vertical if it covers the zero vector field on M. The set X»(E) of all projectable

vector fields on E is a Lie algebra and the set X, (E) of all vertical vector fields on E is
an ideal in Xp(F) such that

Xp(E) /%0 (E) = X(M). (62)
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Of course, a vector field on FE is projectable or vertical if and only if its flow consists
of (local) bundle automorphisms or (local) strict bundle automorphisms, respec-
tively, so formally X»(E) is the Lie algebra of Aut(E) and X, (E) is the Lie algebra of
Aut (E); we also refer to projectable vector fields as infinitesimal bundle automor-
phisms and to vertical vector fields as infinitesimal strict bundle automorphisms. An
alternative interpretation that we shall often adopt without further mention is to
think of a bundle automorphism as being the pair (¢,,, ¢,), simply denoted by ¢,
and similarly of an infinitesimal bundle automorphism as being the pair (X, Xz),
simply denoted by X. In this sense, a bundle automorphism ¢ acts on a section ¢ of
E according to

(¢ 0)x) = dp(o(dy (x)) forxeM. (63)

By differentiation, this leads to the following formula for the variation dy¢ of a
section ¢ of E under an infinitesimal bundle automorphism X, noting that this
variation, as any other one, must be a section of the vector bundle ¢*(VE) over M
obtained from the vertical bundle VE of E by pull-back via ¢

(0xp)(x) = Xp(@(x)) — Ty - Xy (x) forx e M. (64)

In this context, it should be noted that since Diff (M) is a quotient group but not a
subgroup of Aut(E), there is “a priori”’ no natural way of letting a difffomorphism of
M act on a section of E: this can only be defined by giving a prescription for lifting
diffeomorphisms of M to automorphisms of E. In general, such a lifting procedure
does not exist globally, although for many purposes it is sufficient to define it in-
finitesimally, that is, as a lifting from vector fields on M to projectable vector fields
on E, but even when it does exist, its definition often requires additional input data:
this happens, for example, when £ is a vector bundle associated to some principal G-
bundle P over M describing internal symmetries. If, on the other hand, £ is one of the
tensor bundles 7'M of M, a natural and globally defined lifting procedure does exist:
it consists in taking ¢, to be the corresponding tensor power 77 ¢,, of the tangent

map T¢,, to ¢,,.
3.2. First-order Lagrangian formalism

In the by now standard geometric first-order Lagrangian formalism of classical
field theory (see, e.g., [7,8] but note that we shall follow the notation employed in
[9]), one starts out from a configuration bundle £ over M as above and introduces
its first-order jet bundle JE, which can be defined as follows. Given a point ¢ in E
with base point x = n(e) in M, the fiber J.E of JE at e consists of all linear maps from
the tangent space 7,M of the base space M at x to the tangent space T,E of the total
space E at e whose composition with the tangent map 7T,x : T,E — T.M to the pro-
jection n : E — M gives the identity on 7,M

JE={u, € L(TM,T,E)/T,nou, =idr}. (65)

Obviously, J,E is an affine subspace of the vector space L(T, M, T,E) of all linear maps
from T, M to T,E and hence JE, the disjoint union of all the spaces J E as e varies over
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E, is an affine bundle over £ with respect to the target projection vz : JE — E that
takes all of J,E to the point e. Of course, it is also a fiber bundle over M with respect
to the source projection oy : JE — M defined by g,z = 7 o 7z, but without any ad-
ditional structure. A section ¢ of E over M gives rise to a section j¢ of JE over M
called its jet prolongation and defined by taking (j¢)(x) € J,xE to be the tangent
map T, to ¢ at x; it will also be denoted by (¢, 0¢) to suggest that its value at any
point of M incorporates all the information contained in the value of ¢ and of its
first-order (partial) derivatives at that point. Indeed, in adapted local coordinates
(x*,¢") for E derived from local coordinates x* for M, local coordinates ¢’ for Q and a
local trivialization of £ over M, as well as the induced local coordinates (x*,4', ¢},) for
JE, a section ¢ fixes the ¢’ to be given functions of x, ¢' = ¢'(x), whereas its jet
prolongation jo = (¢,0¢) fixes the g to be their partial derivatives, ¢} = 9,¢'(x).
Moreover, given a function £ on JE, we also use the abbreviations

oL oL oL oL
~ = ~ ,a 5 A~ o =~ ,6 66
39— Og (¢,00) B o (¢,00) (66)

to denote the pull-back of the partial derivatives of £ with respect to the field
variables by the jet prolongation jo = (¢,0¢) of ¢; this is intended to make closer
contact with the notation used in the previous section, which is the standard one
employed by physicists. Similarly, we sometimes even abbreviate L(¢, 0¢) to L, by
abuse of notation.

The analysis of symmetries in this framework relies on the observation that every
bundle automorphism ¢, of E over M has a jet prolongation to an affine bundle au-
tomorphism ¢ of JE over E covering ¢, i.e., such that the diagram

Pir
JE — JE
IR J l IR
g = g (67)
. J J .
¢
M B M
commutes: it can be defined explicitly by
Gp(ue) = Tupp ot 0 (Tepy,) ™ for u, € JLE. (68)

Similarly, every projectable vector field Xz on E has a jet prolongation to a pro-
jectable vector field X,z on JE covering Xz: it can be defined explicitly by applying
Eq. (68) to (local) one-parameter groups of (local) bundle automorphisms and
differentiating with respect to the flow parameter. The result is most conveniently
expressed in adapted local coordinates as above, where
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0
Xy = X' —
M 6)6”’ (69)
and
0 .0
Xp=X'— + X — 70
£ e oq'’ (70)
so that
0 .0 ).¢ - oX! S0XV\ O
X = X" Xi— iy . 71
I wﬁ@ﬁ<w+%w %w>% (71)

Note that the coefficient functions X* in Eq. (70) depend only on the base coordi-
nates x” but not on the fiber coordinates ¢" of E, expressing the fact that Xz is
projectable and covers X,. Similarly, the coefficient functions X* and X’ in Eq. (71)
depend only on the coordinates x” and ¢" but not on the fiber coordinates ¢/, of JE,
expressing the fact that X, is projectable and covers Xz; moreover, the affine de-
pendence of the remaining coeflicients of X on the fiber coordinates ¢}, of JE reflects
the fact that the (local) bundle automorphisms generated by this vector field are
affine.

Extending the alternative interpretation of bundle automorphisms and infinitesi-
mal bundle automorphisms mentioned at the end of the previous subsection, we shall
also think of the former as triples (¢,,, ¢, ¢,), again simply denoted by ¢, and sim-
ilarly of the latter as triples (X,s, Xz, X)), again simply denoted by X. In this sense, a
bundle automorphism ¢ acts on the 1-jet jo = (¢, 0¢) of a section ¢ of E according
to

(& j0)x) = by (jo(dy (x)) forxeM. (72)

As before, this leads to the following formula for the variation dyjo = (dx¢, dx0¢)
of the l-jet jo = (¢,0¢) of a section ¢ of E under an infinitesimal bundle auto-
morphism X

(Oxjo)(x) = X (jo(x)) — Tjo - Xu(x) for x € M. (73)
In adapted local coordinates as above, Eq. (64) assumes the form
ox¢' =X'(¢) — 00X, (74)
while Eq. (73) becomes
;. oX? ox! e -
5)(6#(/) :@((P) +au¢/a_q/((/7) _av(/) W_ avalt(PX . (75)

It is amusing to note that this implies the useful identity

3x0,0" = 0,0x¢". (76)

The geometric first-order Lagrangian formalism of classical field theory starts
from the assumption that the dynamics of the theory is fixed by prescribing a
Lagrangian £ which, formally, is a map
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A n
£.JE—1 (/\T*M) (77)

of fiber bundles over E. Assuming, as always, that M is orientable,’ this guarantees
that £ can be integrated to define the action or, more precisely, the action over any
compact subset K of M, which is the functional on sections ¢ of E defined by

Sk[p] = /Kf(w, 30). (78)

In adapted local coordinates as above, with K contained in the domain of definition
of the space-time coordinates x*, we write

L=Ld"x, (79)
where by abuse of language, £ is also called the Lagrangian, to obtain
Sclol = [ d'Lip.20). (80)
K

(For simplicity, the possible explicit dependence of £ on the space-time coordinates
is suppressed from the notation.) As in the special case discussed in the previous
section, the equations of motion for the field ¢ are derived from the requirement
that, for any compact subset K of M, the action Sk[¢] should be stationary under
variations d¢ of the field ¢ that vanish on the boundary of K. In adapted local
coordinates as above, with K contained in the domain of definition of the space-time
coordinates x*, this stationarity condition can be evaluated by performing an explicit
partial integration to compute the following expression for the variation of the
action induced by an arbitrary variation d¢ of ¢

oL - oc .
5S :/d"x—. ,00)0¢" + — (@, 0) 50,0’
k(] § (aq,(w ?)og % (@,00) w)

f
oL oL ;
= [ dx| —(¢,00) — 0, =—(¢,0 o'
/K (aq,(p ?) ’(aqil(p <P)>> p

oL ;
+/ d"x0, (l, ((p,@(p)é(p’). (81)
K aqu

Indeed, since the second term vanishes due to the boundary condition imposed on d¢
and since, except for this boundary condition, d¢ is arbitrary, we arrive at the
standard Euler—Lagrange equation which, taking into account the abbreviation (66),
is the same as in the simple ungeometric situation discussed in the previous section

oL oL
o (aw) .

" If M is not orientable, we replace it by its twofold orientation cover.
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Globally, note that a variation d¢ of ¢ is a section of the vector bundle ¢*(VE) over
M obtained from the vertical bundle VE of E by pull-back via ¢, and what has just
been proved is that the induced variation (or functional derivative) of the action can
be written in the special form

osilol = [ ﬁ—j[(p] 50 (83)

or

L oc oL
a5clo] = [ @x5Clo]- 60— [ @i jold (54)

where 0£/0¢ evaluated at the section ¢ is an n-form with values in ¢*(V*E) and
(locally) 0L /¢ evaluated at the section ¢ is a section of ¢*(V*E), the vector bundle
over M dual to ¢*(VE), called the variational derivative or Euler-Lagrange deriva-
tive of £ and of £, respectively, at ¢.® Explicitly,

oL oL oL
o5~ (0) )

3.3. Noether’s theorems

Our goal in this subsection will be to formulate, within the first-order Lagrangian
formalism outlined in the previous subsection, the well-known relation between
(continuous) symmetries and conservation laws established by Noether’s theorems.
We begin by defining, for a given Lagrangian L as in Eq. (77) and a given bundle
automorphism ¢, the transform of £ under ¢ to be the Lagrangian

L= Py Lo G- (86)
Then £ is said to be invariant under ¢ and ¢ is said to be a symmetry of L if
LY=L (87)

Similarly, for a given Lagrangian £ as in Eq. (77) and a given infinitesimal bundle
automorphism X, £ is said to be invariant under X and X is said to be an infinitesimal
symmetry of L if

LyL =0, (88)

where Ly denotes the Lie derivative along X, applied to functions on JE with values
in n-forms on M, which can be obtained as an appropriate combination of the Lie
derivative of functions on JE along Xz with the Lie derivative of n-forms on M along
Xy. Of course, L is invariant under an infinitesimal bundle automorphism X if and
only if it is invariant under the (local) one-parameter group of (local) bundle

8 What is special about Eq. (84), say, is that it shows the functional derivative of the action, viewed as a
linear functional on the space of smooth sections of ¢*(VE), to be a regular functional, with a smooth
integral kernel given by Eq. (85), and not just a distribution.
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automorphisms generated by X. It is also clear that a symmetry ¢ of L leaves the
action invariant, in the sense that for any section ¢ of £ over M and any compact
subset K of M,

Skl¢ - 0] = Sy, ) @] (89)

In particular, it transforms solutions of the equations of motion into solutions of the
equations of motion. Similarly, an infinitesimal symmetry X of £ leaves the action
unchanged, in the sense that for any section ¢ of E over M and any compact subset K
of M,

5xSklg] = / LeL(p,09) = 0. (90)

In adapted local coordinates as above, with K contained in the domain of definition
of the space-time coordinates x*, this infinitesimal invariance condition can be
evaluated by computing the following explicit expression for the variation of the
action induced by a variation dy¢ of ¢ generated by an infinitesimal bundle auto-
morphism X:

dxSk[o] =/Kd”X(@u(ﬁ(%@(ﬂ)X")+5§£(<p,690))- 91)

Here, the first term comes from the variation of the integration domain (representing
the Lie derivative of n-forms on M along X;, mentioned above), while the second
denotes the part of the variation of £ due to the variation of the fields alone (rep-
resenting the Lie derivative of functions on JE along Xz mentioned above, pulled
back to M)

oL oc _
SL(p,00) = ag (9 00)0x0' £ 5 5 (0,00)0x0,9 (92)
u

Thus using Eq. (76), integrating by parts and inserting the abbreviations (66) and
(85), we obtain

oL ‘
oxSk[e] = / d’x (57)1 Ox P + 0ultans X) (@, aﬁl’)), (93)
K
where the expression
L .
LX) (@, 00) = LX! ox¢' 94
can’ >((/)7 QD) L + aa“(Pi x P ( )

defines what we shall call the canonical total Noether current. Explicitly, we may use
Eq. (74) to write it in the form

oL _. oL

S X)(0,00) = —X' (@) — | =——

b X)(0.00) = 55 X0) ~ (5

in complete agreement with Eq. (10). (The term “total’’ is meant to indicate that j,,
encompasses both a “current type piece” in the original sense of the word “current”,
referring to internal symmetries, and an “energy-momentum tensor type piece’’,

0,¢" — 55‘£>X", (95)
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referring to space-time symmetries.) From Eq. (93), we can then immediately derive
the first Noether theorem, which states that if X is an infinitesimal symmetry of £,
then the canonical total Noether current is conserved “on shell” (i.e., provided ¢ is a
solution of the equations of motion)

aﬂogan7X>(q)7 a(p) = 0 (96)

It also states that the same is true for the improved total Noether current, defined by
adding the curl of an (as yet unspecified) correction term

Tnp (X 0,00) = (jb0, X) (9, 00) + 0,00, (X; ¢, 0p). (97)

Indeed, supposing the correction term to be antisymmetric in its indices, we see that
Eq. (96) implies

Oyfiamp (X3 9, 090) = 0. (98)

In the language of differential forms, the (canonical or improved) total Noether
current is to be considered as an (n — 1)-form and the correction term as an (n — 2)-
form on M, with respective local coordinate representations

{eans X) (@,00) = (o, X) (9, 0p) d"x,, (99)

Jimp (X3 0,00) = ji, (X5 0, 000) d"x, (100)
and

. 1., n

Jeor (X3 9,00) = 3 jeor (X @, 0¢) d"x, (101)
where

d"xﬂ = iau d"x, d”xw, = iaviau d”x, (102)
so that Eq. (97) becomes

jimp(X; ®, aﬁl’) = <jcanaX>(§01 an) + djcor(X; ®, an) (103)

The first Noether theorem now states that if X is an infinitesimal symmetry of L,
then the forms (jcan, X) (¢, 0¢) and jimp(X; @, 0@) are closed “on shell” (i.e., provided
@ is a solution of the equations of motion):

dUCkln?X>((p’a(p) =0, (104)

dfimp (X5 ¢, 0p) = 0. (105)

Note that, in the second case, this statement is completely independent of the choice
of the correction term.

Further insight into the nature of the various types of total Noether currents, as
well as of the allowed correction terms, can be gained from studying their functional
dependence on the infinitesimal bundle automorphism X and also on the solution ¢.
The latter is simpler and will therefore be dealt with first. Here, the basic assumption
(or, in the case of the canonical total Noether current, the basic fact, to be proved
below) is that all these “field dependent” differential forms on M are obtained from
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corresponding ‘““field independent” differential forms on JE by pull-back with the jet
prolongation (¢,0¢) of ¢. Thus, as already suggested by the notation, (jeun,X)
(¢, 0¢) is the pull-back of an (n — 1)-form (jcan,X) on JE representing the field inde-
pendent canonical total Noether current and similarly jim, (X; @, 0¢) is the pull-back of
an (n — 1)-form jimp(X) on JE representing the field independent improved total Noe-
ther current, whereas j.o.(X; ¢, 0¢) is the pull-back of an (n — 2)-form j..,(X) on JE
representing a field independent correction term; the relation (103) is then guaranteed
to hold, for any choice of solution (or even field configuration) ¢, if we require
that

jimp(X) = <jcanaX> + djcor(X)- (106)

Note that this condition is sufficient but is by no means necessary: what is really
needed is only Eq. (103) which states that Eq. (106) holds modulo forms that vanish
“on shell”.

In order to substantiate this picture, let us pause to explain the global significance
of the canonical total Noether current, which in this context can be viewed as ex-
pressing the covariant momentum map of multisymplectic field theory [7-9].
Namely, we have

<jcan;X> = iXJEGLfv (107)

where 0, is the multicanonical form on JE obtained from the multicanonical form 0
on the affine dual of JE by pull-back via the covariant Legendre transformation
induced by L. Indeed, in adapted local coordinates, 0, is given by

o ., oL
O)=—d¢ ANdx,+ [ L—¢ — |d"x. 108
L aq:l H ( u aqu ) ( )
Therefore, according to Eq. (71),
oL _. 0L 1[{aL oL .
ean, X) = [ ==X —g = x| A" — = | — X — =X | dg' A dxy
(Jj ) <a% + (ﬁ q 6q{> ) d"x, 3 (6% 5 ) dg' A d"x,
(109)
Pulling back with (¢,0¢) and using the second of the relations
dx* Ad"x, = 0,d"x, (110)
dx*“ Ad"x,, = 6, d"x, — 0, d"x,, (111)

we see that two of the five terms cancel out and the remaining three reproduce Eq.
(95). The statement of the first Noether theorem can also be checked in this purely
differential formulation by first writing out the infinitesimal invariance condition (88)
in terms of the (local) function £ on JE given by Eq. (79), which — apart from
an additional term of the form £0,X* due to the fact that £ is the coefficient of an
n-form rather than a function — follows directly from Eq. (71)
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u i i v
A(LX") azX,+a,c(aX o ,.aX):O' 112)

Ox# a_q’ Oq!, \ Ox* L Oq/ R
Pulling back with (¢, 0¢) and inserting the resulting expression into that obtained by
explicitly taking the divergence of Eq. (95) gives

0 0 , .
Aon 0:00) = (0 (7555 ) ~ o2 ) () — 0,90}, (113)
which vanishes due to the equations of motion (82).

Another important feature of the canonical total Noether current is expressed
through the second Noether theorem, which states thatif X is an infinitesimal local sym-
metry of L, then this current is not only conserved but actually vanishes “on shell”. To
prove this statement and appreciate its consequences, we need a precise definition, at
least at the infinitesimal level, of the concept of a local symmetry. The basic idea is that
an infinitesimal symmetry of a Lagrangian should be regarded as local if it remains an
infinitesimal symmetry even when modified through multiplication by an arbitrary
space-time dependent weight factor — a factor that can be viewed as modifying, in a
space-time dependent manner, the “speed” of the one-parameter group it generates.
The mathematical implementation of this intuitive idea, however, is far from trivial:
it hinges on a proper definition of what one means by the symmetry group of the La-
grangian and, in particular, is sensitive to the distinction between the abstract symme-
try group itself and its concrete action on the fields of the theory; we shall return to this
question and discuss examples in the next subsection. But the symmetry group perti-
nent to the canonical total Noether current is simply the group of symmetries of the La-
grangian as defined at the beginning of this subsection, which is a subgroup of the
group of all bundle automorphisms of E, with the natural action on fields given by
pull-back of sections, so we may in this specific context define an infinitesimal bundle
automorphism X to be an infinitesimal local symmetry of L if, for any function f on M,
the rescaled infinitesimal bundle automorphism fX is an infinitesimal symmetry of L°
Obviously, the infinitesimal local symmetries of £ in this sense form a module over the
ring (M) of functions on M and also a Lie subalgebra of the Lie algebra of all infin-
itesimal symmetries of £ which in turn is a Lie subalgebra of the Lie algebra X (E) of all
projectable vector fields on E: this can be seen directly from the defining condition (88),
using elementary properties of the Lie derivative on differential forms. (Indeed, observe
that the Lie derivative of a function on £ which is the pull-back of a function /" on M
along a vector field Xz on E which is projectable to a vector field X, on M is again
the pull-back of a function on M, namely the Lie derivative of /" along X),. Thus for
any two infinitesimal local symmetries Xz and Yz of £ and any function f on M, the
expression f[Xg, Yi] = [fXg, Ys] + (Yz - £)Xg is an infinitesimal symmetry of £ because
fXg and (Yz - f)Xg = (Yy - /)X both are, showing that the Lie bracket [Xz, Yz] is again
an infinitesimal local symmetry of £.) With this definition, it is easy to see that the
canonical total Noether current vanishes “on shell” as soon as X is an infinitesimal

® We identify functions f on M with their pull-back to E, defined simply by composition with the
projection 7.



330 M. Forger, H. Romer | Annals of Physics 309 (2004) 306-389

local symmetry of L, because given a solution ¢ of the equations of motion and an
infinitesimal bundle automorphism X such that, for any function f on M, fX is an
infinitesimal symmetry of £, we may apply Eq. (104) with X and with fX to get

0= dUcana.fX>(§Dv a(p) _fd<jcan7X>((paa§0) = df A <jcanaX>((p7a§D),

where in the second equation, we have also used the fact that (j..,,X) and its pull-
back (jean, X)(¢,0¢) are F(M)-linear in X (that is, in Xz) — a property which is not
obvious from the global formula (107) but can for instance be read off from the local
coordinate representations (109) or (95), in which the derivatives of the coefficient
functions X* and X' that are present in the formula (71) for X,z have dropped out.
Now the claim follows from the fact that a differential form whose exterior product
with every 1-form is zero must vanish.

The argument just given makes it clear that applying the same kind of reasoning to
the improved total Noether current (or its constituents) will require a more careful
analysis of its functional dependence on the infinitesimal bundle automorphism X, a
dependence that has not been specified so far since no assumption has been made on
the nature of the correction term: the (n — 2)-form j..(X) on JE is still completely ar-
bitrary. In order to fix this term and arrive at a unique expression for the improved total
Noether current which provides the correct expressions for both the physical current
and the physical energy-momentum tensor, something more is needed, something that
lies beyond the realm of a purely Noetherian approach. This is the subject that we shall
turn to next.

3.4. Improvement and the Ultralocality Principle

Within the formalism developed in the previous subsections, symmetries in first-
order Lagrangian field theories can be described by fixing a symmetry group, which
is (at least formally) a Lie group G, together with an action of G on the configuration
bundle £ by bundle automorphisms, or at the infinitesimal level, by fixing a symme-
try algebra, which is a Lie algebra g, together with a representation (up to sign) of §
by projectable vector fields on E, that is, a Lie algebra homomorphism'

g — Xp(E). (114)

Typically, G and § will be finite-dimensional when we are dealing with global
symmetries but will be infinite-dimensional as soon as we are dealing with local
symmetries. Moreover, in this case, there is an additional structure: just like Xp(E), §
is not only a Lie algebra but also a module over the ring §(M) of functions on space-
time — normally the module of sections of some vector bundle over M. However, the
linear map (114) will normally not be a homomorphism of §(M)-modules. As a
result, its composition with the (field independent) canonical total Noether current,

which can itself be viewed as a linear map

10 Strictly speaking, the infinitesimal version of a (left) group action is a Lie algebra antihomomor-
phism, but this can be easily corrected by an adequate choice of sign.
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Jean : Xp(E) — Q" NJE),

X e (o X (115)

and actually, as argued above, as a homomorphism of &(M)-modules, will normally
not be a homomorphism of F(M)-modules either. Improvement is the strategy de-
signed to cure this defect. More explicitly, the (field independent) improved total
Noether current, viewed as a linear map

Jimp : Xp(E) — Q" (JE),

X e jun () (116)

is fixed by imposing the following principle (the terminology has been adapted from
the theory of integrable systems [11]).

Ultralocality principle: The correction term in Eq. (106) must be chosen in such a
way that the composition of the linear map (114) with the linear map (116) becomes
a homomorphism of §(M)-modules.

The content of this principle is best understood by considering two special cases of
fundamental physical importance; they will be dealt with separately but in parallel in
order to emphasize the differences as well as the similarities.

(1) Field theories with gauge invariance: The expression ‘“‘gauge invariance’ is usu-
ally employed to indicate the presence of a local internal symmetry group G acting on
the configuration bundle of the theory by strict bundle automorphisms. The mathe-
matical formulation of a standard gauge theory whose structure group is a (finite-
dimensional) Lie group G with corresponding (finite-dimensional) Lie algebra g,
say, starts with the introduction of a principal G-bundle P over M to which all other
bundles appearing in the theory are associated. For example, the configuration bun-
dle E is associated to P by means of a given action of G on its typical fiber Q. Similarly,
the group G is defined to be the group of G-equivariant strict automorphisms of P,
which is isomorphic to the space I'(P xs G) of sections of the associated bundle
P x; G obtained by letting G act on G itself by conjugation, and correspondingly,
the Lie algebra g is defined to be the Lie algebra of G-equivariant vertical vector fields
on P, which is isomorphic to the space I'(P x g) of sections of the associated bundle
P xg g obtained by letting G act on g via the adjoint representation; of course,
I'(P x¢ G) is (at least formally) a Lie group because P X G is a bundle of Lie groups,
and correspondingly, I'(P X g) is a Lie algebra because P X g is a bundle of Lie al-
gebras. (Variants are obtained by considering instead appropriate “sufficiently large”
subgroups and corresponding subalgebras, such as the group I'.(P X G) of sections
of P x s G with compact support (= 1 outside some compact subset of M) and the Lie
algebra I'.(P X g) of sections of P x5 g with compact support (= 0 outside some
compact subset of M), but the considerations and arguments to be presented in what
follows are easily adapted to cover such situations; this will be left to the reader with-
out further mention in order not to overload the notation.) In addition, I'(P X g) is
obviously an §(M)-module: its elements are the common infinitesimal local symme-
tries for all gauge invariant Lagrangians. This provides one realization of the general
structure advocated in Eq. (114) above: the explicit action of the symmetry generators
on the fields is coded into a Lie algebra homomorphism
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F<P XG 9) - %P(E)7
&= &g

The map (117) is of course R-linear but not necessarily & (M )-linear. In general, it is
only required to be local, which means that if ¢ vanishes in some region of space-
time, that is, in a certain open subset U of M, then &, vanishes in that same region, or
rather in the open subset n~!(U) of E. According to Peetre’s theorem, this can be
recast into the condition that, for every point x in M, the value of £, at any point in
the fiber E, of E over x should depend only on the value of ¢ and its partial deriv-
atives up to a certain fixed order at x. Explicitly, in adapted local coordinates as
before, such a map (117) amounts to a procedure for defining the vertical compo-
nents &, of &; in terms of the components & of ¢ by a formula of the type

& = Ci&" + CLPR,E + -+ CIP143, ... 0, &, (118)

where the coefficients C, Ci#, ... Ci/1-P are (local) functions on E, whereas the
horizontal components &, of ¢, vanish. From this point of view, requiring the map
(117) to be F(M)-linear, or equivalently, to be ultralocal, in the sense that, for any
point x in M, the value of &; at any point in the fiber E, of E over x should depend
only on the value of & at x but not on that of its partial derivatives, is a much
stronger condition, satisfied in many models but not in all, depending on the specific
nature of the fields appearing in the theory; examples will be given later. If it is
satisfied, we can simply compose the linear map (117) with the linear map (115) and
are done; otherwise, this composition needs improvement. In general, composing the
linear map (117) with the linear map (116) gives a linear map

I(Pxgg) — Q" (JE),
5'_> (j7 é> :jimp(éE)

that is claimed to be the improved current of the theory, provided the correction
term used in the improvement has been chosen according to the ultralocality prin-
ciple which states that the correct choice is the one that guarantees the map (119) to
be F(M)-linear. Note that this condition has to a certain extent already been in-
corporated into the notation used in Eq. (119), which suggests that the dependence
of the improved current on the symmetry generators is given by a simple algebraic
pairing and can thus be absorbed into a definition of j as an (n — 1)-form on JE with
coefficients in the vector bundle P x s g* dual to P x¢ g (or rather its pull-back from
M to JE). Conversely, the ultralocality principle is an immediate consequence of this
property.

(2) Field theories with general covariance, or space-time diffeomorphism invariance:
The expressions “‘general covariance” or “‘space-time diffeomorphism invariance”
are usually employed to indicate the presence of a “‘sufficiently large” local space-
time symmetry group G acting on the configuration bundle of the theory by non-
strict bundle automorphisms. In a generally covariant field theory, the group G is
the difftfomorphism group Diff (M) of M, and correspondingly, the Lie algebra g
is the Lie algebra X(M) of vector fields on M. (Variants are obtained by considering
instead appropriate “‘sufficiently large” subgroups and corresponding subalgebras,

(117)

(119)
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such as the group Diff,. (M) of diffeomorphisms of M with compact support and the
Lie algebra X.(M) of vector fields on M with compact support, but the consider-
ations and arguments to be presented in what follows are easily adapted to cover
such situations; this will be left to the reader without further mention in order not
to overload the notation.) In addition, X(M) is obviously an §(M)-module: its ele-
ments are the common infinitesimal local symmetries for all generally covariant La-
grangians.!! This provides another realization of the general structure advocated in
Eq. (114) above: the explicit action of the symmetry generators on the fields is coded
into a Lie algebra homomorphism

X(M) — Xp(E),

(120)
XM = XE,
which is a splitting of the exact sequence of Lie algebras
{0} — Xy (E) — Xp(E) — X(M) — {0} (121)

(see Eq. (62)). Again, the map (120) — which is precisely the infinitesimal version of
the /ifting of Diff (M) into Aut(E) mentioned in the introduction and used in [5] to
derive explicit expressions for the energy-momentum tensor — is of course R-linear
but not necessarily &(M)-linear.'* In general, it is only required to be local, which
means that if X, vanishes in some region of space-time, that is, in a certain open
subset U of M, then Xy vanishes in that same region, or rather in the open subset
n }(U) of E. According to Peetre’s theorem, this can be recast into the condition
that, for every point x in M, the value of Xz at any point in the fiber £, of E over x
should depend only on the value of X}, and its partial derivatives up to a certain fixed
order at x. Explicitly, in adapted local coordinates as before, such a map (120)
amounts to a procedure for defining the vertical components X’ of X in terms of the
components X* of Xj, by a formula of the type [5]

X' = C X"+ CPo,X! 4 -+ CP49, ... 0, X" (122)

where the coefficients CL,C:;", .. .,C/i"’l“"’k are (local) functions on E, whereas the
splitting condition imposed above fixes the horizontal components X* of X to be
equal to those of X),. From this point of view, requiring the map (120) to be F(M)-
linear, or equivalently, to be ultralocal, in the sense that, for any point x in M, the
value of Xz at any point in the fiber E, of E over x should depend only on the value of
Xjr at x but not on that of its partial derivatives, is a much stronger condition,
satisfied in some models but by far not in all, depending on the specific nature of the
fields appearing in the theory; examples will be given later. If it is satisfied, we can
simply compose the linear map (120) with the linear map (115) and are done;
otherwise, this composition needs improvement. In general, composing the linear
map (120) with the linear map (116) gives a linear map

' A more detailed justification of this statement will be given later.

12 In general, the existence of such a lifting can only be guaranteed for vector fields X, with compact
support contained in a sufficiently small open subset of M, for example a coordinate patch, but for the
purpose of constructing an improved energy-momentum tensor, this is enough.
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X(M) — Q" (JE),

Xy — <T7XM> :jimp(XE) (123)

that is claimed to be the improved energy-momentum tensor of the theory, provided
the correction term used in the improvement has been chosen according to the
ultralocality principle which states that the correct choice is the one that guarantees
the map (123) to be F(M)-linear. Note that this condition has to a certain extent
already been incorporated into the notation used in Eq. (123), which suggests that
the dependence of the improved energy-momentum tensor on the symmetry gener-
ators is given by a simple algebraic pairing and can thus be absorbed into a definition
of T'as an (n — 1)-form on JE with coefficients in the cotangent bundle 7*M of M (or
rather its pull-back from M to JE). Conversely, the ultralocality principle is an im-
mediate consequence of this property.

If one is not interested in the specific form of the correction terms, the result
of the entire procedure can be reformulated as a direct definition of the improved
current j and the improved energy-momentum tensor 7 in integral form, as fol-
lows.

Definition 3.1. In first-order Lagrangian field theories with gauge invariance, the
(field independent) improved current j is an (n — 1)-form on JE with coefficients in the
vector bundle P x; g* with the property that, for any smooth hypersurface X in M,
any compact subset K of M with smooth boundary 0K intersecting 2 in a smooth
(n — 2)-dimensional submanifold, any infinitesimal gauge transformation ¢ with
support contained in K and any section ¢ of E with jet prolongation (¢, d¢), we have

(icana éE>((P’ a([)) = <ja é>((/)a a(f))

KnX KnX

or more explicitly, using local coordinate notation

[ 40 ) 00010 = [ do,wit(0.00) (2. (124)

KnX

Definition 3.2. In generally covariant first-order Lagrangian field theories, the (field
independent) improved energy-momentum tensor T is an (n — 1)-form on JE with
coefficients in the cotangent bundle 7*M of M with the property that, for any smooth
hypersurface X in M, any compact subset K of M with smooth boundary 0K in-
tersecting X in a smooth (n — 2)-dimensional submanifold, any vector field X;, on M
with support contained in K and any section ¢ of E with jet prolongation (¢, d¢), we
have

(icanyXE>((P7a(/)) = / <T7XM>(¢7a(p)

KnX KnX

or more explicitly, using local coordinate notation

Lgmwammwm=/dmmmmwmw» (125)

KnX
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The proof of these assertions relies on Stokes’ theorem, which implies that the
contributions to the rhs of Egs. (124) and (125) coming from the correction terms
can be converted into integrals over the boundary 0K N X which vanish since ¢ and
X, are supposed to have support inside K.

Of course, this characterization of candidates for the improved current and the
improved energy-momentum tensor is not new and has appeared many times before
in the literature, with widely varying terminology; see, e.g., [5, Theorem 1.1]. It
should also be pointed out that the definitions above do not by themselves guarantee
existence of j and/or T'; this will be a consequence of other arguments to be presented
in the following section. However, Eqs. (124) and (125), which can be regarded as
defining j and 7T as quantities measuring the /inear response of the fields in the theory
to gauge transformations and to space-time diffecomorphisms, respectively, are by
themselves sufficient to guarantee uniqueness of j and T; in particular, T is indepen-
dent of the choice of the lifting map (120) used in its definition.

There is now only one fundamental problem that remains to be settled. This prob-
lem becomes apparent when we notice that the ultralocality principle hidden in Egs.
(124) and (125) guarantees that the second Noether theorem continues to hold for
the improved expressions: the fact that the improvement terms have been chosen pre-
cisely so as to render the assignments (119) and (123) §(M)-linear implies that the
current j and the energy-momentum tensor 7 are not only conserved but actually
vanish “on shell”. (The proof is the same as the one given for the canonical total
Noether current at the end of the previous subsection.) Obviously, this simply cannot
be true for the physical current or the physical energy-momentum tensor: these do
not vanish just because all fields in the theory satisfy their adequate equations of
motion!

Regarding our original problem of giving a general definition of the energy-
momentum tensor for an arbitrary Lagrangian field theory, we thus find that the
Noetherian approach, even when combined with a procedure of posterior improve-
ment, has led us into a dilemma. On one side, we have field theories with invari-
ance under “small” global symmetry groups, such as the special relativistic field
theories studied in the previous section, which are invariant under space-time
translations, Lorentz transformations and, in some cases, also under dilatations.
As stated before, improvement is in this case essentially an “ad hoc” procedure:
what is missing is a simple physical criterion for directing it towards a definite
and unique answer. At the opposite extreme, we have field theories with “large”
local symmetry groups such as the ones studied in [5] where this problem can be
overcome but the result is useless in practice because it vanishes “on shell”. Intu-
itively, this can be understood by observing that if there are too many conserved
currents in the theory, obtained from each other by arbitrarily redistributing local
weight factors, then these currents must in fact all be zero. Of course, this is well
known and corresponds to the fact that local symmetries induce constraints that
restrict the phase space of the theory to the zero level of the momentum map.
In particular, we conclude that in the presence of large local symmetry groups,
the Noetherian construction alone is not able to provide a physically meaningful
energy-momentum tensor.
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In order to find a way out of this impasse, let us return to the starting point of our
geometric analysis and recall that the formalism presented in this section was based
on the idea that all the different bundles carrying different types of fields have been
lumped together into a single big fiber bundle E over M. If this is done, then in an
entirely geometric field theory with no external data and no artificial internal ingre-
dients (such as an explicit symmetry breaking potential), Einstein’s principle of gen-
eral covariance (or coordinate invariance) combined with the principle of gauge
invariance, suitably reformulated in global language, will impose invariance of the
total Lagrangian £ under the entire group Aut(E) of automorphisms of E, provided
one requires a// fields of the theory to transform appropriately. As we have seen, it
then follows from the second Noether theorem that the canonical total Noether cur-
rent introduced above vanishes identically ““on shell”’, the same being true for the im-
proved current and the improved energy-momentum tensor. But as has already been
mentioned once before, physically realistic models of field theory are always made up
of various sectors containing different types of fields that interact among themselves
and with each other. Moreover, currents and the energy-momentum tensor will de-
scribe the mutual exchange of charges and of energy-momentum between the various
sectors, that is, the flow or transfer of these quantities between the fields in different
sectors. From this point of view, it becomes clear that if one lumps all fields together
into a single total field ¢, that total field will by definition have no partner for the
exchange of charges or energy-momentum, and this is why the improved current
and the improved energy-momentum tensor as defined above vanish identically
“on shell”. A physically meaningful definition of non-trivial conserved quantities re-
quires a subdivision of £ and ¢ into various sectors and a physical discussion of the
distinguished role played by certain kinds of fields, especially the ones that mediate
the four fundamental interactions, namely gauge fields (for the electromagnetic,
weak and strong interactions) and, of course, the metric tensor (for gravity).

In order to prepare the ground for such an analysis, let us first introduce some
important notions that allow to distinguish between different types of fields that ap-
pear in any given sector.

First, one may distinguish between fields that enter the Lagrangian together with
their first-order partial derivatives (type A) and fields that enter the Lagrangian with-
out derivatives (type B). In other words, for fields of type A, which constitute the ge-
neric case, £ depends on their entire jet, whereas for fields of type B, £ depends only
on point values of the fields. Of course, there is one other physically relevant case,
namely general relativity, where the Lagrangian is constructed from curvature invar-
iants and hence contains the metric tensor and its partial derivatives up to second or-
der. In certain special cases, this situation can still be incorporated into the first-order
formalism by adopting the Palatini formulation, based on introducing, in addition to
the metric tensor and as an “a priori”’ independent new field, a linear connection on
space- time, in such a way that vanishing of the torsion and of the covariant derivative
of the metric tensor (which uniquely characterize the Levi-Civita connection) become
part of the equations of motion; see the extensive discussion in Chapter 21.2 of [6].
However, this procedure fails when curvature terms also appear in the matter field
Lagrangian — a situation that we shall encounter in the next two sections.
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More important is the distinction between external and dynamical fields. Exter-
nal fields represent the influence of the outside world on the system under consid-
eration but cannot be influenced by anything happening inside the system; in
particular, their space-time dependence is fixed and prescribed from outside, so they
act like external parameters in a dynamical system. (Quite often, but not always,
external fields are of type B; examples will be given soon.) Dynamical fields repre-
sent the physics of the system itself, and determining their space-time dependence is,
both physically and mathematically, the main goal of field theory. The laws govern-
ing this space-time dependence are of course the equations of motion, so we may
say briefly that dynamical fields satisfy equations of motion while external fields
don’t (or to be more precise, may or may not do so). Moreover, Lagrangian field
theory supposes that the equations of motion are derived from a principle of sta-
tionary action, so the previous statement can be viewed as resulting from the pre-
scription that in this derivation, the dynamical fields are varied while the external
fields are kept fixed. The situation may be different for variations induced by sym-
metry transformations since these will sometimes not leave all external fields fixed.
If they do, then it may be convenient to replace a totally symmetric formulation of
the theory by one with manifest invariance only under restricted bundle automor-
phisms, i.e., bundle automorphisms that leave all the external fields fixed. In some
cases, this is achieved by choosing special coordinates in which the external fields
assume a particularly simple form given, for instance, by constant functions: an im-
portant example is a manifestly Lorentz invariant, rather than generally coordinate
invariant, formulation of field theory on flat space-time, where the flat space-time
metric plays the role of the external field. More generally, the most important class
of external fields invariant under all admissible variations is provided by invariant
fiber metrics, which in turn are a special case of G-structures — a concept to be dis-
cussed next.

3.5. G-structures and G-connections

In the general framework outlined in the previous subsections, it is difficult to
construct invariant Lagrangians directly. This is due to the fact that the full auto-
morphism group of the configuration bundle, which at this stage is the only natural
candidate for a symmetry group, is simply too large: it must somehow be reduced in
order to arrive at subgroups that do admit interesting invariants. (In a similar spirit,
we may observe that the first-order jet bundle of a fiber bundle is not a vector bundle
but only an affine bundle and that it is difficult to construct invariants under affine
transformations, since the translation part generates large orbits.) Inspection of con-
crete models reveals that, as a rule, such symmetry reductions are achieved by requir-
ing invariance of certain additional structures that appear naturally, but often
tacitly, in the construction of the pertinent Lagrangian: this leads us into the math-
ematical theory of G-structures.

Given a Lie group G, a fiber bundle E over M, with bundle projection n : E — M
and typical fiber Q, is said to carry a G-structure and simply called a G-bundle if there
is an action
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Gx0—0,
(g.9)— g4
of G on Q such that one can find a bundle atlas for which the transition functions f/;

between any two bundle charts in the atlas can be written in terms of G-valued
functions g,; on the overlap of the respective domains according to

(6 q) = (x,8ap(x) - q). (127)

Of course, if we regard the diffeomorphism group Diff (M) as a (formal) Lie group,
then every fiber bundle with typical fiber Q carries a canonical (formal) Diff(Q)-
structure. Usually, however, G is much smaller, and typically it can be assumed to be
a finite-dimensional Lie group; it is in this situation that the concept of a G-bundle
becomes useful. As an example, assuming Q to be an N-dimensional vector space and
G to be the general linear group GL(N) leads us to regard N-dimensional vector
bundles as GL(N)-bundles. Similarly, supposing Q to be an N-dimensional real/
complex vector space equipped with a given scalar product and G to be the or-
thogonal group O(N) / unitary group U(N) leads us to regard N-dimensional real/
complex vector bundles equipped with a fixed Riemannian/Hermitean fiber metric as
O(N)-bundles / U(N)-bundles. Examples of nonlinear nature also appear, namely in
the so-called nonlinear sigma models where, typically, Q is a homogeneous space for
G: Q=G/H.

The modern approach to G-bundles consists in introducing a distinguished class
of G-bundles called principal G-bundles and to derive all others from these as associ-
ated bundles. Briefly, given a G-bundle E over M with bundle projection n: £ — M
and typical fiber O as above, the idea is to define a principal G- bundle P over M with
bundle projection p : P — M and typical fiber G whose transition functions can be
written in terms of the same G-valued functions g,s as before, according to

5, 8) = (¥, 84p(x)g). (128)

Making use of the fact that left multiplication on G commutes with right multipli-
cation on G (which is nothing but the associativity law g;(gg,) = (g12)g, for the
group multiplication in G), this can be seen to guarantee the possibility to introduce
a globally defined free right action

PxG— P,
(p.8)—p-g
of G on P whose orbits are precisely the fibers of P. Moroever, taking the Cartesian
product P x Q of P and Q, on which G can be made to act from the right, say,
according to (p,q)-g = (p-g,¢"" - q), and taking the quotient space with respect to
this combined action, one constructs a G-bundle P x; Q over M known as the G-
bundle associated to P (with respect to the action of G on Q), which turns out to be
naturally isomorphic to the original G-bundle E over M.
Among the advantages offered by the approach based on the introduction of

an appropriate principal G-bundle, we may quote the possibility to give relatively
simple definitions of various important concepts such as G-bundle automorphisms,

(126)

(129)



M. Forger, H. Romer | Annals of Physics 309 (2004) 306-389 339

G-invariant fiber metrics and G-connections. For example, a G-bundle automor-
phism is, roughly speaking, a bundle automorphism that leaves the given G-structure
invariant. This can be made more precise by first defining an automorphism of a
principal G-bundle P over M to be an automorphism ¢, of P as a fiber bundle over
M that is equivariant, i.e., commutes with the right action of G on P:

bp(p-8) = dplp) - 2 (130)

It is easy to see that such an equivariant automorphism ¢, induces an automorphism
$pyy0 Of any associated G-bundle P x¢ Q. Explicitly,

Prxoo(lp;4]) = [d(p), 4l; (131)

where [p, g] € P x¢ Q denotes the equivalence class of (p,q) € P x Q. Conversely, a
bundle automorphism ¢, of a G-bundle F is called a G-bundle automorphism if it can
be obtained in this way. For example, when E is an N-dimensional vector bundle and
G = GL(N), P will be the corresponding linear frame bundle of E and a bundle
automorphism of £ will be a G-bundle automorphism if and only if it is fiberwise
linear, that is, a vector bundle automorphism. Similarly, when E is an N-dimensional
real/complex vector bundle equipped with a fixed Riemannian/Hermitean fiber
metric and G = O(N)/G = U(N), P will be the corresponding orthonormal frame
bundle of £ and a bundle automorphism of £ will be a G-bundle automorphism if
and only if it is fiberwise linear and isometric, that is, an isometric vector bundle
automorphism. In general, we postulate that when E is a G-bundle, symmetries of
Lagrangians on JE should be G-bundle automorphisms. In other words, we require
the G-structure of E to be fixed under all automorphisms considered as candidates
for symmetries of physically interesting Lagrangians.

The aforementioned reinterpretation of a Riemannian/Hermitean fiber metric on an
N-dimensional real/complex vector bundle as a G-structure with G = O(N)/G = U(N)
is easily extended from the positive definite to the indefinite case and can be further gen-
eralized by introducing the notion of a G-invariant fiber metric. Given a real/complex
G-vector bundle E = P x g Ey over M associated to a principal G-bundle P over M via a
representation of G on a real/complex vector space Ey,'? it is easy to see that any G-in-
variant non-degenerate scalar product 4} on E, induces a fiber metric #* on E which
assigns to every point x in M a non-degenerate scalar product 4* on the fiber E, of E
atx of the same type as 4 and depending smoothly on the base point x; it is G-invariant
in the sense of being invariant under all G-bundle automorphisms. Explicitly, for pin P
such that p(p) = x and vy, v, € E,,

hf([pavl]avavﬂ) :hg(vlvvz), (132)

where [p,v;] € P x¢ Ey denotes the equivalence class of (p,v;) € P X Ey. (Thus G is
now an extension, by the kernel of its representation on Ey, of a subgroup of the
pertinent pseudo-orthogonal/pseudo-unitary group.) In any local trivialization of E
induced by a local section of P and a choice of basis in Ey, the matrix elements of 4*

13 For a vector bundle E over M, we denote its typical fiber by Ey, rather than Q as before.
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are independent of x and equal to those of 4%. This construction admits a natural
extension to the nonlinear situation. Namely, given a G-fiber bundle £ = P x5 Q
over M associated to a principal G-bundle P over M via an action of G on a manifold
0, it is easy to see that any G-invariant pseudo-Riemannian metric #° on Q induces a
pseudo-Riemannian fiber metric A on E which assigns to every point e in £ a non-
degenerate scalar product 4% on the vertical subspace V,E of the tangent space T,E at
e of the same type as #¢ and depending smoothly on the base point e; it is G-invariant
in the sense of being invariant under all G-bundle automorphisms. Explicitly, for p in
P,qin O and u,u» € T,0,

hfn,q]([l’; w], [p,ur]) = hg(ul,uz), (133)

where [p,u;] € P x TQ denotes the equivalence class of (p,u;) € P x TQ with respect
to the induced action of G on the tangent bundle 7Q of O and we have made use of
the following canonical isomorphism of vector bundles over P x¢ Q

V(P xgQ) =P xgTQ. (134)

Thus we have an explicit example of the situation mentioned at the end of the
previous subsection: if we think of a G-invariant fiber metric as a type of external
field, this must be kept fixed under all variations — those used to derive the equations
of motion as well as those generated by candidates for infinitesimal symmetries of the
Lagrangian — and can therefore be made constant by restricting to special coordi-
nates, namely fiber coordinates corresponding to local trivializations that are com-
patible with the given G-structure.

For what follows, it will be important to observe that all fiber metrics appearing in
the construction of the standard Lagrangians of field theory are fixed external fields
in this sense, with one possible exception: the metric tensor of space-time itself may
be either external, as in special relativity, or dynamical, as in general relativity.

Turning to connections, we recall first of all that a general connection in a general
fiber bundle £ over M can be defined in various equivalent ways. Two of these are:
e A connection in E is given by the choice of a horizontal bundle HE, which is a vec-

tor subbundle of the tangent bundle 7F of the total space E complementary to the

vertical bundle VE

TE = VE & HE. (135)

Given a connection and a vector field Xz on E, we write (Xg), for its vertical part
and (Xg), for its horizontal part.

e A connection in E is given by the choice of a horizontal lifting map I, which is
simply a section I’y : E — JE of JE over E. Equivalently, it can be viewed as a
map g : n*(TM) — TE of vector bundles over £ whose composition with the tan-
gent map 7' to the projection n : E — M, viewed as a map Tn : TE — n*(TM) of
vector bundles over E, gives the identity on n*(7M)

TTEOFE :idn‘(TM)' (136)

Given a connection and a vector field X), on M, we write I'g(X),) for the vector
field on E obtained as its horizontal lift
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Ie(Xu)(e) = T's(e) - Xy(n(e)) for e € E. (137)

The equivalence between these two definitions is established by observing that for
any point e in E with base point x = 7(e) in M, the horizontal space H,E at e is the
image of 7,M under I'z(e) and conversely, I'z(e) is the inverse of the restriction of
T,m to H,E, which is a linear isomorphism. Given such a connection in £, we obtain a
covariant derivative D that maps every section ¢ of E to a 1-form Do on M with
values in the pull-back ¢*(VE) of the vertical bundle VE of E via ¢ and is defined as
the difference

Do =09 — I'g(9), (138)

where Q¢ is of course the ordinary derivative or 1-jet of ¢ and I'z(¢) the composition
of the maps ¢ : M — E and I'; : E — JE. We also define the curvature form of the
connection to be the horizontal 2-form Q5 on E with values in the vertical bundle VE
of E such that for any two vector fields Xz and Yz on E, Qg (Xg, Yz) is the vertical part
of the Lie bracket between the horizontal parts of Xz and Yz

QE(XEv YE) = [(XE)H7 (YE)H]V' (139)

Thus Q5 measures the extent to which the horizontal bundle fails to be involutive. In
adapted local coordinates (x*, ¢') for E derived from local coordinates x* for M, local
coordinates ¢’ for Q and a local trivialization of E over M, as well as the induced
local coordinates (x*,4',q}) for JE, we can write

re(d,) =0, + 1,0, (140)
and

Qp(Te(d,), Te(d)) = 2,0, (141)
to obtain

Dyg' = 08,0 —I',(¢), (142)
and

Q;“ =0,I", — 0,1, + I 0;I", = I, o;I',. (143)

In the presence of a G-structure, it is appropriate to introduce the concept of a
G-connection which, roughly speaking, is a connection compatible with the given
G-structure. Again, this can be made more specific by first defining a principal con-
nection in a principal G-bundle P over M to be a connection in P as a fiber bundle
over M that is invariant under the right action of G on P, which means that the cor-
responding horizontal bundle should be invariant under this action and the corre-
sponding horizontal lifting map I'» should be equivariant with respect to this
action on P and the induced action on JP. It is easy to see that such an equivariant
connection I'p induces a connection I'p, ;o on any associated G-bundle P x5 Q. Con-
versely, a connection I'y of a G-bundle E is called a G-connection if it can be ob-
tained in this way. For example, when E is an N-dimensional vector bundle and
G = GL(N), P will be the corresponding linear frame bundle of £ and a connection
in £ will be a G-connection if and only if it is a linear connection. In this case,
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all relevant structures are simplified due to their linear behavior along the fibers of E.
In particular, the pull-back ¢*(VE) of the vertical bundle VE of E via any section ¢
can be identified with the bundle E itself, so that the covariant derivative becomes an
operator taking sections ¢ of £ to 1-forms Dgp on M with values in E, whereas the
curvature becomes a 2-form on M with values in the bundle Z(E) of linear transfor-
mations of E into itself. This linear behavior along the fibers is most easily seen in
adapted local coordinates as above (where the ¢’ should now be linear coordinates
on the typical fiber), since

I (x,q) =—4,(x)¢q, (144)
and

Q,luv(xv q) = —FW;()C)QJ, (145)
so that

Dy’ = 0,9+ 4,]¢/, (146)
and

i_ i i iqk i k
Fuvj = aMAvj - a"Auj +AukAvj - Avauj' (147)

Similarly, when E is an N-dimensional real/complex vector bundle equipped with a
fixed Riemannian/Hermitean fiber metric and G = O(N)/G = U(N), P will be the
corresponding orthonormal frame bundle of £ and a connection in £ will be a
G-connection if and only if it is a linear connection leaving the given fiber metric
invariant.

Returning to the general case, we have seen that, by definition, G-connections in
G-bundles are derived from principal connections in principal G-bundles, for which
there is another widely used definition, based on the fact that the vertical bundle of a
principal G-bundle P over M is globally trivial and admits a distinguished G-equi-
variant global trivialization

Tt P X g— VP,
(P, X) — Xp(p)

given by the fundamental vector fields associated with the right action (129) of G on
P:

(148)

Xolp) = S (p-exp(ex)| (149)
=0

Indeed:

e A principal connection in P is given by the choice of a connection form A, which is
a G-equivariant 1-form on P with values in the Lie algebra g of G and such that,
when viewed as a map 4 : TP — P x g of vector bundles over P, its restriction to
the vertical bundle VP of P, composed with the isomorphism (148), gives the iden-
tity on VP
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The equivalence with the previous two definitions can be established by postulating
that the horizontal bundle is precisely the kernel of 4

HP = ker A. (151)

This relation can indeed be read in both directions, since it not only defines the
horizontal bundle in terms of the connection form but also yields the connection
form in terms of the horizontal bundle. This statement, together with the relation
between all three definitions, becomes even clearer if we express all objects in terms
of the vertical projection from 7P onto VP (with kernel HP) and the horizontal
projection from 7P onto HP (with kernel VP) associated with the direct decompo-
sition (135), with E replaced by P. In fact, the composition on the lhs of Eq. (150)
above is the vertical projection, whereas the composition of I'p, when viewed as a
map I'p: p*(TM) — TP of vector bundles over P, with the tangent map Tp to the
bundle projection p : P — M (in the opposite order to that used in Eq. (136)) is the
horizontal projection. Thus using the obvious fact that these two projections must
add up to the identity on 7P, we can write

TVPOA+FPOTp:idTP. (152)

The curvature form associated with such a connection form is defined to be the G-
equivariant horizontal 2-form F on P with values in the Lie algebra g of G defined
as the composition of Qp with the inverse of the trivialization t,p, except for a
sign:

Then
F:dAJr%[AQA]. (154)

Note that A4 is zero on the horizontal bundle while F is zero on the vertical bundle. It
is also clear that G-bundle automorphisms transform G-connections into G-con-
nections, since automorphisms of principal G-bundles transform principal connec-
tions into principal connections. (For example, looking at the right action (129) of G
on P, it is clear that a G-equivariant automorphism will not only leave the G-in-
variant vertical bundle invariant but also transform a G-invariant horizontal bundle
into another G-invariant horizontal bundle.) In particular, this is true for strict G-
bundle automorphisms, known in physics as gauge transformations, which can also
be interpreted as G-equivariant functions on P with values in G, or equivalently, as
sections of a certain bundle of Lie groups over M constructed from P, namely the
associated bundle P x s G, with respect to the action of G on G itself by conjugation.
Similarly, infinitesimal strict G-bundle automorphisms, known in physics as infini-
tesimal gauge transformations, can also be interpreted as G-equivariant functions on
P with values in g, or equivalently, as sections of a certain bundle of Lie algebras
over M constructed from P, namely the associated bundle P x s g, with respect to the
adjoint representation of G on g. This interpretation is useful, for example, for
writing down the transformation law of connection forms 4 and curvature forms F
under gauge transformations g,
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A—g-A=gdg' —dgg !,
g 84g 1 g8 (155)
F—g F=glg,
and for the variation of connection forms 4 and curvature forms F under infini-
tesimal gauge transformations ¢,

bed = [¢, 4] —d& = =D,

For later use, we note that the curvature form can also be viewed as a 2-form 7 on M
with coefficients in the associated Lie algebra bundle P xs g. For the connection
form A, it is impossible to give an analogous interpretation as a section of a vector
bundle over M, but it can be viewed as a section of an affine bundle over M.

Concluding this subsection, we wish to emphasize that, in view of the enormous
importance of connections both in physics and in mathematics, it seems adequate to
consider them as a special class of fields. It must be emphasized, however, that the
only connections of interest in physics are the G-connections. The reason is that
fields are functions on space-time or, in the general geometric setting discussed in
the previous subsection, sections of bundles over space-time, while general connec-
tions on a general fiber bundle show an arbitrary dependence on the fiber coordi-
nates: they are not fields! But G-connections are, precisely because they are
derived from principal connections in principal G-bundles whose dependence along
the fibers is completely fixed by the requirement of G-equivariance.

3.6. Construction of invariant Lagrangians

As has already been mentioned at the very beginning of this section, there are es-
sentially three different classes of fields that appear in concrete models.

e Linear matter fields which are sections of G-vector bundles over space-time,

e Nonlinear matter fields which are sections of general G-fiber bundles over space-
time, also called sigma model type fields,

o Gauge fields which are G-connections in G-bundles over space-time.We emphasize
once again that general connections in general fiber bundles without any addi-
tional structure are not physical fields.

A G-connection is the essential ingredient for defining covariant derivatives of matter
fields, both linear and nonlinear, and such covariant derivatives are always sections
of G-vector bundles over space-time. Similarly, the curvature of a G-connection is
also a section of a certain G-vector bundle over space-time. It is interesting to note
that in all known Lagrangians of physical significance in field theory, G-connections
enter 1c:tnly through covariant derivatives of matter fields or through curvature
terms.

! There is one notable exception of considerable theoretical interest but whose direct physical
significance is unclear, namely the Chern-Simons Lagrangian, which differs from all other Lagrangians
containing gauge fields in that it is only gauge invariant up to a total divergence and describes a
topological field theory, without true dynamics.
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In order to explain how to construct the standard invariant Lagrangians of field
theory, let us first take a brief look at various types of fields of particular impor-
tance.

(a) Tensor fields on the space-time manifold M will almost always be part of the
construction — partly because they appear, explicitly or tacitly, as soon as one takes
space-time derivatives of fields. They are sections of the tensor bundles 7VM of M
which can be constructed canonically from the tangent bundle 7M and its dual,
the cotangent bundle 7*M, by taking tensor products. Derivatives of tensor fields
are covariant derivatives with respect to some linear space-time connection I" and
as such are again tensor fields. (A notable exception occurs for differential forms,
where one can use Cartan’s operator d of exterior differentiation, which makes no
reference to the choice of a space-time connection. Its definition is usually written
using ordinary partial derivatives but in fact the same formula holds if these are re-
placed by covariant derivatives with respect to an arbitrary torsion-free linear con-
nection on M.) Another special feature of tensor fields is that diffeomorphisms of
M can be lifted canonically to automorphisms of the tensor bundles 7"M and hence
act naturally on tensor fields. It should be noted that the lifting T ’q’)M to I'M of a
diffeomorphism ¢,, of M is never strict (except when both are the ldentlty). Strict
automorphisms of the tensor bundles also play a role: they are the proper geometric
concept for describing local frame transformations.

A specific tensor field that plays an outstanding role is the metric tensor g. A pseu-
do-Riemannian metric on M is a rank 2 symmetric tensor field which is nowhere de-
generate and has fixed signature (p, ¢) (where p + ¢ = n), the default case for classical
field theory being of course that of Lorentz signature (p =1 and ¢g=n—1 or
p=n—1and g =1, depending on the conventions used). Apart from providing a
fiber metric on each of the tensor bundles 77M, such a metric tensor induces useful
additional structures. One of these is the Levi-Civita connection which is a family of
linear connections, all commonly denoted by V, on the tensor bundles 7/M that
commutes with the natural operations between tensor bundles (tensor products
and contractions) and is uniquely characterized by two properties:

Vxg =0 (metricity), (157)

VyY —VyX —[X,¥Y] =0 (vanishing torsion). (158)
Supposing M to be oriented, as always, the other is the pseudo-Riemannian volume
form t which, just like the metric tensor g itself, is covariant constant

Vyt=0. (159)
In terms of local coordinates x* on M, we can write

r

VieVs ViV V0V AV, Vs Vi...Vg
v/‘(pull M N(pull + Zrui(pull H[rl = Zrﬂllk(pﬂll 1 K 1o f (160)
k=1
where
| .
FZA = Ega (aug/lv + a/lg,uv - avg,u/l)7 (161)
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while

7 =+/|detg|d"x. (162)

This allows us to rewrite the Lagrangian L in terms of a Lagrangian function L,
rather than a Lagrangian density £ as in Eq. (79)

L=1Lt (163)
Of course,
L =+/|detgl|L. (164)

(b) Spinor fields on the space-time manifold M are closely related to tensor fields
but somewhat more difficult to handle since their mere definition presupposes the
choice of a metric tensor. Namely, they are sections of a complex vector bundle
SM over M called the spinor bundle which, very loosely speaking, is a square root
of the (complexified) tangent bundle.'® This interpretation can be taken almost liter-
ally in the case of Riemann surfaces, but in general a more precise statement is that
there is a canonical homomorphism

v TM — L(SM) = S"M @ SM (165)

of vector bundles over M which by taking Clifford products extends to a canonical
isomorphism

CIiff (T°M) = L(SM) = §'M ® SM (166)

of algebra bundles over M (the superscript ¢ indicates complexification). Moreover,
the spinor bundle SM of M carries a natural fiber metric which associates to any two
sections Y and y of SM a function on M denoted by yy: it is non-degenerate but in
general not positive definite and such that y restricted to 7M takes values in the
bundle of pseudo-Hermitean linear transformations of SM. Finally, the Levi-Civita
connection can be uniquely lifted from tensor fields to spinor fields in such a way
that the property of metricity carries over from the metric tensor g to the homo-
morphism 7

Vyxy =0. (167)
In terms of local coordinates x* on M, vy is defined by requiring it to take the co-

ordinate vector fields 9, to the Dirac y-matrices y,, which must satisfy the Clifford
algebra relations

yuyv + ’yv’yﬂ = 2g;4v (168)
and we can write
V' =0 + Iy, (169)

where the I'}; are known as the spinor connection coefficients. An explicit formula
for them can only be given in terms of orthonormal frame fields; this is deferred to

15 The spinors considered here are Dirac spinors.
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Section 4.3 where it will be needed. Here, we just mention that the spin connection
preserves the aforementioned natural fiber metric on the spinor bundle. Moreover,
we note that each spinor field s gives rise to the composite tensor fields

Uy, v A @@ dat,

whose covariant derivatives can be calculated in terms of covariant derivatives of the
underlying spinor field by means of a Leibniz rule:

VX (l/;y/ll cee yu,l//) = (VXJ)'VM cee V,url// + lp’y,u] cee V}L,.(VX'?D)' (170)

(c) Sections of other G-vector bundles ¥ and, more generally, of G-fiber bundles
over the space-time manifold M appear in theories containing matter fields with inter-
nal symmetries that are realized linearly or, more generally, nonlinearly. The covar-
iant derivative Dy of such a section ¢ along any vector field X on M, with respect
to a given G-connection 4, is in the first case again a section of ¥ and in the second
case a section of the pull-back ¢*(VF') of the vertical bundle VF of F to M via ¢ itself.
In both cases, all bundles involved are associated to some given principal G-bundle P
over M, namely V = P X V, with respect to some given representation of G on the
vector space ¥, which is the typical fiber of V', F = P x Q with respect to some given
action of G on the manifold Q which is the typical fiber of F and VF = P x; TQ with
respect to the induced action of G on the tangent bundle 70 of Q; then 4 is a principal
connection in P. In terms of local coordinates x* on M, a basis of generators 7, in the
underlying Lie algebra g and a local section of P, we can write

D¢’ = 0,9" + 44(T.) 0 (171)

with respect to a basis in ¥, in the first case, where the (7, ) are the matrix elements of
the linear transformations on ¥ corresponding to the generators 7, under the rep-
resentation of g induced from that of G, and

D, ¢ = 0,9 + AT, (¢) (172)

nha

with respect to local coordinates ¢' on O in the second case, where the 7' are the
components of the fundamental vector fields on Q corresponding to the generators 7,
under the action of G on Q.

(d) Gauge fields are described by principal connections in a principal G-bundle P
over the space-time manifold M, more precisely in terms of their connection form 4
and curvature form F, as explained in the previous subsection. The latter can be
viewed as a 2-form on M with coefficients in the corresponding associated Lie alge-
bra bundle P xg g.

More general fields are obtained as sections of bundles constructed from the
building blocks mentioned under (a)-(d) above by taking duals, direct sums (or in
the nonlinear case, fiber products) and tensor products. Similarly, their covariant de-
rivatives are obtained using the corresponding constructions for connections. For in-
stance, tensor fields or spinor fields with coefficients in a G-vector bundle V' over M
are sections of 7'M ® V and of SM ® V, respectively, and their covariant derivatives
must be taken using both the G-connection 4 and the space-time connection I’
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ViVl ViV l Vi Vs VI VI AV g Vs
Dﬂq)/‘l My a!‘q)m + A q’m St Z F;M(pm e

»
_§ : V]Vl
Fumq)m e 1 K11 (173)
k=1

Dﬂ[pa,k _ aﬂwa,k —I—Aa( ) l,ba[ _’_I-vocﬁlpﬁk (174)

Apart from this input, the construction of invariant Lagrangians hinges on the

choice of a metric tensor g and, in the presence of fields carrying internal symmetries,

of other fiber metrics 2 on the bundles involved; these will also be denoted by

brackets of the form (.,.) in the real case and by brackets of the form (.,.) in the

complex case. The most important examples are the following.

e For scalar fields with linearly realized internal symmetry, that is, sections ¢ of
V=P xsh,

1 1 ; .
Lesc = 58" (Dup, Dvo) = U(@) = 58" hy;Du9' D¢’ — U(g) (175)
in the real case and
LCSC = gw<DM(p7Dv§D> - U((p) = gw‘hi]’D;t@iDv(p/ - U(QD) (176)

in the complex case, where /4 is a G-invariant scalar product on ¥}, giving rise to a
G-invariant fiber metric on ¥, and U is a potential describing self-interactions; it is
simply a G-invariant function on ¥j, giving rise to a G invariant function on V.
For dimJ; =1, for example, choosing U(¢) =im?@* in the real case and
U(p, ) = m2|go| in the complex case gives the free scalar field of mass m, in-
cluding a term of the form |¢|* leads to the ¢* theory, etc.

e For scalar fields with nonlinearly realized internal symmetry, that is, sections ¢ of
F=Pxs0,

1 . o
Losw = 58" (Dug, Dv9) — U(9) = 58"hy(9)Du9' D¢’ — U(9), (177)

where % is now a G-invariant pseudo-Riemannian metric on Q, giving rise to a G-
invariant pseudo-Riemannian fiber metric on F, and U is a potential describing
self-interactions; it is simply a G-invariant function on Q, giving rise to a G-in-
variant function on F. This is the Lagrangian for a generalized sigma model which
contains as a special case the ordinary sigma model with target space a Rie-
mannian manifold Q with metric /: it is obtained by choosing P and F to be trivial
G-bundles, i.e., P=M x G and F = M x Q, A to be the trivial flat G-connection
and U to vanish. Indeed, sections of F can then be identified with mappings from
M to Q and the Lagrangian (177) reduces to the ordinary sigma model Lagrangian

1 | . ; .
Losm = Eg’“(@uqo, 0,p) = Egﬂ hij(9)0,"0, ¢’ . (178)

e For spinor fields with (necessarily linearly realized) internal symmetry, that is, sec-
tions Y of SM @ W with W = P x¢ W,
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Lpsp == wizﬁw Uy,y) = “‘w 1D — U, ), (179)

where once again, / is a G-invariant scalar product on W, giving rise to a G-in-
variant fiber metric on W, and U is a potential describing self-interactions; usu-
ally, it is an invariant function of composite tensor fields of the form lﬁkym e yﬂrW
obtained by contracting all internal indices with % and all space-time indices with
2.'® For dim W, = 1, for example, choosing U, W) = mpy gives the free Dirac
spinor field of mass m, including a term of the form g“‘l//yﬂl//wy‘zp gives the
Thirring model, including a term of the form (Yay)* or (Yh)* — (Yysh)” gives the
Gross-Neveu model and the chiral Gross-Neveu model, respectively, etc.
e For G-connections , that is, connection forms 4 on P,

Iy = = 48" (FusFr) = — 38 huF L, (180)
where F is the curvature form of 4 and % is now a G-invariant scalar product on
the Lie algebra g, giving rise to a G-invariant fiber metric on P xs g. This is the
well-known Yang—Mills Lagrangian.

e For the metric tensor g of space-time, when regarded as a dynamical field,

1
Len = —5 (R+24), (181)

where R denotes the scalar curvature and A is the cosmological constant.'” This is

the well-known FEinstein—Hilbert Lagrangian.

The question whether the metric tensor g of space-time is an external field or a
dynamical field depends on the physical system to be described. Fixing the metric
tensor g as an external field means studying a non-gravity type field system on a
given space-time background, thus taking into account the gravitational influence
exerted on the system by the outside world but neglecting gravitational interactions
within the system as well as the gravitational back reaction of the system on the
outside world. As is well known, this approach may lead to consistency problems
whose consequences may however often be neglected from a practical point of view.
But if the effects of gravity are to be fully included, the metric tensor g must be
treated as a dynamical field and the Einstein—Hilbert term should be incorporated
into the full Lagrangian.

Apart from the coupling terms between matter fields and gauge fields that have
already been taken into account above by adopting the usual prescription of minimal
coupling (which states that ordinary partial derivatives should be replaced by covar-
iant derivatives), there are of course other possibilities to introduce coupling terms
between different fields. An important example is provided by cubic coupling terms
between scalar fields ¢ and spinor fields v, e.g.

Lyc = hin@ ¥y (182)

16 Note also that, by definition, ABﬂB =AD,B — D,AB.
17 For simplicity, we work in natural units where ¢ = 1 and Newton’s constant y = 1/87.
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for real scalar fields or
Lyc = Re(hiu@"y*y') (183)

for complex scalar fields, where % is now a G-invariant tensor that provides an in-
tertwining operator between the tensor product of the representation of G on the
internal space W, for the spinors with its dual and the representation of G on the
internal space V; for the scalars. This is the well-known Yukawa coupling.

From the example Lagrangians given above, one can construct Lagrangians for
more complicated, composite systems by summing up the individual Lagrangians
for the various different pieces. In particular, one can in this way obtain the complete
Lagrangian for the standard model of elementary particle physics.

As a final example, we mention another Lagrangian for G-connections, that is,
connection forms A on P, which in many respects is entirely different from the
Yang-Mills Lagrangian

Lcs = (47dA) —&-%(AG[AQA}). (184)

This is the Chern—Simons Lagrangian, which of course makes sense only in n = 3
space-time dimensions since Lcs as defined in this equation is a 3-form. Other pe-
culiar features are that its definition does not require a space-time metric and that it
fails to be gauge invariant, but on the other hand it is gauge invariant up to total
divergences as well as space-time diffeomorphism invariant up to total divergences,
or in other words, it changes by the exterior derivative of an appropriate 2-form
when subjected to an arbitrary automorphism (strict or non-strict) of P. This means
that the corresponding action functional, whose critical points are simply the flat
connections, has an enormous symmetry group: it is invariant under all gauge
transformations and all space-time diffeomorphisms satisfying appropriate boundary
conditions at infinity. As a result, the Chern—Simons theory is a topological field
theory, without any true dynamics.

4. Currents and energy-momentum tensor

In this section, we present the general solution to the problem of finding the phys-
ically correct current in Lagrangian field theories with gauge invariance and the
physically correct energy-momentum tensor in Lagrangian field theories with general
covariance, or space-time diffefomorphism invariance. Both of these problems are
quite similar in nature and we believe that their parallel treatment will help to further
clarify the reasoning.

To begin with, let us briefly recall the central points of the “Noetherian
approach” to the question as developed in Section 3, within a fully geometrized
first-order Lagrangian formalism. Starting from the canonical total Noether current
associated with a given Lagrangian — an object that comprises a “current type piece”
in the original sense of the word ““current”, referring to internal symmetries, as well
as an “‘energy-momentum tensor type piece”, referring to space-time symmetries,
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and that can be derived from the covariant momentum map of multisymplectic field
theory [7-9] — we have first established a general framework for possible correction
terms. Subsequently, we have formulated the ‘““ultralocality principle”, which re-
quires the improved Noether current and the improved energy-momentum tensor
to be ultralocal — or in mathematical terms, (M )-linear — in the pertinent symmetry
generators. However, the procedure is still incomplete because, for Lagrangians that
admit a “‘sufficiently large” local symmetry group, the second Noether theorem
forces all of these expressions to vanish “on shell”’, that is, when all fields in the the-
ory satisfy their equations of motion. This problem, as we have argued, can only be
overcome by appropriately splitting the fields in the theory into different sectors and
analyzing the exchange of conserved quantities between them. What remains to be
done is to perform this splitting concretely and then draw the consequences.

Before embarking on this program, we would like to mention two restrictions,
both of which are important prerequisites for the construction of invariant model
Lagrangians, as explained in Section 3.5. First, we shall consider only theories with
an underlying G-structure, where G is some given (finite- dimensional) Lie group.
In other words, all fiber bundles occurring in the theory are assumed to be G-bun-
dles, associated to some given principal G-bundle P over M, and all pertinent sym-
metry groups are realized by G-bundle automorphisms, induced by automorphisms
of P; this will enable us to make use of G-invariant fiber metrics which can be re-
garded as fixed external background fields and are needed to define interesting La-
grangians. Second, we shall assume the space-time manifold M to be equipped with
a metric tensor g which in the discussion of the current for gauge theories will
serve merely as another fixed external background field but in the discussion of
the energy-momentum tensor for generally covariant field theories may acquire a
dynamical character. Using the induced volume form, this allows us to express La-
grangians £ in terms of Lagrangian functions L instead of Lagrangian densities £
and to reinterpret (n — 1)-forms, such as the various types of currents discussed in
the previous section, as vector fields and (rn — 2)-forms as bivector fields. It also
allows us to rewrite various important formulas of Section 3.3 in a more covariant
form, which will turn out to facilitate the following discussion. The main ingredient
for this conversion is the standard fact that if, locally on M, the Z* are the com-
ponents of a vector field, then the ,/|detg|Z" are the components of an (n — 1)-
form, and

au(\/\ detg|Z“) = /| detg]V,2". (185)

Now for example, the definition of the action Sk over a compact subset K of M (cf.
Egs. (78) and (80)) reads

Silo] = / d'xy/[detg] L(p, 0p), (186)

while conversion of Eq. (85) gives the definition of the variational derivative or
Euler-Lagrange derivative of L, whose vanishing once again expresses the equations
of motion. Explicitly, we have
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sL 1 o(y/[detg[L) _ (o(y/[detg|L) (87)
d¢p'  \/detg] g’ ! 000" '

Unfortunately, this formula is rarely useful, but simpler expressions in terms of fully
covariant quantities can only be derived under additional assumptions on the nature
of the field ¢ that allow us to perform an appropriate change of variables, replacing
the ordinary partial derivatives of ¢ in the argument (¢, d¢) of the Lagrangian by
other, more natural variables. (A typical example is provided by linear matter fields
which are sections of some tensor or spinor bundle of M or its tensor product with
some other “internal’ vector bundle: it is then natural to replace (¢, 0¢) by (¢, Vo)
or (¢,Dg). Other examples are gauge fields, where one replaces (4,04) by (4,F),
and the metric tensor, where one replaces (g,0g) by (g, I'); we shall deal with these
two cases in more detail at the end of Sections 4.1 and 4.2, respectively.) Next,
conversion of Egs. (93) and (94) shows that the variation of Sy under an infinitesimal
G-bundle automorphism X can be written in the form

oL )
auelol = [ @i/ Tdetel( S5 deo! + 9,0 X)(0,00)). (188)
K
where now
u ) oL ;
can?X>((p,a§D) =LX +aa (p[éX(p~ (189)
u

Similarly, conversion of Eq. (97) leads to the following version of the relation be-
tween the canonical and the improved total Noether current

Jop (X 0,00) = (j10: X) (9, 00) + V,jitoe (X5 9, 00). (190)

It should be noted that the covariant divergence of the second term vanishes iden-
tically because, for any bivector field « on M,

2V, V0 = [V, V,]Jo = R_"a* +R_ "o = 0.

K[y Kpy

Therefore, covariant conservation of the improved total Noether current is equiv-
alent to covariant conservation of the canonical total Noether current, so that we
may reformulate Eq. (188) above in the form

" oL , )

oxSk[p] = / d"xy/| detg| (5—([),-5)“/’1 + Vidfimp (X (Pvaﬁl’)) (191)
K

If X is an infinitesimal symmetry of the Lagrangian, then this expression must

vanish, and since K was arbitrary, we obtain an equation for the integrand:

oL
0!
In what follows, we shall perform a slight change of notation: rather than abbreviating
infinitesimal G-bundle automorphisms of £ by a single letter such as X, we shall rep-
resent them explicitly as pairs (Xjs, Xz) of vector fields Xj, on M and Xz on E, which in

turn are functionals of the pertinent symmetry generators, as already discussed in
Section 3.4.

Ox P+ V imp (X3 0,09) = 0. (192)
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Finally, it should be noted that the principles of the above construction continue
to prevail for higher order Lagrangian field theories: the first order hypothesis is not
really essential. This can be seen by direct inspection of the preceding arguments and
calculations in local coordinates: the partial integrations required to arrive at Eq.
(93) of Section 3.3 and at Eq. (188) above can without any problem be carried over
to this more general context, and the same goes for all the further partial integrations
that may be needed to obtain the improved total Noether current from the canonical
one, provided one uses an appropriately modified definition of the variational deriv-
ative and of the canonical total Noether current. The main example of practical im-
portance are Lagrangians whose dependence on the metric tensor involves partial
derivatives up to second order; the explicit formula for the variational derivative
with respect to the metric tensor to be derived at the end of Section 4.2 will also cover
this case. But the global formulation of the Noetherian approach presented in Sec-
tion 3.3, from the identification of the proper geometric framework to the definition
of the (canonical or improved) total Noether currents, is of course adapted to a first-
order formalism; it would be substantially more complicated for higher order La-
grangian field theories. (For example, to begin with, one would have to replace
the first-order jet bundle used in Section 3 by some higher order jet bundle.) How-
ever, there is almost nothing to be gained by such a generalization, because the final
outcome (as formulated in Theorem 4.1 and Theorem 4.2 below) is exactly the same.

4.1. Currents

Continuing the discussion of field theories with gauge invariance begun in Section
3.4 under the same heading, we now make use of the fact that standard gauge theories
normally contain a G-connection field 4, which can be either external or dynamical: it
occupies a special status as the mediator of gauge interactions with all the other fields
appearing in the theory, collectively referred to as matter fields and now denoted by .
Mathematically, ¢ is a section of a G-bundle E over M which, as mentioned at the be-
ginning of this section, is assumed to be associated to some given principal G- bundle P
over M by means of a given action of G on its typical fiber O, whereas A is a connection
form on P, that is, it is a section of the connection bundle CP of P. Therefore, the anal-
ysis carried out in Sections 3.2-3.4 continues to apply, with E replaced by the fiber
product CP x,, E and with ¢ replaced by the pair (4, ¢).

The dynamics of the theory is governed by a total Lagrangian L which, as already
stated in Eq. (2), is assumed to be the sum of two terms, a “‘pure gauge field” part L,
depending only on the connection form 4 and its first-order partial derivatives but
not on the matter fields or their derivatives, and a “matter field part” L, depending
on the matter fields and their first-order partial derivatives as well as on the connec-
tion form A and its first-order partial derivatives:'®

'8 Thus the criterion for deciding whether a given term is to be included in Ly orin Ly, is that all terms not
depending on the matter fields nor on their derivatives should be incorporated into L, and all others into Ly,.
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A standard additional hypothesis is that L,, depends on the connection form 4 and
its first-order partial derivatives only through combinations constructed from the
first-order covariant derivatives of the matter fields, and possibly also on the cur-
vature form F

Lm(AaaAv(pva(p) :Lm((p7D(PaF) (194)

Similarly, for the pure gauge field part, the usual hypothesis is that L, depends on the
connection form 4 and its first-order partial derivatives only through its curvature
form F

Ly(4,04) = Ly(F). (195)

The standard example is of course the Yang—Mills Lagrangian (180), but more
complicated polynomials in the curvature form also fit into this framework. (It
should be noted that there is one important exception, namely the Chern—Simons
Lagrangian (184).) In addition, the definition of these Lagrangians will depend on
the choice of appropriate G-invariant fiber metrics which, being invariant under
strict G-bundle automorphisms, can be regarded as fixed gauge invariant external
background fields; among them is the metric tensor g on space-time mentioned at the
beginning of this section. (Again, there is one important exception, namely the
Chern—Simons Lagrangian (184), whose definition does not require the choice of a
metric on space-time. However, this will change as soon as the Chern—Simons gauge
field is coupled to matter fields.)

In passing, we note that L, and L, are often not given from the very beginning.
Rather, and this is the standard method for introducing gauge fields in particle phys-
ics, one starts out from a field theory for matter fields alone whose Lagrangian LY,
shows invariance under some (compact connected) Lie group G acting as an internal
global symmetry group and then ‘“gauges” this symmetry, i.e., extends this global
symmetry to a local one by introducing the adequate gauge fieclds and substituting,
in the definition of L°, the ordinary derivatives by gauge covariant derivatives to ob-
tain Ly; L, is only added in the last step.

Having identified which part of the total Lagrangian is to be considered as the
matter field Lagrangian, we proceed to study the consequences of its invariance
under gauge transformations. Infinitesimal gauge transformations ¢ are sections
of the vector bundle P xs;g over M; they are represented on E and on
E = CP x,, E by infinitesimal strict G-bundle automorphisms (0,¢&;) and (0, &z),
respectively. Applying Eq. (192) with the abbreviation contained in Eq. (119)
(and suppressing the explicit indication of the field dependence in order to sim-
plify the notation), we see that gauge invariance of the matter field Lagrangian
implies

oLy,

a 5Lm i U zd
HﬁZééA# + 5—(1)1.55(/) + V. (j1&) = 0. (196)

Assuming that the matter fields satisfy the equations of motion, this leads us to the
following basic relation
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OLm

<E155A/4> + v/l(j“? é> =0 (197)

To calculate j explicitly, one would have to start out from the formula for jy, can
that follows directly from Eq. (189)

oL oL
M §5.4% 4 —2
“ty + aa,u(Pl

and compute jnimp by partially integrating and discarding all resulting total diver-
gences, until all terms containing partial derivatives of & have disappeared. This can
be a cumbersome procedure, and the net result cannot be cast into a simple general
formula because the variation §:¢’ of the matter fields under infinitesimal gauge
transformations (which also enters the definition of £; and hence of &g in terms of &)
depends on their specific nature; only the variation of the connection form is known
in general (cf. Eq. (156))

5:4, = —D,¢&. (199)

- y . Ym i
<]m,can7 6E> 66”/13 (qu) (198)

Now there is one situation which is important in applications and is especially
simple, namely when (a) L, does not contain explicit curvature terms and hence
depends only on the connection form A4 but not on its derivatives and (b) £ is not
only a fiber bundle but in fact a vector bundle associated to P, so that

Seq' = E(T.)q). (200)

In this case, there are no correction terms, and the improved current is equal to the
canonical one. However, it is easy to construct models where this is no longer so, for
example by including an explicit coupling between the curvature form F and a spinor
field  of the form

W0,y T Fu)
or by including nonlinear matter fields: a field ¢ taking values in an associated affine
bundle, rather than vector bundle, may already be sufficient to generate contribu-
tions to ;¢ containing derivatives of £, as shown by the example of the connection
form itself.

Fortunately, the details of the construction of j following the strategy of improve-
ment, as described in the previous paragraph, are largely irrelevant: all that we shall
really need is Eq. (197) above which, combined with the requirement that, as sug-
gested by the notation, the expression (j*, &) should be &(M)-linear in &, we shall call
the ultralocality condition and which is easily shown to admit a unique solution. To
see this, let us apply Eq. (199) to rewrite Eq. (197) in the form

OLm ) Ol N
0= —<E;Du£> + Vu(/“» @ - <Jl - EaDuf> + <D1L]/ ) 5>’ (201)

where D, applied to ¢ denotes the gauge covariant derivative (D, = 0, + 4,) and ap-
plied to j* denotes the gauge and space-time covariant derivative (D, = 0, + 4, + I',).
Using the fact that the value of ¢ and of its covariant derivatives at each point of
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space-time can be chosen independently, we obtain two equations: one of them is Eq.
(3), which is the relation we really wanted to prove, and the other is the covariant
conservation law'?

D = 0. (202)

The first of these relations again establishes uniqueness. To show existence, we turn
the argument around: using Eq. (3) as a definition, we must prove Eq. (202). But this
is an immediate consequence of gauge invariance of the matter field action. Indeed,
given an arbitrary infinitesimal gauge transformation & with compact support, take
K to be any compact subset of space-time containing the support of ¢ and use Eq.
(188) or (191) to calculate the variation of the matter field action S, x over K with
respect to X: this gives

n 5Lm 5Lm /
/K d x\/m(<5—14#75;14u> + ?/,,-55"’ )
- [ aid 0,0 = [ ddE 0,000,
K K

where in the second step, we have used Egs. (3) and (199) together with the equations
of motion for the matter fields, and in the last step, we have discarded the surface
term coming from the partial integration because it vanishes due to our support
assumption. Since this expression vanishes and X was arbitrary, Eq. (202) follows.

We formulate this result as a theorem, continuing to use the term “on shell” to in-
dicate the restriction that the respective fields must satisfy their equations of motion.

0eSmx

Theorem 4.1. In first-order Lagrangian field theories with gauge invariance, and after
splitting off the gauge field A from the matter field(s) @, the (field dependent) improved
current j derived from the matter field Lagrangian Ly, according to Definition 3.1 is the
physical current of the theory. Assuming the matter fields to be “on shell”, it is simply
given by the variational derivative of Ly, with respect to the gauge field

OLm

= 203
o4, (203)

i

Explicitly, this means that j is the vector field on space-time M with values in the dual
P X g* of the associated Lie algebra bundle P xs g depending on the fields of the
theory which satisfies

19 The term “covariant conservation law” traditionally used in this context is somewhat unfortunate
since vanishing of the covariant divergence of j* does not describe the conservation of charge but rather
the exchange of charge between matter and the gauge field. (The main exception is electrodynamics, where
G is Abelian and hence covariant conservation of the current is a conservation law in the traditional sense
since the covariant divergence reduces to the ordinary one, in accordance with the fact that the
electromagnetic field itself carries no charge and hence there is no exchange of charge between it and the
matter fields.) In Yang-Mills theory, covariant conservation of the current is even raised to the status of a
consistency condition for the Yang-Mills equation (see Eq. (206) below) whose lhs has identically
vanishing covariant divergence.
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5, / d"x/Tdetg] L = / d'x/[detg] (', 64,) (204)
K K

Jor every compact subset K of M and every variation A4, of the connection form with
support contained in K, where the integrand on the rhs of Eq. (204) is understood to
contain no derivatives of 0A, (this requirement is, once again, the expression of an
implicit ultralocality principle).

This theorem entails all the standard properties of the physical current. First of all,
it is clear that it depends only on the dynamical equivalence class of the matter
field Lagrangian, that is, j does not change when L,, is modified by the addition of
a total divergence (Lyn — Lm+ V,C") of an expression (C*) which is a local
function of the gauge field, simply because the addition of such a term does not
affect the lhs of Eq. (204). Second, gauge invariance of the matter field action
forces the current to be covariantly conserved, as stated in Eq. (202) and proved
above, provided the matter fields satisfy the equations of motion. (On the other
hand, this conclusion is completely independent of whether the gauge field satisfies
any equations of motion.) Third, the current is the source of the gauge field in the
sense that if, as already stated in Eq. (2), the total Lagrangian L is the sum of the
given matter field Lagrangian L,, and a gauge field Lagrangian L, depending only
on the gauge field and its derivatives, then the equations of motion for the gauge
field will be
oL,
oA,

L (205)

In particular, if L, is the Yang-Mills Lagrangian (180), these will be the Yang—Mills
field equations:

DF™ = —jt. (206)

(Note the extra sign on the rhs, which is opposite to the usual sign convention for the
current, e.g., in electrodynamics.) Of course, it seems tempting to also introduce a
“gauge field current” j,, given by

SL
it :7g
=i (207)

In particular, if L, is the Yang-Mills Lagrangian (180), this expression reads
Je = D.F™. (208)

Then the equations of motion for the gauge field imply (and in fact become identical
with) the statement that the total current j, + j vanishes “on shell”, as required by
the second Noether theorem. It must however be pointed out that this interpretation
is formal and has no deeper physical significance, since the expression in Eq. (207) or
(208) above does not represent a physical current for the gauge fields. (Consider
electromagnetism, for example: it would seem weird to regard the divergence of
the electric field as a charge density for the electromagnetic field, given the fact that
the electromagnetic field carries no charge.)
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Finally, it is instructive to give an explicit formula for the variational derivative
appearing in Eq. (203) for the general case; this can be derived directly from Eq.
(204). As mentioned before (see the comments following Eq. (187)), the basic trick
is to replace the pair of variables (4,04) by the pair of variables (4, F'), as indicated
in Eq. (194), and use the fact that for any given variation d4, of the connection form,
we have

OF,, = D84, — D,04A, (209)

for the induced variation of the curvature form. Using these relations, we obtain for
any given variation 64, of the connection form with support contained in some
compact set K,

o [ Tt = [ arw/Tdetal (004, ) + (5207,
K K 04, 0F,,
) oL oL
_/Kd)C\/ |detg<@—2D‘,F,5Au>,

Vi
where we have discarded the surface term coming from the partial integration be-
cause it vanishes due to our support assumption. As a result,

OLym OL oL
—_m_m_Hop M
o4, o, “DeR,

J (210)
The simplest class of matter field Lagrangians is of course formed by those that
depend only on the connection form 4 itself but not on its derivatives; many
important examples belong to this class. In this case, the variational derivative in
Eq. (210) reduces to an ordinary partial derivative

0Ly,

L. (211)

j#
Moreover, choosing L, to vanish will then force 4 to be a non-dynamical external
field: making 4 dynamical will require a non-trivial gauge field Lagrangian.

4.2. Energy-momentum tensor

Continuing the discussion of field theories with general covariance, or space-time
diffeomorphism invariance, begun in Section 3.4 under the same heading, we now
make use of the fact that generally covariant field theories normally contain a metric
tensor field g, which can be either external or dynamical: it occupies a special status
as the mediator of gravitational interactions with all the other fields appearing in the
theory, collectively referred to as matter fields and now denoted by ¢. (Of course,
both gauge fields and matter fields in the sense of the previous subsection are to
be considered as matter fields in this new sense.) Mathematically, ¢ is a section of
a G-bundle £ over M which, as mentioned at the beginning of this section, is assumed
to be associated to some given principal G-bundle P over M by means of a given ac-
tion of G on its typical fiber Q, whereas g is a section of the symmetric second-order
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tensor bundle \/> 7*M of M. Therefore, the analysis carried out in Sections 3.2-3.4
continues to apply, with E replaced by the fiber product \/2 T*M x, E and with ¢
replaced by the pair (g, @).

The dynamics of the theory is governed by a total Lagrangian L which, as already
stated in Eq. (4), is assumed to be the sum of two terms, a “purely gravitational” part
L, depending only on the metric tensor g and its first and second-order partial deriv-
atives but not on the matter fields or their derivatives, and a “matter field part” L,
depending on the matter fields and their first-order partial derivatives as well as on
the metric tensor g and its first and second-order partial derivatives*

L(g,0g,0°g, ,0¢) = Ly(g,0g,0°g) + Lu(g,0g,0°g, ¢, 00). (212)

A standard additional hypothesis is that L, depends only on the metric tensor g and
its first-order partial derivatives, and only through combinations constructed from g
itself and the first order covariant derivatives of the matter fields

Lm(g7@g7(ﬂ>a€0) :Lm(gaq)avw) (213)

However, it will be important to also consider the more general case in which L, is
allowed to depend on the metric tensor g and its first and second-order partial de-
rivatives through additional terms involving the Riemann curvature tensor R

Lm(g’ ag762g7 (Paa(/)) :Lm(nga(PaV(P) (214)

Similarly, for the purely gravitational part, the usual hypothesis is that L, depends on
the metric tensor g and its first and second order partial derivatives only through
combinations constructed from g itself and the Riemann curvature tensor R:

L,(g,0g, 62g) =L,(g,R). (215)

The standard example is of course the Einstein—Hilbert Lagrangian (181), but more
complicated polynomials in the curvature tensor also fit into this framework. In
addition, the definition of these Lagrangians will depend on the choice of appro-
priate G-invariant fiber metrics which, being invariant under G-bundle automor-
phisms — strict as well as non-strict — can be regarded as fixed gauge and space-time
diffeomorphism invariant external background fields.

In passing, we note that L,, and L, are often not given from the very beginning.
Rather, and this is the standard method for handling matter fields when passing
from special to general relativity, one starts out from a field theory for matter fields
with a Lagrangian L° on Minkowski space-time and “gauges” this metric structure
by substituting, in the definition of L’ , contractions with the flat Minkowski metric
tensor by contractions with a general metric tensor and ordinary derivatives by
space-time covariant derivatives (that is, covariant derivatives with respect to the
corresponding Levi-Civita connection) to obtain L,,; L, is only added in the last step.

Another important point to be observed is that matter field Lagrangians of the
form (214) are of course of second-order and therefore not directly covered by a

20 See Footnote 18.
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first-order Lagrangian formalism, whereas matter field Lagrangians of the form
(213) are. (Similarly, Lagrangians of the form (215) for the purely gravitational part,
among them the Einstein—Hilbert Lagrangian, are also of second order.) But as has
already been announced before, all arguments and calculations to be presented in
what follows are equally valid in the more general case; the reader is invited to verify
this, step by step, as we go along.

Having identified which part of the total Lagrangian is to be considered as the mat-
ter field Lagrangian, we proceed to study the consequences of its invariance under
space-time diffeomorphisms. Infinitesimal space-time diffeomorphisms X are simply
vector fields on M; they are represented on E and on E = \/2 T*M X, E by infinitesi-
mal G-bundle automorphisms (X, Xz) and (X, X;), respectively, where some kind of
lifting procedure at the infinitesimal level, as described in Section 3.4, has been in-
voked. Applying Eq. (192) with the abbreviation contained in Eq. (123) (and suppress-
ing the explicit indication of the field dependence in order to simplify the notation), we
see that general coordinate invariance of the matter field Lagrangian implies

L OLm . ,
3. 08 + 510k + V,.(T"X,) = 0. (216)
w

op!
Assuming that the matter fields satisfy the equations of motion, this leads us to the
following basic relation:
oLy

75Xguv + vy(TW)(v) =0 (217)
5guv

To calculate T explicitly, one would have to start out from the formula for ji can
that follows directly from Eq. (189),

OLy,
00,¢'

oL,
i Xg) = LnX" + 0x8i +

Sy’ 218
m,can’? aaugid x P, ( )

and compute jnimp by partially integrating and discarding all resulting total diver-
gences, until all terms containing partial derivatives of X have disappeared. This can
be a cumbersome procedure, and the net result cannot be cast into a simple general
formula because the variation dy ¢’ of the matter fields under infinitesimal space-time
diffeomorphisms (which also enters the definition of X and hence of Xy in terms of
X) depends on their specific nature; only the variation of the metric tensor is known
in general

5Xg/1v = v;thv + vv/Y,w (219)

Now there is one situation which is important in applications and is especially
simple, namely when all matter fields are scalars. In this case, L, will not contain
Christoffel symbols and hence depends only on the metric tensor g but not on its
derivatives, while according to Eq. (64)

Sy = —X"0,¢'". (220)

Therefore, there are no correction terms, and the improved energy-momentum
tensor is equal to the canonical one. However, in the majority of physically relevant
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models — beginning with standard electrodynamics — this is no longer so, simply
because most of them contain tensor or spinor fields on which space-time diffeo-
morphisms act nontrivially so that the first term in Eq. (64) no longer vanishes and
contains derivatives of X (corresponding to the Lie derivative of ¢’ along X) that
must be removed by partial integration.

Fortunately, the details of the construction of T following the strategy of im-
provement, as described in the previous paragraph, are largely irrelevant: all that
we shall really need is Eq. (217) above which, combined with the requirement that,
as suggested by the notation, the expression 7*"X, should be §(M)-linear in X, we
shall call the ultralocality condition and which is easily shown to admit a unique so-
lution. To see this, let us apply Eq. (219) to rewrite Eq. (217) in the form

OL OLm
0=2_—""V,X, +V,(T"X,) = (Tuv ) 5
w

0Zu
Using the fact that the value of X and of its covariant derivatives at each point of
space-time can be chosen independently, we obtain two equations: one of them is Eq.
(5) (the relation we wanted to prove originally) and the other is the covariant con-
servation law*!

v, T" = 0. (222)

) VX, + (V,.T")X,. (221)

The first of these relations again establishes uniqueness. To show existence, we turn
the argument around: using Eq. (5) as a definition, we must prove Eq. (222). But this
is an immediate consequence of general coordinate invariance of the matter field
action. Indeed, given an arbitrary vector field X on M with compact support, to-
gether with an infinitesimal G-bundle automorphism Xz of E covering X, take K to
be any compact subset of space-time containing the support of X and use Eq. (188)
or (191) to calculate the variation of the matter field action S, x over K with respect
to X: this gives

0L, 0L, ;
OxSmx = / d"x/| detg| ( 5Xg;w +—0x0 )
K

08 o
__ / d'xy/[detg] TV X,
K
/ d"x+/| det g|(V,T")X,,
K
where in the second step, we have used Eqgs. (5) and (219) together with the

equations of motion for the matter fields, and in the last step, we have discarded
the surface term coming from the partial integration because it vanishes due to our

2! The term “covariant conservation law” traditionally used in this context is somewhat unfortunate
since vanishing of the covariant divergence of 7*' does not describe the local conservation of energy and
momentum but rather the exchange of energy and momentum between matter and the gravitational field.
In general relativity, covariant conservation and symmetry of the energy-momentum tensor are even raised
to the status of a consistency condition for the Einstein equation (see Eq. (226) below) whose lhs is
automatically symmetric and has identically vanishing covariant divergence.
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support assumption. Since this expression vanishes and X was arbitrary, Eq. (222)
follows.

We formulate this result as a theorem, continuing to use the term ““on shell” to
indicate the restriction that the respective fields must satisfy their equations of mo-
tion.

Theorem 4.2. In generally covariant first-order Lagrangian field theories, and after
splitting off the metric tensor field g from the matter field(s) ¢, the (field dependent)
improved energy-momentum tensor T derived from the matter field Lagrangian Ly
according to Definition 3.2 is the physical energy-momentum tensor of the theory.
Assuming the matter fields to be “‘on shell”, it is simply given by the variational
derivative of Ly, with respect to the metric tensor

oL,
0gu

Explicitly, this means that T is the rank 2 tensor field on space-time M depending on
the fields of the theory which satisfies

5g/ d"x |detg|Lm:f%/d”x\/|detg|T“"5gW (224)
K K

for every compact subset K of M and every variation dg,, of the metric tensor
with support contained in K, where the integrand on the rhs of Eq. (224) is un-
derstood to contain no derivatives of 0g,, (this requirement is, once again, the
expression of an implicit ultralocality principle). The same statement also holds if
the matter field Lagrangian Ly, is allowed to depend on second-order partial de-
rivatives of the metric tensor, e.g., through explicit curvature terms as in Eq. (214)
instead of Egq. (213).

™ = -2

(223)

This theorem entails all the standard properties of the physical energy-momentum
tensor. First of all, it is clear that it depends only on the dynamical equivalence class
of the matter field Lagrangian, that is, 7 does not change when L., is modified by the
addition of a total divergence (L, — Ly, + V,C*) of an expression (C*) which is a
local function of the metric tensor, simply because the addition of such a term does
not affect the lhs of Eq. (224). Second, general coordinate invariance of the matter
field action forces the energy-momentum tensor to be covariantly conserved, as
stated in Eq. (222) and proved above, provided the matter fields satisfy the equations
of motion. (On the other hand, this conclusion is completely independent of whether
the metric tensor satisfies any equations of motion.) Third, the current is the source
of gravity in the sense that if, as already stated in Eq. (4), the total Lagrangian L is
the sum of the given matter field Lagrangian L., and a gravitational Lagrangian L,
depending only on the metric tensor and its derivatives, then the equations of motion
for the metric tensor will be

2% =T, (225)

08w
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In particular, if L, is the Einstein—Hilbert Lagrangian (181), these will be the Einstein
field equations

1
G — Agw =Ry — Eg#"R — Agw = T (226)
Of course, it seems tempting to also introduce a “gravitational energy-momentum
tensor” 7, by setting
5L
5gm

In particular, if L, is the Einstein-Hilbert Lagrangian (181), this expression
reads

= (227)

, 1
Tg/u =G+ Agw = — (Rm, — 2ng> + Agyy. (228)

Then the equations of motion for the metric tensor imply (and in fact become
identical with) the statement that the total energy-momentum tensor 7, + T vanishes
“on shell”, as required by the second Noether theorem. It must however be pointed
out that this interpretation is formal and has no deeper physical significance, since
the expression in Eq. (227) or (228) above does not represent a physical energy-
momentum tensor for the gravitational field: as is well known, such an object does
not exist.

Finally, it is instructive to give an explicit formula for the variational derivative
appearing in Eq. (223) for the general case; this can be derived directly from Eq.
(224). As mentioned before (see the comments following Eq. (187)), the basic trick
is to replace the pair of variables (g, 0g) by the pair of variables (g, I'), as indicated
in Eq. (213), or more generally the triplet of variables (g,0g, 0’g) by the triplet of
variables (g, I',R), as indicated in Eq. (214), and use the fact that for any given var-
iation dg,, of the metric tensor, we have

68" = —g"g"0gu (229)
for the induced variation of the inverse metric tensor,
0+/|detg| = |detg|g" 0g, (230)

for the induced variation of the metric determinant,
| .
5FZA = Egm (vllég/lv + v).éguv - V\régﬂ).) (231)

for the induced variation of the Christoffel symbols and

SR¥, = V,8T%, — V,0I" (232)

v T Al

for the induced variation of the Riemann curvature tensor. Using these relations, we
obtain for any given variation dg,, of the metric tensor with support contained in
some compact set K,
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5g/d"x |detg| L,
K
1 oL 0L 0L
— [ dxy/ PN Pl POl ) R
/Kd * |detg|<2g St g S o O oRr, *ﬂ")

1 oL 1 oL OL, oL
— n iy m ' ) m
/1<d x+/|detg] (2g Lmég,w—k—ag 5g,“,+2g (61‘” +VpaRh +v"aRKW>

s uvp

X (V08 + V08, — V;uég,l‘,))

1 ) 0Ly
= / d"x+/|detg|| =g Lmndguw+=—08
% 2 0guy

_1[ g, <6L iy O, o Ol >

2 ors, paR;w “aR:\M
_ 0L 0L, 0L
—|—g“"’Vg< VeV, )
or, OR", OR:
oLy, oL OLnm
) m
gV (ar“ V”aR;nfvﬂaR(cW) ‘3&”)

where we have discarded all surface terms coming from the partial integrations
because they vanish due to our support assumption. As a result,

oL 0Ly, , OL 0Ly,
"= -2_—"—g"L,+V - —
gll\' g + ’ (g 6[‘];.\’ + g a[")cp g aFZ\)
aLm al/m , aLm
+ vaa <g;\',u - + gicu - gm :
OR*,,, OR*,,, OR*, ,
oL oL oL
KV m o Kkp m_ _ Kkp m . 233
e aRKW)a £ aRK;wn £ aRwa> ( )

The simplest class of matter field Lagrangians is of course formed by those that depend
only on the metric tensor g itself but not on its derivatives; many important examples
belong to this class. In this case, the variational derivative in Eq. (223) reduces to an
ordinary partial derivative, plus the contribution from the metric determinant:

OLm

. gLy, (234)
Moreover, choosing L, to vanish will then force g to be a non-dynamical external
field: making g dynamical will require a non-trivial gravitational Lagrangian.

™ =2

4.3. Calculation of the energy-momentum tensor

In this final subsection, we want to present a series of examples for the calculation
of the physical energy-momentum tensor, based on the result formulated in Theorem
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4.2, devoting special attention to two cases that are physically relevant but do not fit
into the standard framework: (a) Lagrangians containing an explicit coupling be-
tween curvature and a scalar field and (b) Dirac type Lagrangians for spinor fields.
In both cases, the prescription of Theorem 4.2 does provide the correct answer, but
some of the arguments required are far from straightforward and, to our knowledge,
are scattered across the literature.

We begin with the case of a multiplet of scalar fields, with either linearly or non-
linearly realized internal symmetry, whose Lagrangian is one of the expressions given
in Egs. (175)—(178). In all these cases, the variational derivative with respect to the
metric tensor is simply given by Eq. (234), so we can use the formula

ogt | I
_ _ K VA VK 235
sg ~ 2&"g" Tge") (235)
(which follows from the fact that the matrix (g"”) is defined to be the inverse of the
matrix (g,)) to rewrite Eq. (234) in the equivalent form
0Ly

7—;!‘) - 2@ - guvLm~ (236)

The same statement holds for gauge fields subject to the Yang—Mills Lagrangian
(180), including as a special case that of the electromagnetic field. The (standard)
results of these calculations are listed in Table 1.

Table 1
Lagrangians and energy-momentum tensors for various types of fields
Field type Lagrangian and energy-momentum tensor
Real scalar field (cf. Eq. (175)) Lrsc =1¢" (Do, Do) — U(p)
TﬁSL = (DH%D\'QD) — &uwlrsc

Complex scalar field (cf. Eq. (176)) Lese = g4(Dyup. Dvp) — U(9)
Tﬁsc = <D1L§07D\'§D> + <D\'§95Du‘p> — &uwlcsc

Generalized sigma model (cf. Eq. (177)) Lasm = 38" (D, Dyo) — U()
T:u(:,'SM = (Dll(p7 D\([)) - gu\'LGSM
Ordinary sigma model (cf. Eq. (178)) Losm = 38" (0,¢9,0,0)

1
2
TOM = (8,9,0,0) — guwLosm

Dirac spinor field (cf. Eq. (179)) Lpsp = %g““xpy#az// — U, )

T;ESP = i <l/;“/uDv'# + l/;“/‘,D“l//> - giwLDSP

Gauge field (cf. Eq. (180)) Lym = —;8"8" (Fw, Fr)
TYM = *g"‘/' (EucyE‘/ﬁ) - gu\'LYM

v
Modified scalar field with additional LMSQ = %g“"@,,(p@v(p —U(p)+Rf(p)
Rf () term (cf. Egs. (237)-(239)) TMSC =9,00,¢ — gulusc + 2(gwd — V. Vs + Ru) f ()

v
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As our second example, which will become important in the next section, we con-
sider again the theory of a single real scalar field ¢ but with a modified Lagrangian
which is the sum

Lyisc = Lrsc + Lec (237)

of the standard Lagrangian

L,
Lsc = 58" 8,000 — Ul9) (238)
for the real scalar field and a new term
Lee = Rf (@) (239)

describing an additional coupling of the scalar field to the Ricci scalar curvature R,
where f is some (unspecified) smooth function of its argument. The corresponding
equation of motion reads

O + U'(@) = Rf"(¢) =0, (240)
where [ is the pertinent covariant wave operator
0=g"V,V,. (241)

To calculate the energy-momentum tensor for this Lagrangian, application of Eq.
(233) is less convenient than invoking a direct approach which follows the
strategy used for deriving the Einstein field equations from the Einstein—Hilbert
Lagrangian. To deal with the most difficult term first, note that for any given
variation dg,, of the metric tensor with support contained in some compact set K,
Eqgs. (229)-(232) imply that the trace of the induced variation of the Ricci tensor
is given by

g"oR,, = (gle - V,.V,)og". (242)
Therefore, the term Rf(¢) gives the following contribution to the lhs of Eq. (224)

o, [ v/ [detelrs (o)
1 , ‘
- /K d"xy/| det g| <2g"‘ OguRf (@) 4 08" Ry f (@) + & ORf (cp)>
1
= /[( dnx V |detg| ( (guv[] - Vuvv)f((p) + (R;w - Egu\R)f((p)> 5g#"’

where we have discarded the surface terms coming from the partial integrations
because they vanish due to our support assumptions. Thus the energy-momentum

tensor for this theory is the sum
TMSC _ T;ESF 4 pee (243)

v v

of the standard energy-momentum tensor

1
T, = 0,00, — §gmg” 0000 + guU(9) (244)



M. Forger, H. Romer | Annals of Physics 309 (2004) 306-389 367

for the real scalar field and a new term

T,SC = Z(g,wD - Vuvv)f(@) + 2<Ruv - %guvR)f((D) (245)

coming from the additional coupling of the scalar field to the curvature; this result is
also included in Table 1.

Our third and most complicated example is the theory of Dirac spinors. Here, we
face a new conceptual problem concerning the interpretation of the prescription of
Theorem 4.2 for computing the energy-momentum tensor, according to Egs. (223)
and (224). As we have seen, these relations may be regarded as defining the energy-mo-
mentum tensor to be the entity describing the reaction of the matter field Lagrangian to
variations of the metric, where it is tacitly understood that variations of the metric
should be variations of the metric only, that is, the matter fields should be held fixed
in this process.?* Of course, this is an unambiguous rule as long as all the matter fields
are tensor fields, but it is not clear ““a priori” how to interpret it for spinor fields, whose
very definition presupposes the choice of a metric. In fact, spinor fields are sections of a
spinor bundle, obtained as an associated vector bundle from the bundle of spin frames
(also called a spin structure) which in turn is a double covering of the bundle of (ori-
ented and time-oriented) orthonormal frames: all these bundles depend explicitly on
the metric. Generally speaking, we may state that fixing fields which are sections of bun-
dles over space-time means fixing their components with respect to some (and hence
any) fixed reference frame. For tensor fields, we may use a holonomic frame, induced
by a coordinate system, but for spinor fields, we do not have this option: components of
spinor fields refer to spin frames which cover (oriented and time-oriented) orthonormal
frames, and these cannot be held fixed when we vary the metric.

In this situation, the adequate procedure is to describe the metric tensor in terms
of linear frames, by specifying which of these are orthonormal, and similarly, to con-
sider variations of the metric tensor (such as those needed for the application of The-
orem 4.2) as being induced by corresponding variations of linear frames. Of course,
it must then be checked that physical quantities such as the energy-momentum ten-
sor are invariant under the new type of gauge transformations introduced by this
method, namely the local frame rotations that leave the metric tensor invariant. In
local coordinates x* on M, the metric tensor is represented by a symmetric matrix
of functions g,, (together with the inverse matrix of functions g*) as before, while
a linear frame is represented by a matrix of functions e; providing the coeflicients
of the expansion of the uth coordinate basis vector in terms of the basis vectors of
the frame (together with the inverse matrix of functions e* providing the coeflicients
of the expansion of the ath basis vector of the frame in terms of the coordinate basis
vectors 0,). Thus we have

22 In the definition of partial derivatives of functions on R’ given in standard calculus courses, the
necessity of specifying what variables are to be held fixed while varying the others is usually swept under the
rug, but it becomes an important issue when ambiguities may arise. For example, in the definition of
thermodynamical quantities through partial derivatives, it is important to specify what are the other variables
(apart from the one with respect to which the derivative is being taken) that are supposed to be held fixed.
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ee, = 5‘ eZeﬁ =0, (246)
and, for orthonormal frames,
S = Nuelel, g =n"ele), (247)

where 7 is the standard flat space-time metric of the same signature as g. Next, we use
the explicit expression (161) for the Christoffel symbols, which are the connection
coefficients of the Levi-Civita connection on the tangent bundle with respect to
a coordinate frame, to derive an equally explicit expression for the connection
coefficients of the Levi-Civita connection on the tangent bundle with respect to an
orthonormal frame (or vector connection coefficients, for short)

1 1 , v .
F/l,ab = - 56282 (ah'giu - aﬂ.gh’u) - E (ﬂace}, - nbcea)aﬂev' (248)

The corresponding formula for arbitrary linear frames would contain an additional

term of the form %egei‘@ﬂ(g,\, Hegls e))) This is easily shown by applying the

transformation law (155) for connection forms under gauge transformations,
Iy *eilﬂ’;) —Ouevey,
which upon writing I'y w» = 1,17, and I'; = g}, takes the form
Fu,ab - eZe;;F;ud - "acauei e;;
Inserting Eq. (161) and applying Eq. (247) to the first of its three terms, we arrive at Eq.
(248). The connection coefficients of the Levi-Civita connection on the spinor bundle

(or spinor connection coefficients, for short) are then given by the simple algebraic
formula

o l a o
Iy = gru,ab v 7yb]/Ja (249)

where the y* and similarly the y, are the Dirac y-matrices with respect to the pertinent
orthonormal frame, related to those with respect to the pertinent coordinate frame in
the obvious way:

Vﬂ = eZyaﬂ V# = et:ytl' (250)
Turning to variations, note first that differentiating Eq. (246) gives
deje, = —e, de,, de, e, = —e,de), (251)

while differentiating Eq. (247) gives the variation of the metric tensor induced by a
variation of frames

08w = (0l + €l oel), g =n" (el ey + el dey). (252)

neov

The induced variation of the Christoffel symbols is then given by Eq. (231), while
that of the vector connection coefficients is given by

1 1 g v c
oI up = —5 ele 'I(V O — Vﬁgw) —3 (nace}, — nbcea)vuée‘,, (253)
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where the covariant derivatives are defined as usual, namely by

vuégk/". = ayag;\'/l - F;;,Cégv). - F:l;ﬁgmw (254)
and
V,0e = 0,0e; + FZ,,ée — I, 0y, (2595)

respectively. (With the same definition, the covariant derivatives of the unvaried
expressions, V,g.; and Ve, are easily seen to vanish.) The proof of Eq. (253) re-
quires a short calculation:

1
5F;4,ab = —ele ; (arcég/;z a/".égxu) - (56 eb + ehéeb)( & — a/lg;qz)

2a 2
5 01— 1005 = 3 (el — 1a363)0,
- _%eg 3 (Vi0giy — V081, —; ehe ( 108w + T1,083 — T},08u — F:{lﬁgm,)
%(be e, + e de) (g;mlﬂ,‘;ﬂ + 8wl — &l — 8wl )
%(napeb Nhe€y) Ve, + % (1uc€} = ucel) (I 0! = 17, 065
+ % (naced 5e — €l 5ef el‘;)@l,ei
= ST~ Vidg) — 3 (1) )V,
3 1eadseh (T2 (565 6+ o5 06) — I, (3t + e o))
1

_zncd(éegei+esée2)< dplvql_e e )

Ap

KT A v

1
+§('7aceb Npc€ a)(e I, ed5€ —a 6‘ "()e —F/ be)

1 c
z(nateb Npe a)e 5e 1 0,e
1 er A 1 v v 4
= - i el; (vKég/‘-ﬂ - vﬂégh’ll) - E (naceb - nbc'ea>vﬂéev
1 1 1 1
z’hde / d]_':még 2 I/Ibdea lc,uée +21’]ch / d[“ 5elc + 2’7adebr‘ 56
1 3 2 3
! edF‘ oel — ! er dF‘ 5e +1 eeel"vée’url T def
znbd K 2’7“1 a“ A%y b zncd b¥kEvT Au Naa u’%b
4 1 2 4
1 v v K d A c
+5 (naceb - nbc’ea) ei\FW 58‘, - F;;\'ée/"
2 %,_/ ——

4 3

Next, we note that a general frame variation dej, may be naturally decomposed into
two parts: a “‘symmetric part” 6+ez that by itself produces the induced variation of
the metric and an “antisymmetric part” d~ej, that preserves the metric
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a __ s+ a — a + a __
dey, =0"¢e,+0o e, O e =

(d¢. F nguoey). (256)

N —

Indeed, this gives

5 g = Ny (5%;1 o +e 5%{?)

1 a ac K a 2 a
= E nab (5e;t e? + n glﬂf&ec @? + ey 56{, + nbdgv/leu 5€$)
1 a b 1 K S b 1 a s b 1 a )
=3 Nay0€y €, & 3 8u€ oe) + 3 vl oe, £ Eg‘,;vée# e,
that is,
5+gw =08y, 0 guw=0. (257)
Similarly, we compute
n“”e})’ 0gn = n”bemd (562 ef +e, 565)
= dey, + 1" gy Oy
= oe}, — n”bncdeflef oe;
showing that the symmetric part of the frame variation is completely determined by
the variation of the metric:

Lo
5" =5n"€,08u- (258)

On the other hand, defining A; = eﬁjé—e,‘j or more explicitly,

a 1 a ac 1
Af = 3 (e, o€ + n“nyqet 5@Z), (259)
and A, = 1n,.4; or more explicitly,
1 :
Agp = 5 (nacez - nbceg)(se:u (260)
we obtain
0 e = Ayey, (261)

showing that the antisymmetric part of the frame variation corresponds to a local
frame rotation. We also note that the induced variation of connection coefficients for
the Levi-Civita connection admits the same kind of decomposition. For the Chris-
toffel symbols, the variation induced by a frame variation is obviously of the purely
symmetric type (67T i =ol;,07 T, =0) while for the vector connection coeffi-
cients, the decomposition is precisely the one given by the two terms in Eq. (253),
since in this equation, the second term is easily seen to vanish when 6™ ej = 0 whereas

the first term vanishes according to Eq. (257) when 5+eﬁ = 0. Thus

|
5+Fﬂ,ab = - Eezei (vlcégl,u - v/léglc;t)y (262)
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0 Tyap = —Vydy = —% (77@62 - nbce;)vﬂéef,. (263)

In passing, we note that the decomposition described above has a global, coordi-
nate and frame independent meaning, which can be understood by observing that
locally, i.e., over appropriate open subsets of a manifold M, a linear frame field e
for M is a section of the linear frame bundle LM of M and its variations de are
sections of the pull back e*(LM) of the vertical bundle V' (LM) of LM to M by e.
But LM is a principal bundle with structure group GL(n, R) and hence, as a vector
bundle over LM, V(LM) is canonically isomorphic to the trivial vector bundle
LM x gl(n,R) — a property that is passed on to all of its pull backs. Therefore,
the symmetric pair type decomposition

gl(n, R) = so(p, q) & so* (p, q)

of the Lie algebra gl(n, R) into the subalgebra so(p, ¢) of antisymmetric matrices and
the complementary subspace so*(p,q) of symmetric matrices with respect to the
standard symmetric bilinear form # of signature (p, ¢),>> generated by the involution

0 :gl(n,R) — gl(n,R)
X = —nXTy,

can be transferred to the fibers of any of these vector bundles and gives rise to the
decomposition of frame variations introduced above. (The argument can be ex-
tended, from the infinitesimal to the global level, so as to provide an Iwasawa type
decomposition for strict automorphisms of the linear frame bundle; we leave out the
details since they will not be needed here.)

Making use of this decomposition, we now fix the transformation law of purely
spinorial quantities, without ambiguity, by requiring them to transform according
to the pertinent standard transformation law under the local frame rotation provided
by the antisymmetric part alone. In other words, the symmetric part is to be dis-
carded. In order to implement this prescription explicitly, we first define the matrix
A representing this local frame rotation in spinor space:

o l a o
Ay = g/1ab[y ,yb]ﬁ. (264)
Then for Dirac spinor fields,
Syt =0, oy =l (265)

Correspondingly, the variation of the orthonormal frame Dirac y-matrices is given
by
5+ya = 07 57"/41 = _Azyb + [A7 ) a]?

Y
266
(3+,ya — 0, 57,))0 — +Azy17 + [/1,’))0], ( )

23 The notion of orthogonality used for this complement is that induced by the non-degenerate
symmetric bilinear form on gl(n, R) given by (X, Y)—tr(nXTnY).



372 M. Forger, H. Romer | Annals of Physics 309 (2004) 306-389

whereas the variation of the coordinate frame Dirac y-matrices is given by

1 o
oy, = 398w7" 0 =iy,
(267)

1
Syt = 308", 0 =[4,9"],

These equations are consistent with the relation (250) between the two types of
y-matrices and also with the basic Clifford algebra relations (cf. Eq. (168))

H{ar Vo) = 10705 15} + {70 075}
= —A{ves 1} = Ap{0as Vet + A7) v} + {70 [4, 0,0}
= —Npa — Aap + Ay — VoAV + A7, — V574
+2a Vs = VaVp A+ APpya — V547,
=0 =201,

v nt =190 + {0}

1 K 1 K
= Eagwc{y 7’))v} + Eégwc{y,u Y } + {[A7 yy]7 VL} + {yw [Av V‘]}
= 0guc0, + 0gued,, + Ay, — 1AV + 1Ay, — 10, A
+ 7,47 =y A+ Ay — 1Ay,
= 20g,,.

It is somewhat surprising that the variation of the commutators of the orthonormal
frame Dirac y-matrices also vanishes:

14 7] = 0, 0,71 = 0. (268)
Indeed,
O, y" = 109" + [, 8] = AL, L+ ALY + (14,997 + 1, [4,97])
= A= 0[]+ 0" 0]) + 14, 1%

1
2

— Al )b ]

=0,

Aca( =10+ 000 ) + 00y = ™ [, )

where we have made use of the identity expressing the fact that the commutators of
the orthonormal frame Dirac y-matrices are, except for a factor 1, the generators of
the Lie algebra so(p, ¢) in the spinor representation:

[[Vm Vb]7 [Vc? yd“ = _4'/Iac [ybi yd] + 47’ad [Vb? Vc] + 4'/1[76 [yai yd] - 47’17d [Va? yc] . (269)
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This implies that the variation of the spinor connection coefficients is essentially the
same as that of the vector connection coefficients given by Egs. (253), (262) and
(263):

1 . o
0 Iy = = 1¢ (Veogin = Viogw) 7]}, (270)

o o 1 v \ C [na o
or ﬁ - VHA/f = - E (naceb - nhcea) Vﬂéev [V 7yb]ﬁ' (271)

Now we can compute the variation of covariant derivatives of spinor fields: using
that V, A} = 0,43 + I, Ay — I, A7, we get
5(Vup*) = 80” + oIyl + I 5y
=0, 0 Y+l + 5yl + I 5Ty
= QuAj " + 450 W8Ty — v A;;lpur;;?A;;lpﬂ
= A0 + L A" + 571 y!
- Aa Mwﬁ + 5+F!tﬁ lpﬁ

and hence
& (Vﬂ‘//ﬁ) = 5+FZ/; ‘pﬁv o (vuwm) = A; V,,lﬂﬂ. (272)
Therefore, the variation of a typical contribution to the kinetic term in the Dirac
Lagrangian (179) takes the form
— 4 — —
o (U¥2) = 6(97"V,iz) — 6(V,7"7)
= U Y NV Y YV, + 975 (V,)
- 5(vu‘ﬁ) Vo=V oyt — Vurytoy
_ 1 - _ _ _
= ANV AUV 08 + YA Vg + " 8T L+ Yy AV
_ _ 1— o _
YT 1+ VAL =5 V708" = VA, = Vil Ay
1. = 1 _ )
=591V 08" = 1 (Vo = Vidga )Y (7" 0,7+ [ 710" 1

(For simplicity, we have omitted internal indices and suppressed the spinor indices;
moreover, we have used the fact that the Dirac y-matrices are hermitean and hence
their commutators are antihermitean with respect to Dirac adjoint, so that, for ex-
ample, A = —A and I’ w = —1I',.) Now the second term, which comes from the vari-
ation of the Christoffel symbols, is actually zero because the expression
P, 9] + [y<, *]p* is totally antisymmetric. Indeed, it is obviously antisymmetric in
k and / but is also antisymmetric in 4 and u because
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PV [ VI = R — RS R —
— ZVMVK,))A o 2g;c/l,y;t + Zglciyy o 2')7/1')/]{7/#7

and is antisymmetric in k and p because

TR ) K A

PV VI = Y — o Y —
— _Zy,u,yﬂ,ylc 4 2g}<iy;t + Zyxyl,yu _ ZgKX,y;t.

Therefore, only the first term survives. Potential terms also give no contribution since
the variation of composite tensor fields is easily seen to be the expected one, namely

_ 1 < - v
5(1#1/#1 . -"/M,X) =3 Z W Vi Wy - P, 108" (273)
P

and similarly,

_ 1 _
O(Way 10 2) = =5 2 Wha Ve Was -+ VX A (274)

i=1
so that for example,
(W %) (W) = (%) () + (09" 2) 3 (W7,
= % (¥2) (W7,0) 6™ + % (¥7"2) (¥ 1) 68w = 0.

It is interesting to note that the transformation law of spinors under frame variations
postulated in Eq. (265) above is completely fixed by requiring the isomorphism of
algebra bundles y in Eq. (166) to be equivariant under arbitrary linear frame
transformations: this means precisely that the transformation law of spinors should
be fixed so as to guarantee that all composite tensor fields which are bilinear in
spinors should transform as tensor fields do, namely according to Egs. (273) and
(274).

Having collected all the basic and nontrivial ingredients that are needed, comput-
ing the energy-momentum tensor for the Dirac Lagrangian (179) is now a simple ex-
ercise; the result can be found in Table 1.

Finally, we would like to mention an alternative approach to calculating the en-
ergy-momentum tensor in theories where orthonormal frames are used in the con-
struction of the Lagrangian, provided that the resulting frame dependence of the
Lagrangian is ultimately an implicit one that can be reduced entirely to its depen-
dence on the underlying metric tensor; this will be the case if and only if the Lagrang-
ian is gauge invariant under local frame rotations. In this case, we can exploit Eq.
(247) together with the chain rule for variational derivatives, which expresses the var-
iational derivative of L, with respect to orthonormal frames in terms of that with
respect to the metric tensor through the formula

0Ly  OLm 0gps
oes  0gys e,

(275)
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where of course

08 _ 8o _, (0l + oet). (276)
560 aea p-a g p
u u

A general proof of this chain rule can be given by arguing that it is the direct ex-
pression of the chain rule for the functional derivative of the corresponding action
functional. An alternative, “purely finite-dimensional” proof can be given in the
context of the first-order Lagrangian formalism exposed in Section 3.2, in the form
of a chain rule for the variational derivative under bundle homomorphisms £ — F
and their jet extensions JE — JF; we leave this to the reader. In this way, the
fundamental formula (5) defining the energy-momentum tensor can be rephrased
as stating that the mixed coordinate frame / orthonormal frame components
TH = n,T"e" of the energy-momentum tensor are given by

L
- O, (277)

“ 5eﬁ

5. Scale invariance and the trace of the energy-momentum tensor

Over the last few decades, a great deal of attention has been devoted to two im-
portant special classes of field theories that can be characterized by properties of
their energy-momentum tensor:

e conformal field theories, whose energy-momentum tensor is traceless,

o topological field theories, whose energy-momentum tensor vanishes.

Using this characterization as a definition of course raises two questions which are far
from trivial, namely how to construct, from a given Lagrangian, the correct energy-
momentum tensor to be used for deciding whether a concrete field theoretical model
does or does not fall into one of these classes, and also how to relate that construction to
symmetry properties of the Lagrangian, in the spirit of Noether’s theorem.

In what follows, we shall discuss this question for the case of conformal field the-
ories, elucidating the relationship that exists between “‘scale invariance”, which is of-
ten but somewhat imprecisely also referred to as ‘“conformal invariance”, and
tracelessness of the energy-momentum tensor. The analogous relationship between
“diffeomorphism invariance” and vanishing of the energy-momentum tensor is much
simpler and will therefore only be briefly commented at the end of the section.

The most pragmatic method for testing scale invariance of any given Lagrangian
in field theory is based on assigning to every field a scaling dimension such that the
contribution to the action coming from the standard kinetic term for that field be-
comes scale invariant: it must then be verified whether the contributions to the action
coming from the various interaction terms are so as well. This will be the case if and
only if all terms in the Lagrangian have the same (composite) scaling dimension. In
flat space-time, this technique is well known from quantum field theory and there is
no difficulty in adapting it to classical field theory. Scale transformations are in this
case the dilatations D(1) (4 > 0) given by
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D()): R" — R" @)

under which components of fields ¢ transform according to ¢p—D(1)¢ with

(D(A)@)(x) = 2~ g(4""x), (279)

where d,, is a real number called the scaling dimension of ¢. (Cf. the discussion in

Section 2 ; in particular, the corresponding transformation law at the infinitesimal

level has been written down in Eq. (20).) Note that the metric tensor, which in this

framework is the flat background metric # of special relativity, is understood to be
invariant under dilatations and so can be viewed as having scaling dimension 0. It is
also clear from Eq. (279) that if a field ¢ has scaling dimension d,,, then all its partial

derivatives 0,¢ will have scaling dimension d,, + 1: this means that the operator 0,

itself must carry scaling dimension 1. The same value must be attributed to gauge

fields (G-connections) in order to ensure that the covariant derivative D, becomes

homogeneous and carries the same scaling dimension as the ordinary derivative 0,.

Moreover, the scaling dimension of scalar fields and spinor fields is found by in-

spection of the kinetic terms in the Lagrangians (175)—(179):

e Scalar fields have scaling dimension § (n — 2) in the case of linearly realized inter-
nal symmetry and scaling dimension 0 in the case of nonlinearly realized internal
symmetry, since there is then no reasonable nontrivial prescription for making dil-
atations act on them.

* Spinor fields have scaling dimension § (n — 1).

The assignments thus obtained are summarized in the column labelled “SD” of

Table 2 below. Further inspection of the Lagrangians (175)—(184) then reveals the

following possibilities for obtaining scale invariant actions:

o Scalar fields. In n = 2 dimensions, the Lagrangians (175)-(178) all yield scale in-
variant actions provided we suppose the potential U to vanish. In n > 2 dimen-
sions, the Lagrangians (175) and (176) yield scale invariant actions provided the
potential U is homogeneous of degree 2n/(n — 2), the only solutions for which
U is a polynomial being ¢° for n = 3, ¢* for n =4 and ¢* for n = 6.

Table 2
Scaling dimension (SD) and Weyl dimension (WD) for various types of fields in n space-time dimensions
Field type SD (flat space-time) WD (curved space-time)
Scalar field 1(n-2) 1(n-2)
Sigma model 0 forn=2 0 forn=2
undefined for n > 2 undefined for n > 2

Dirac spinor field (n—1) In=1)

[SIE

Gauge field 1 0

Metric tensor 0 (g = n only) G —2,8" 42
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o Spinor fields. The Lagrangian (179) yields a scale invariant action provided the po-
tential U is homogeneous of degree 2n/n — 1, the only solutions for which U is a
polynomial being 1*"yry Yy, b, (y1p)* and (Yysp)” in n = 2 dimensions.

e Yukawa coupling. The only possible polynomial interaction terms between scalar
fields and spinor fields that give rise to a scale invariant contribution to the action
are trilinear couplings of the Yukawa type, such as in Eqgs. (182) and (183), in
n = 4 dimensions.

o G-connections. The Yang-Mills Lagrangian (180) and Chern—Simons Lagrangian
(184) yield scale invariant actions in n = 4 and n = 3 dimensions, respectively.

These results are summarized in the column labelled “SI = GWTI” of Table 3 below.

Table 3

Conditions for scale invariance (SI) or global Weyl invariance (GWI) and additional conditions for local
Weyl invariance (LWI) of standard Lagrangians with homogeneous self-interaction potential U in n space-
time dimensions

Field type and Lagrangian SI=GWI LWI
Scalar field (cf. Egs. (175) and (176)) U=0forn=2 Yes

deg(U)=6 for n=3

deg(U) =4 for n=4 No

deg(U)=3 for n=6

U = 0 for other values of n No
Sigma model (cf. Eqs. (177) and (178)) U =0 (n=2only) Yes
Dirac spinor field (cf. Eq. (179)) deg(U) =4 forn=2
U=0 forn>2 Yes (on shell)

Gauge field with n=4 Yes
Yang-Mills Lagrangian (180)
Metric tensor with n=2 No
Einstein—Hilbert Lagrangian (181)
Scalar + Dirac spinor field with n =4, deg(Uscatar) = 4, Uspinor = 0 No
Yukawa coupling (cf. Eq. (182))
Gauge field with n=3 Yes
Chern-Simons Lagrangian (184)

deg(U)=6 for n=3
Modified scalar field with deg(U) =4 for n=4 Yes
additional Re? term deg(U)=3 for n=6
(cf. Egs. (303) or (304)) (n > 2 only) U = 0 for other values of n Yes

Modified scalar + Dirac spinor field with n =4, deg(Uscatar) = 4, Uspinor = 0 Yes (on shell)
Yukawa coupling (cf. Eq. (182)) and with
additional Re? term (cf. Egs. (303) or (304))
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If on the other hand one looks at the energy-momentum tensors derived from the
Lagrangians (175)-(180) according to the prescription (5), it turns out that, even “on
shell” (i.e., when the equations of motion for the matter fields are taken into ac-
count), scale invariance of the action does not always force the energy-momentum
tensor to be traceless: discrepancies occur in the presence of scalar fields in n > 2 di-
mensions, the simplest examples being the massless free field theory and, at the level
of interacting field theories, the massless ¢* theory in n =4 dimensions. This
problem has been noted long ago and a solution was proposed in the beginning
of the 1970’s [3,4], based on a further “ad hoc” improvement of the canonical
energy-momentum tensor which goes beyond the standard prescription of Belinfante
and Rosenfeld but, as we have shown in Section 2, can be understood in a similar
spirit. It may thus seem as if the prescription (5) for finding the energy-momentum
tensor might still not be the correct one — a conclusion that is hardly acceptable in
view of the wealth of arguments presented in the previous sections. So something else
must have gone wrong.

To find the way out of this dilemma, it is necessary to extend the concept of scale
invariance and of the scaling dimension of fields to general space-time manifolds. To
begin with, it is clear that the definition of scale transformations given in Eq. (278)
above makes sense in a vector space but not in a general manifold. Moreover, from a
geometric point of view by which we aim at freeing ourselves from the assumption of
a pre-existing linear structure, dilatations on a pseudo-Euclidean vector space can
and should be viewed as conformal isometries of a pseudo-Riemannian manifold
since they preserve the standard Minkowski metric up to a scale factor. Generically,
however, pseudo-Riemannian manifolds do not admit any conformal isometries at
all. This means that there is no way to define a scale transformation as being some
kind of diffeomorphism of space-time. Of course, the key to the solution of this prob-
lem is well known: it consists in switching from the active to the passive point of
view. Scale transformations are not really active transformations that move points
in space-time but rather passive transformations that change the scale of the metric
by which we measure distances between points in space-time. To avoid confusion, we
shall as usual refer to scale transformations in this sense as Weyl rescalings. The con-
nection between the two points of view can then be established by requiring that in
flat space-time, a Weyl rescaling of the metric and a dilatation, by the same constant
factor A, should lead to the same rescaling for the distance between points; this leads
to the following transformation law for the metric under Weyl rescalings

g — )~2guv7 g — /1_2gw~ (280)
More generally, components of fields ¢ transform according to

p— 1", (281)
where w, is a real number called the Weyl dimension of ¢. Of course, such a
transformation law makes sense for fields that are sections of some vector bundle
over space-time, whereas sections of nonlinear fiber bundles over space-time can only

be supposed to remain invariant under Weyl rescalings. In particular, Eq. (280)
states that the metric tensor g, and the inverse metric tensor g*' have Weyl
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dimension —2 and 2, respectively. It is also clear from Eq. (281) that if a field ¢ has
Weyl dimension w,, then all its partial derivatives 0,¢ will have Weyl dimension w,,
as well: this means that the operator 0, itself must carry Weyl dimension 0. The same
value must be attributed to gauge fields (G-connections) in order to ensure that the
covariant derivative D, becomes homogeneous and carries the same Weyl dimension
as the ordinary derivative 0,; note that this is in agreement with Eq. (280) which
forces the Christoffel symbols for the Levi-Civita connection to have Weyl dimension
0, and the same goes for the Riemann curvature tensor and the Ricci tensor. Finally,
the Weyl dimension of scalar fields and spinor fields is found by inspection of the
kinetic terms in the Lagrangians (175)—(179), leading to the conclusion that for scalar
fields and spinor fields, the Weyl dimension equals the scaling dimension. The as-
signments thus obtained are summarized in the column labelled “WD” of Table 2.
Further inspection of the Lagrangians (175)—(184) then reveals that the list of those
that are invariant under Weyl rescalings is exactly the same as the list of those that
are invariant under dilatations; they can be read from the column labelled “SI =
GWI” of Table 3. Thus it seems as if the correct generalization of the concept of
scale invariance from flat to curved space-time is really that of invariance under Weyl
rescalings, and we shall adopt this point of view from now on.

There is however one aspect of this reinterpretation that has not been addressed
so far and that will turn out to be crucial: the possibility of distinguishing between
global and local Weyl invariance; by abuse of language, these are also often re-
ferred to as global and local scale invariance, respectively. The former refers to
global Weyl rescalings, where the metric is rescaled by a positive numerical factor
A, whereas the latter refers to local Weyl rescalings, where the metric is rescaled by
a positive function 4. In the discussion above, we have tacitly assumed the rescal-
ing factor to be numerical, which is sufficient for defining the concept of the Weyl
dimension of a field, but after all, nothing prevents us from allowing to rescale the
metric by different factors at different space-time points. Fields that transform ac-
cording to Eq. (281) even when 4 is a positive function will in what follows be
called Weyl covariant. With this terminology, it is clear that, in general, partial de-
rivatives of Weyl covariant fields are no longer Weyl covariant and that this defect
can only be cured by “gauging’ the global symmetry under Weyl rescalings so that
it becomes local. As is well known, this requires introducing a corresponding new
gauge field and replacing ordinary partial derivatives by corresponding covariant
derivatives, which we might call scaling covariant derivatives in order to distin-
guish them from the gauge covariant derivatives (referring to internal symmetries)
and the space-time covariant derivatives considered before. Of course, this is pre-
cisely Weyl’s original procedure that gave rise to gauge theories in the first place!
However, Weyl himself discarded this theory soon after, namely when, as a result
of discussions with Finstein, he realized that it did not describe electromagnetism,
as he had originally hoped. All that has remained of it is the word “gauge” (or
“Eichung”, in German), which in its original sense refers to the arbitrariness in
the choice of units, in this case for measuring distances in space-time (rods and
clocks). For our present purposes, we shall not need it either, since as we shall
see below, there are many important situations where invariance of the action
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under local Weyl rescalings can be established without the need for introducing a
new gauge field—for which no clear evidence in nature has been found so far.

Before analyzing which of the globally Weyl invariant actions derived from the
Lagrangians listed in Section 3.6 are even locally Weyl invariant, we formulate
the main theorem of this section, which clearly shows the usefulness of this prop-
erty.

Theorem 5.1. “On shell”, that is, assuming the matter fields to satisfy their equations
of motion, the matter field action is locally Weyl invariant if and only if the corre-
sponding energy-momentum tensor is traceless.

Proof. In completely general terms, the variation of the matter field action Sy, x over
any given compact subset K of M induced by an infinitesimal local Weyl rescaling,
parametrized by some given function w on M, is given by

5(1)Sm,l( - / dnx V | detg| (gL—m (s(/)g;w + 514_m 5w(Pl> .
K g/w 5(/)1
Now if we assume the matter fields ¢ to satisfy their equations of motion, the second
term drops out, so the only non-vanishing contribution comes from the induced
variation of the metric. Hence using the definition (5) of the energy-momentum
tensor, together with the formula for the induced variation of the metric,

5wguv = zwguva 5wg/w = _zwgll", (282)

which is just the infinitesimal form of Eq. (280), derived by taking w =In/, we
obtain

5(1)Sm,l( = 7/ dn.X\/ |detg|nguvw7
K

which implies the equivalence stated in the theorem since w was an arbitrary func-
tion. [

Remark. The simplest case is of course when the matter field Lagrangian L, is
locally Weyl invariant, but the above proof shows that in order to guarantee
tracelessness of the energy-momentum tensor, much less is needed: under infini-
tesimal local Weyl rescalings, L,, may be allowed to pick up a total divergence, as
well as terms that vanish upon insertion of the equations of motion for the
matter fields.?*

A simple example of a Lagrangian which is globally as well as locally Weyl
invariant is the Yang—Mills Lagrangian in n = 4 dimensions. A less trivial exam-
ple is the covariant free Dirac Lagrangian (where the term “covariant” indicates
that minimal coupling to gravity and also to gauge fields is allowed): here, local

[T

24 In the remainder of this section, we omit the index “m”, which stands for “matter fields”.
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Weyl invariance can be shown to hold ““on shell”. To do so, we need the trans-
formation law of spinor fields and their covariant derivatives under local Weyl
rescalings. To derive these, note first that the transformation law (280) for
the metric can be supplemented by the following simple transformation laws
for orthonormal frames,

e — Jel, el — il (283)
which is obviously consistent with the orthonormality condition (247), and for the
coordinate frame Dirac y-matrices,

e (284)

’y/z - ;“V,u? V'u — A
which is obviously consistent with the Clifford algebra relations (168). At the in-
finitesimal level, we conclude that Eq. (282) must be supplemented by

a a L
o€, = wey, dyel, = —wel, (285)

and

5wy;¢ = (,()W/W 5(:)VM = —w”/“, (286)

respectively. In particular, it is worth noting that the frame variation generated by
an infinitesimal Weyl rescaling is of purely symmetric type, so that according to the
analysis carried out in Section 4.3, the induced variation of spinor fields (which we
shall refer to as the indirect contribution to their total variation) and the induced
variation of the orthonormal frame Dirac y-matrices (cf. Egs. (265) and (266))
vanish while the induced variation of the coordinate frame Dirac p-matrices (cf.
Eq. (267)) is precisely the expression given above. Similarly, the induced variation
of the spinor connection coefficients is given by inserting Eq. (286) into Eq. (270),
with the result

1 .
doly = T (20,0, — €,0,0) [7", yi];. (287)
On the other hand, it must be emphasized that a Weyl rescaling is not merely a frame
transformation (i.e., an automorphism of the frame bundle): this becomes obvious
when one realizes that the scaling dimension of a field is not merely given by its
tensor or spinor degree. (For example, frame transformations act trivially on scalar
fields while Weyl rescalings act nontrivially, except when n = 2.) Accordingly, there
is a further direct contribution to the variation of spinor fields under infinitesimal
Weyl rescalings which is of course given by Eq. (281) with the appropriate Weyl
dimension for spinor fields, which is § (n — 1), so

lﬂd - }i(nfl)/leac7 (288)

and hence, at the infinitesimal level, Eq. (265) must be replaced by

%w:—%m—mw% (289)
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Repeating the calculation leading to Eq. (272), we thus get

5“’ (Vﬂ‘//“) = 5,,)6“//1 + 5wFZ/; wﬁ + 17 5wlpy

ny
= 6#5(01//1 + 5(/)FZ/§ lplj + FZ«/ 5“)‘#?
1 o o
= _E(” — DV, (0y”) + 5wr,1/f¢ﬂ7
that is,
o 1 o 1 o o
8o (Vap*) = =) (n—1DoV,y" — 3 (n— )0,y + 8,7 4" (290)
Therefore, the variation of the free Dirac Lagrangian becomes
S (lWX) 30 (W1"'V 1) = 00 (V07" 7)
= + 0V V'Vt + ¥ 37" Vux + Y700 (V1)
- 5(/) (vu‘//) V”X - V,ﬂ//éw"/”}{ - V,,lﬂ V”émx

= 75 (I’l - 1)0“;?”%4% - wnﬁy"vﬂx

_ 1 _ _
(n = Doy Vg =5 (n = 1)3uyy"y + 7,00y

—_— N = N =

_ 1 _ _
+5n =)oV "1+ 3 (n = D)oy + Y o,T "1

\e}

_ 1 _ _
+oVry+3 (n—Dyy"Vu — o Vahyty
= — nwtﬁ%y

+ % (€020 — g3, 0c0) Y (V" [*, '] + [, 7' 19") 2

where we note that two terms containing partial derivatives of @ have cancelled and
that the last term vanishes for symmetry reasons, as before. Thus as long as the
covariant free Dirac Lagrangian is the only part of the total Lagrangian containing
spinor fields, the corresponding equation of motion will be the covariant free Dirac
equation, and whenever this is satisfied, the variation that we have just computed will
vanish. Briefly, we may express this by saying that the variation of the covariant free
Dirac Lagrangian under infinitesimal local scale transformations is proportional to
the covariant free Dirac Lagrangian itself, and this vanishes “on shell”.

Turning to scalar fields, it becomes clear from the above theorem that the source
of the problem with the non-vanishing trace of the energy-momentum tensor in scale
invariant field theories containing scalar fields lies in the fact that the corresponding
action is globally but not locally Weyl invariant. No such problem arises in two
space-time dimensions since, for n = 2, scalar fields have Weyl dimension 0, which
means that they are manifestly invariant under Weyl rescalings, global as well as lo-
cal ones. Thus in this case, both types of Weyl invariance hinge on the same single
hypothesis, namely vanishing of the potential U, and correspondingly, direct inspec-
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tion shows that the energy-momentum tensors given in the first four entries of
Table 1 are all traceless when the potential term is absent. But for n > 2 and a
potential U which is homogeneous of degree 2n/(n — 2), the Lagrangians (175)
and (176) yield globally Weyl invariant actions which are not locally Weyl invariant:
variation of the kinetic term in the Lagrangian under an infinitesimal local Weyl
rescaling produces an additive contribution depending on the derivatives of the
rescaling factor, and this lack of invariance reflects itself in a non-vanishing trace
of the corresponding energy-momentum tensor.

As mentioned before, it has been observed long ago in the literature [3,4] that this
problem can be overcome by a further “improvement” of the energy-momentum ten-
sor, which also turns out to improve its behavior under renormalization. In the same
context, it has also been observed that the necessary correction can be traced back to
a modification of the pertinent Lagrangian, which amounts to adding a term of the
form R¢?. This means, of course, that the term “improvement” is not really adequate
to describe the procedure since, after all, the definition of the energy-momentum tensor
as the variational derivative of the Lagrangian with respect to the metric remains un-
altered. Instead, what has been abandoned is the prescription of minimal coupling to
gravity, by allowing for the possibility of introducing an additional contribution to the
Lagrangian that vanishes in the flat space-time limit. But why exactly this term? What
seems to be missing is to establish a motivation for the choice made, and this motivation
can only come from studying the relation with Weyl invariance in more detail.

In order to gain further insight into the problem and its solution, let us concen-
trate on the simplest situation—that of a single real scalar field, with Lagrangian
(237), equation of motion (240) and energy-momentum tensor given by Eqgs.
(243)—(245). The specific dependence of this Lagrangian on the Riemann curvature
tensor (a function of the matter field multiplied by the Ricci scalar curvature) is dic-
tated by the fact that this seems to be the only way to guarantee that the equations of
motion for the metric can still be written in the form of Einstein’s equations. Con-
cerning the dependence on the matter field, we have already seen that global Weyl
invariance requires the potential U to be homogeneous of degree 2n/(n — 2); simi-
larly, it forces the function f to be homogeneous of degree 2. Therefore, we put

1
L= 3 (09)* — ap™ Y + bR?, (291)

with coeflicients a and b that remain to be determined. The corresponding equation
of motion reads
2
qu n na2 @(n+2)/(’172) _ 2bR(p = 0. (292)
n—
Next, we calculate the trace of the corresponding energy-momentum tensor:

1
" T = =5 (1 =2)(0¢)" +nag™ "2 + 2(n — 1)p0g” — (n — 2)bRy’.

Inserting Eq. (292), multiplied by 1 (n — 2)¢, this reduces to

: 1 1
" T = =51 =2)(3¢)" =5 (1 = 2)pTp + 2(n — )b Og?,
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which vanishes if and only if we choose

_1n-=2

T 8n—1’
whereas a remains undetermined. Similarly, we can check directly that, with this
choice, the resulting Lagrangian

n—2

8(n—1)
is locally Weyl invariant; more precisely, this property holds for the Lagrangian

R¢* (293)

1
L=3(0p) —agh/e 4

L= fécqu) —ap™" P 4 8(nn _21)R<02, (294)
which differs from the previous one by a covariant total divergence (of the form
18"V ,.(¢0,¢), to be precise) and hence has the same equations of motion and the same
energy-momentum tensor. To show this, we need the transformation law of the Ricci
scalar curvature and of the covariant wave operator under local Weyl rescalings.
Setting w = In 4, note first that the Christoffel symbols for the Levi-Civita connection
are globally Weyl invariant but pick up an additive term under local Weyl rescalings:

FZV - F;» + (5’:aﬂ(’u + 526\'(9 - gm‘g’daiw) (295)

The same then goes for the Riemann curvature tensor: after some calculation, we
get

R;;w - R:{yv - ((va‘@/a) - 5’:V[la/hw) + (gi,;thpvvapw - g).vgkpv;tapw)
+ (870,00, — 60,0w0;0) — (22,803, — 2,870, d,)
— (3hgv — \gu) (). (296)

Hence for the Ricci tensor,
Ry — Ry — (n—2)V,0,0 — g,Ow + (n—2)0,00,0 — (n — Z)gw,(éco)z,
(297)

while the Ricci scalar curvature, which has Weyl dimension —2, transforms ac-
cording to

R — exp(—20) (R 22— Do — (n— 1)(n— 2)(6w)2). (298)

On the other hand, the transformation law (281), with the value w, =1(n—2)
already substituted, gives

1 1
000 = exp(= (1~ 20) (8,0 — 3 (1~ 20,00 ).
and after iteration

0,0, — exp(— % (n—2)w) (6/,6‘,90 - %(n —2)0,0,0¢ — % (n—2)0,wd,q

1 1
—5(n=2)0,0 0,0 + 7 (n 2)%0,wd,w qo).
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Thus

1 1
8" 0.0y — exp(—3 (n +2)o) (g’“'au@vqo —5(n=2)g"3d.0¢

1
—(n—2)g"0,w0,¢p + 3 (n— 2)2(60))2@),

whereas

y K 1 K KA
g#\ruvak‘(f) — eXp (_E (I’l + 2)60) (gl F;zv - (I’l - 2)g Aa/‘»w)

1
X <6K(p ) (n—2)0.w (p).
Taking the difference gives
O — exp(f%(n +2)w) <D<p - % (n—2)0wge — % (n — 2)2(aw)2¢). (299)

Together, Egs. (298) and (299) show that
n—2

TENE (300)

is the (locally) scale covariant wave operator, and inserting this result into Eq. (294),
we immediately obtain

L — exp(—w)L. (301)

Note that the resulting local Weyl invariance of the action is valid even “off
shell”: at no point of the proof of the transformation law (301) did we use the
equations of motion for ¢. In fact, there is a very simple reason for this in-
variance, which comes to light if we use the scalar field ¢ and the metric tensor g
to define a new metric tensor ¢ which is manifestly Weyl invariant by its mere
definition

G =0V g (302)

Then the Lagrangian (291) is, up to a constant multiple, nothing but the Einstein—
Hilbert Lagrangian for g, with the potential term corresponding to the cosmological
constant! Indeed, applying Eq. (298) with 1 = ¢* "2 we get

Vdetg|(R+24)
=7 /Tdetg] (77 (R=2(n = )OI/ (n = 1) (n - 2)(3In2)’ ) +24)

=/|detg| (@2 (R - 4(n7_21>D1n Q— 4(’17_21) (alnq))2) + 2/1@2"/("2))
n— n—
= TGt (o (R - (9, (0 000) + 07200 ) 24020 ).

Thus expressing the constant a in Egs. (291)—(294) in terms of the cosmological
constant A, the Lagrangians (293) and (294) assume the form
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n—2

n—

1 ) 2 S
L=5(0 AP/ R¢? 303
7 (00) L TE ETTEN RS (303)
and
1 n—2 n—2
L=— ] A n=2) Ro? 304
250 g0 g e (304)
respectively, with corresponding energy-momentum tensor
1 2 n—2 5, B
Tt\‘:at av — 8w 0 - A w n/(n—2)
/ wPOVP zg; ( QD) 4(’1_1) g ®
n—2 n—2 1
1 @D = ViVa)e? + e R = 52uR | ¢° 305
+4(11—1) (g" ViV )90 +4(n—1)< w58 )90 (305)

which in flat space-time coincides with the result derived in Section 2, Eq. (54).

In n = 4 space-time dimensions, the construction can be extended to include a Di-
rac spinor field with a Yukawa coupling to the scalar field. In this case, the Lagrang-
ian reads

1
RQ* — Zy oY, (306)

1, i« 1
L=~ - -1
2(6<o) TYVY A0t + 15

or equivalently

1 1
L:_Z(PD(/H_ lﬁVW‘i‘ A(p +12R<P —)Yq)l//lﬁ, (307)

The corresponding equations of motion read

Op — %A(f - éRgo + 2y =0, (308)
iy — roy =0, (309)

while the energy-momentum tensor is

1
T = 0,000 + & (V3,90 + V3.V,0) ~ 220(00)" — 280 — ¢ Az

— 1 1 1
+ ijg;w(/)Wlp + 6 (gﬂ\’lj - V;tvv) (Pz + 6 (RM - EgM‘R> (pz' (310)
Its trace
) 2 .o 2 v 1 » Lo,
8" T = —(00)" = 3YWY — 340" + 42y + 5 Uo" — LR

vanishes “on shell”’, as can be seen by multiplying the equation of motion (308) for ¢
by ¢ and the equation of motion (309) for iy by %1/; and adding. Similarly, we can
check directly that the Lagrangian (306) or rather (307) is locally Weyl invariant “on
shell” by combining our previous analysis of local Weyl invariance for the covariant
free Dirac Lagrangian with that for the scalar field, the only modification being that
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it is now the sum of the covariant free Dirac Lagrangian and the Yukawa term that
vanishes “on shell”.

The procedure of extending a given globally Weyl invariant Lagrangian to a lo-
cally Weyl invariant one by adding an appropriate Rp? term can easily be made
to work for multicomponent scalar fields as well: all we need to do is replace the
square of the field by the square of its modulus, defined in terms of the given fiber
metric. The same goes, in n = 4 dimensions, for multicomponent scalar fields with
Yukawa couplings to multicomponent spinor fields. This fact is of considerable
physical interest since it applies directly to the standard model of particle physics.
Indeed, what has been shown here is that and in what sense the scaling limit of
the standard model (obtained simply by neglecting all explicit mass terms, such as
bare quark and lepton masses) is a conformal field theory: what is required to
achieve this is the inclusion of an appropriate R|(p|2 term in the standard model La-
grangian, where ¢ is the Higgs field.

Another interesting feature of Weyl invariance is that there is a simple way to con-
struct lots of locally Weyl invariant Lagrangians, namely by inverting the philosophy
underlying the transition made in Eq. (302), as follows. Consider any Lagrangian
field theory containing, apart from a bunch of matter fields ¢, a metric tensor &,
all of which are defined to be invariant under local Weyl rescalings. Now introduce
a new Weyl covariant scalar field ¢ of Weyl dimension § (n — 2), together with new
Weyl covariant matter fields ¢’ of Weyl dimension w; (where w; = 0 for components
of nonlinear matter fields of sigma model type) and a new metric tensor g with stan-
dard Weyl dimension (-2 for g,,, +2 for g*), defined by making the substitutions

S 4/(n—-2 ALY —4/(n=2) _uv
8w = (l’) e >guva g = ¢ ! )g! )

& = 20D i (311)

together with the corresponding substitutions in the partial derivatives of these fields
(including the Christoffel symbols that appear in the space-time covariant derivatives
and in the components of the Riemann curvature tensor). Then it is obvious that the
Lagrangian in the new fields ¢', g and ¢ obtained from the original Lagrangian in
the old fields ¢’ and g by this substitution is invariant under local Weyl rescalings

g — Mg, g — A",
o =i, i1, (312)

Of course, the dilaton field ¢ thus introduced may be a new, additional field, but
when the original Lagrangian already contains scalar fields, it may equally well be
possible to identify it with one of these. Also, nothing guarantees ““a priori” that the
new Lagrangian contains derivatives of ¢; if not, the dilaton field will be a non-
dynamical Lagrange multiplier.

We conclude our considerations with a few remarks on topological field theories.
As mentioned at the beginning of this section, such theories can be defined to be field
theories with vanishing energy-momentum tensor. But the latter represents the
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functional derivative of the matter field action with respect to the metric, so topolog-
ical field theories are simply field theories whose formulation does not depend at all
on the choice of a metric tensor on space-time. A notable example are gauge theories
in n = 3 dimensions whose action is given by the Chern—Simons Lagrangian (184).
Other examples can be obtained by starting out from a Lagrangian that does contain
a metric tensor g and eliminating it by “going to the stationary point”. More specif-
ically, this procedure works for Lagrangians depending on a metric tensor g but not
on its derivatives (that is, on the Christoffel symbols or the Riemann curvature ten-
sor), so that the metric tensor is a Lagrange multiplier field with purely algebraic
equations of motion that can be used to eliminate it, expressing it in terms of the
other fields. As an example, consider the modified sigma model with fields that are
maps from n-dimensional space-time M to some target space O but with modified
action

sy = [ @neydetlLfy, (313)
K

where Logy is the standard Lagrangian (178) for the ordinary sigma model and the
extra power § is fixed by requiring that the corresponding action should be (globally
as well as locally) Weyl invariant, despite the fact that, of course, the Weyl dimension
of the sigma type field ¢ vanishes, independently of the value of n. This homogeneity
of degree 0 is needed to guarantee the existence of non-trivial stationary points for g.
Indeed, using Eq. (236) to calculate the energy-momentum tensor corresponding to
the action (313), we get
n o (n-2)/2 i i n/2

T;IXISM = ELE)SM)/ hij(9)0,'0, ¢ — gllVLO/SM7 (314)
which is easily verified to be traceless. Now the equations of motion for g derived
from the variational principle for the action (313) just state that this expression
vanishes, or equivalently, that g is proportional to the pull back ¢*A of the metric A
on the target space Q to space-time M by the map ¢

n
g= “h. 315
Tom (315)

Inserting this condition back into Eq. (313), we obtain, up to an irrelevant numerical
factor, the action for the theory of n-branes in Q, which simply measures the n-di-
mensional volume of the image of any compact subset K of M in Q under ¢ with
respect to A

SNBR / d"xr/Tdet o ] (316)
K

Of course, the interpretation of this action in string theory (n = 1) and and mem-
brane theory (rn > 1) differs from that in field theory: now Q is viewed as space-time,
serving as a background for the motion of the string or membrane, while M is just a
parameter space, so the fact that this action corresponds to a topological field theory
just translates into the postulate of reparametrization invariance of the string or
membrane action.
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