Adjacency of vertices of the complete pre-order polytope

Maria Angela C. M. Gurgel^1 and Yoshiko Wakabayashi^{1,2}

Instituto de Matemática e Estatística, Universidade de São Paulo, Caixa Postal 66.281, 05389-970 São Paulo, Brazil

A complete pre-order (c.p.o.) on a finite set V is a relation on V that is transitive and total. We define the complete pre-order polytope P^n as the convex hull of the incidence vectors of all complete pre-orders on a set with n elements. We study the adjacency relation of the vertices of the complete pre-order polytope P^n, n ≥ 3. The main results are: (1) if A, B are c.p.o. with |A△B| = 2, then x^A and x^B are adjacent in P^n if and only if the digraph induced by A △ B is connected; (2) if A ⊆ B are c.p.o., then x^A and x^B are adjacent in P^n if and only if the digraph induced by B \ A is connected; (3) the diameter of the complete pre-order polytope is equal to 2.

Key words: complete pre-order, diameter, polytope, adjacency of vertices.

1 Introduction

A relation R on a set S is total if (a, b) ∈ R or (b, a) ∈ R for all a, b ∈ S, a ≠ b; R is anti-symmetric if (a, b) ∈ R and (b, a) ∈ R ⇒ a = b for all a, b ∈ S; and R is transitive if (a, b) ∈ R and (b, c) ∈ R ⇒ (a, c) ∈ R for all a, b, c ∈ S, a ≠ b ≠ c ≠ a. A complete pre-order is a relation that is transitive and total. A complete pre-order that is anti-symmetric is a linear order.

Given a finite set V_n with n elements, we represent each complete pre-order A on V_n by means of its incidence vector, that is, a vector x^A ∈ IR^{n(n−1)}, defined as x^A_a = 1 if a ∈ A and x^A_a = 0 if a /∈ A. Then we consider the polytope

1 Partially supported by CNPq (ProComb/ProteM-II-CC, proc. no. 680065/94) and FAPESP (proc. no. 93/0603-1).

2 Partially supported by CNPq (research proc. no. 304527/89).

Preprint submitted to Elsevier Preprint 2 December 1998 defined as the convex hull of the incidence vectors of all complete pre-orders on V_n. We call this polytope the complete pre-order polytope and denote it by P^n. It is easy to see that the linear ordering polytope is a face of P^n.

The interest on the study of the polytope P^n appeared in the investigation of the following problem, called the complete pre-order problem: given a finite set V_n with weights w_a ∈ IR for all a ∈ V_n × V_n, find a complete pre-order A on V_n such that w(A) := ∑ a∈A w_a is as large as possible. This problem has applications in data analysis and is known to be N P -hard [12]. In a former paper we have studied the facial structure of the polytope P^n, and obtained various classes of facet-defining inequalities (see Gurgel and Wakabayashi [4]).

In this paper we study the adjacency structure of the vertices of P^n. We do not characterize the adjacency of any two vertices of P^n, but we present some results characterizing adjacency of particular vertices of P^n which allow us to determine the diameter of P^n. We show that the diameter of P^n equals two, for all n ≥ 3. This proof is based on the fact that there is a vertex of P^n which is adjacent to all other vertices. The results presented here are of theoretical nature, not known to be useful—as those about the facets of P^n — in the design of a cutting-plane based algorithm for the complete pre-order problem.

2 Definitions and notation

Most of the results to be presented in this paper are easier to be stated using terminology from graph theory. We assume the reader to be familiar with the basic concepts in graph theory, so we mention here only those necessary to establish our notation. Any concept not mentioned here can be found in [1,5].

A directed graph or digraph D = (V, A) consists of a finite nonempty set V of nodes and a set A of arcs which are ordered pairs of distinct elements of V . An arc α = (u, v) will also be denoted by uv. The nodes u and v are called the endnodes of α. If α = (u, v) is an arc, α denotes the reverse arc of α, i.e., α = (v, u). If H is a digraph (graph) sometimes we may denote its node set by V (H) and its arc set by A(H). The complete digraph on n nodes is denoted by D_n = (V_n, A_n). If D is a digraph and X ⊆ A(D) , then [X] denotes the subdigraph of D spanned by X, defined as the subdigraph of D whose arc set is X and node set consists of the endnodes of the arcs in X.

A path P in a digraph D will be denoted either by the sequence of its arcs or by the sequence of its nodes, i.e., P = ⟨w_1, w_2, . . . , w_k⟩, where each w_i is in A(D) or each w_i is in V (D). A directed path is a path in which all arcs have the same direction. A digraph D is connected if there is a path with endnodes i and j, for all pairs i, j of distinct nodes of D; we call D disconnected if it is not connected. A digraph is unilaterally connected (respectively, strongly connected) if for any two distinct nodes i and j there is a directed path from i to j or (respectively, and) from j to i. A maximal strongly connected subdigraph of a digraph is called a dicomponent.

The short form c.p.o. stands for complete pre-order.

Note that whenever we have a c.p.o. on V_n, say T , we may consider that [T ] is a subdigraph of the complete digraph D_n = (V_n, A_n). This will always be assumed, even if not explicitly stated. The dicomponents of [T ] are complete subdigraphs. For short, they will be called dicliques; if we contract each of them we obtain the so-called condensed digraph. The arcs of this digraph define a linear order (on the dicliques of [T ]) that will be denoted by LOT = ⟨T_1, . . . , T_k⟩, being T_1, . . . , T_k the dicliques of [T ]. Note that LOT well-defines T . If T is a c.p.o. on V_n, an arc α ∈ T is called local if its ends are in the same diclique of LOT ; otherwise α is called a binding arc of T . Note that if α = (u, v) is a binding arc of T such that u ∈ V (T_i) and v ∈ V (T_j ), then i < j. Let S and T be two c.p.o. on V_n. We say that S is a refinement of T if S ⊆ T . To show the structure of the graph [T \ S] when S and T are c.p.o. with S ⊆ T , we give an example below and indicate in Figure 1 the corresponding graphs [S], [T ] and [T \S]. In this figure, the arcs between two non-consecutive dicliques (implied by transitivity) are omitted.

Example. Let S and T be c.p.o. on V_{10} = {1, 2, . . . , 10} with

LOS = ⟨ [{1, 2}], [{3, 5}], [{4, 6}], [{7}], [{8, 9}], [{10}] ⟩ and LOT = ⟨ [{1, 2}], [{3, 4, 5, 6}], [{7}], [{8, 9, 10}] ⟩ .

We denote by A △ B the symmetric difference of two sets A and B, that is, A △ B := (A \ B) ∪ (B \ A). Basic concepts in polyhedral theory can be found in Grünbaum [3] or Brønsted [2]. Definitions and more general results on adjacency of vertices on 0/1-polytopes can be found in Hausmann [6].

In the next lemma we mention some equivalent formulations of the adjacency concept to be used in this paper (see Pulleyblank [9]).

Figure 1. (a) The graph [S]. (b) The graph [T ]. (c) The graph [T \ S].

Lemma 1 Let P ⊂ R^n be a polytope and let x and y be two distinct vertices of P . Then the following statements are equivalent:

(1) x and y are adjacent (with respect to P );

(2) Any point on the line segment connecting x and y can be represented uniquely as a convex combination of vertices of P ;

(3) The point^1_2 x +^1_2 y can be represented uniquely as a convex combination of vertices of P ;

(4) There exists a vector c ∈ R^n such that x and y are the only vertices of P which maximize the function c^T x over P .

The skeleton of a polytope P is a graph that has a node for each vertex of P, two nodes being adjacent if and only if the corresponding vertices are adjacent in P. The diameter of P is defined as the diameter of the skeleton of P, and is denoted by diam(P).

3 Adjacency of vertices of P^n and its diameter

In this section we first characterize adjacency of two vertices x^S and x^T of P^n when |S △ T | = 2. To this end, the following proposition will be used.

Proposition 2 Let S and T be two c.p.o. on V_n such that S \ T = {a} and T \S = {b}; and let H be the digraph spanned by {a, b}. Then H is disconnected if and only if S ∪ T and S ∩ T are c.p.o. on V_n.

PROOF. Suppose first that S ∪ T and S ∩ T are c.p.o. on V_n. Now assume by contradiction that H is connected. Since (S ∩ T ) ∩ {a, b} = ∅ and S ∩ T is a c.p.o., it follows that {a, b} ⊆ S ∩ T . Furthermore, since H is connected, [{a, b}] is also connected. Let i and j be the endnodes of the path ⟨a, b⟩. Since T is a c.p.o., {a, b, b} ⊆ T and a ∉ T , it follows that (i, j) ∈ T if and only if (j, i) ∉ T . Let α ∈ {(i, j), (j, i)} and suppose, w.l.o.g., that α ∉ T . Since α ≠ a, we conclude that α ∉ S and therefore α ∉ S ∪ T . From {a, a, b, b} ⊆ S ∪ T and α ∉ S ∪ T , it follows that [S ∪ T ] is not transitive, which implies that S ∪ T is not a c.p.o. on V_n, a contradiction.

To prove the converse, suppose H is disconnected and let us prove that S ∪ T and S ∩ T are c.p.o. on V_n. Since S ⊆ S ∪ T and S is a c.p.o., it follows that [S ∪ T ] is a total relation on V_n. Now, to show that [S ∪ T ] is transitive, let (i, j) and (j, k) be two arcs in S ∪ T . At least one of them is not contained in {a, b}. Thus both are contained in S or T and therefore the arc (i, k) is in S ∪ T . Thus S ∪ T is a c.p.o. on V_n.

Clearly, [S ∩ T ] is transitive, since S and T are c.p.o. on V_n. If [S ∩ T ] were not total, then we would have b = a. In this case, H would be connected, a contradiction.

Therefore, S ∩ T and S ∪ T are c.p.o. on V_n and the proof is complete. □

We note that Proposition 2 remains true if we replace “H is disconnected” by “H is not unilaterally connected”. The proof follows analogously. In fact, it can be proved directly that — under the assumptions of Proposition 2— “H is connected” implies “H is unilaterally connected”.

Theorem 3 Let S and T be two c.p.o. on V_n such that the subdigraph H = [S △ T ] has precisely two arcs. Then x^S and x^T are adjacent in P^n if and only if H is connected.

PROOF. If S ⊆ T or T ⊆ S the result follows as a corollary of Theorem 8. Suppose therefore that S \ T = {a} and T \ S = {b} and consider the middle point y of the line segment which connects x^S and x^T in P^n, that is, y =^1_2 x^S +^1_2 x^T .

Suppose also that R_1, . . . , R_k are distinct c.p.o. on V_n, such that:

y = k∑ i=1 λ_ix^{Ri} , k∑ i=1 λ_i = 1, 0 < λ_i < 1.

In this case, if α ∈ S ∩ T , then 1 = k∑ i=1 λ_ix^{Ri}_α ,

and if α ∈ A_n \ (S ∪ T ), then 0 = k∑ i=1 λ_ix^{Ri}_α .

Since λ_i > 0 for i = 1, . . . , k, it follows that x^{Ri}_α = { 1, if α ∈ S ∩ T 0, if α ∈ A_n \ (S ∪ T ) .

Therefore, S ∩ T ⊆ R_i ⊆ S ∪ T for i = 1, . . . , k .

Considering the components related to the arcs a and b of the vertices x^{Ri} , x^S and x^T , it can be easily seen that the only alternative convex combination for y =^1_2 x^S +^1_2 x^T is y =^1_2 x^{S∪T} +^1_2 x^{S∩T} . Thus, by Lemma 1, x^S and x^T are adjacent in P^n if and only if it does not hold that both S ∪ T and S ∩ T are c.p.o. on V_n. Hence, by Proposititon 2, we conclude that x^S and x^T are adjacent in P^n if and only if H is connected. □

In the sequel we characterize adjacency of vertices corresponding to complete pre-orders that are inclusionwise related, that is, vertices x^S and x^T such that S is a refinement of T . This result will play an important role to determine the diameter of P^n.

Proposition 4 Let S and T be two c.p.o. on V_n with LOS = ⟨S_1, . . . , S_p⟩ and LOT = ⟨T_1, . . . , T_q⟩. If S ⊆ T , then for every i, j such that 1 ≤ i < j ≤ p, the following assertions hold:

(a) S_i ⊆ T_ℓ, for some ℓ, 1 ≤ ℓ ≤ q.

(b) If S_i, S_j ⊆ T_ℓ (1 ≤ ℓ ≤ q), then S_k ⊆ T_ℓ for all k, i ≤ k ≤ j.

PROOF. The proof of (a) is immediate since S is a refinement of T . To prove (b), suppose by contradiction that there are S_i, S_j ⊆ T_ℓ and S_k ⊆ T_m, i < k < j and m ≠ ℓ. Let u, v and w be nodes in V (S_i), V (S_k) and V (S_j ), respectively. From (u, v) ∈ S, it follows that (u, v) ∈ T . Since u ∈ V (T_ℓ) and v ∈ V (T_m), (u, v) is a binding arc of T ; thus, ℓ < m. On the other hand, since (v, w) ∈ S, we can conclude similarly that (v, w) is a binding arc of T , which implies m < ℓ, a contradiction. □

The following corollary is immediate.

Corollary 5 Let S and T be as in Proposition 4, S ⊆ T . Then the nodes of each diclique of LOT are nodes of consecutive dicliques of LOS. More precisely, LOS can be written as:

LOS = ⟨S_1 = S^1_1 , . . . , S^1_{t1}

, S^2_1 , . . . , S^2_{t2} , . . . , S^q_1 , . . . , S^q_{tq} = S_p⟩ , where V (S^i_1) ∪ V (S^i_2) ∪ · · · ∪ V (S^i_{ti} ) = V (T_i), for i = 1, . . . , q.

Proposition 6 Let S and T be c.p.o. on V_n and H = [T \S], with components H_1, . . . , H_p, p ≥ 2. If S ⊆ T and LOT = ⟨T_1, . . . , T_q⟩, then for every i, j, 1 ≤ i < j ≤ p, the following assertions hold:

(a) H_i ⊆ T_ℓ, for some ℓ, 1 ≤ ℓ ≤.

(b) If H_i ⊆ T_ℓ and H_j ⊆ T_m (1 ≤ ℓ, m ≤ q), then ℓ ≠ m.

PROOF. The validity of (a) is immediate, since S is a refinement of T . To prove (b), suppose by contradiction that H_i, H_j ⊆ T_ℓ, for some ℓ, 1 ≤ ℓ ≤ q. Since H is spanned by a set of arcs, H does not have isolated nodes. Let α = (u, v) ∈ A(H_i) and w ∈ V (H_j). Since (u, w) and (w, v) are in T \ A(H), they are in S. From the transitivity of S, it follows that α ∈ S, a contradiction. □

The next result shows that there exists a special relation between the dicliques of LOT and LOS, when S ⊆ T and H = [T \S] is connected. The proof follows immediately from Corollary 5 and Proposition 6.

Corollary 7 Let S and T be two distinct c.p.o. on V_n such that S ⊆ T and let H = [T \ S]. Then H is connected if and only if there is precisely one diclique in LOT whose node set is the union of the node sets of two or more consecutive dicliques of LOS.

Theorem 8 Let S and T be two distinct c.p.o. on V_n such that S ⊆ T and let H = [T \ S]. Then x^S is adjacent to x^T in P^n if and only if H is connected.

PROOF. Suppose first that H is connected. From Proposition 6, it follows that H ⊆ T_i, for some diclique T_i of LOT . Suppose, w.l.o.g., that H ⊆ T_1. From Corollary 7, we can conclude that T_1 is the unique diclique of LOT whose node set is the union of the node sets of two or more dicliques of LOS. From Corollary 5 we can assume that LOT = ⟨T_1, . . . , T_k⟩ and LOS = ⟨S_1, . . . , S_m, . . . , S_{m+k−1}⟩ ,

where V (T_1) =^m ⋃ i=1 V (S_i), m ≥ 2, and V (T_j) = V (S_{m+j−1}), 2 ≤ j ≤ k.

Let α = (w, z) ∈ A(H), with w ∈ V (S_m) and z ∈ V (S_1). Denote by t the number of arcs of A(T_1) \ S and consider the function p : A_n → ZZ defined as:

p(β) = t − 1, if β = (w, z) −1, if β ∈ A(T_1) \ S, β ≠ (w, z) t, if β ∈ S −t, if β ∈ A_n \ T . Then p(T ) = p(S) + p(A(T_1) \ S) = t|S|, and therefore, p(T ) = p(S) = t|S|. (1) Let R be a c.p.o. on V_n whose incidence vector maximizes the function ∑ ℓ∈A_n p_ℓx_ℓ. From (1), it follows that ∑ ℓ∈A_n p_ℓx^R_ℓ ≥ t|S|. (2)

Since p(β) = t for every arc β ∈ S and, except for the arc (w, z), every other arc has negative weight, from (2) we can conclude that S ⊆ R and if p(β) = −t, then β ∉ R. If (w, z) ∉ R, we can conclude from (2) that β ∉ R for every arc β ∈ A(T_1)\S. In this case, R = S. If (w, z) ∈ R, from the transitivity of R it is easy to see that β ∈ R for every arc β ∈ A(T_1). In this case, R = T . Therefore, x^T and x^S are the unique vertices of P^n that maximize the above function, which implies that they are adjacent.

To prove that the connectedness of H is a necessary condition, suppose on the contrary that H has components H_1, . . . , H_p, p ≥ 2, and consider the subsets of A_n defined by Q_i = S ∪ A(H_i), i = 1, . . . , p.

From Proposition 6, there exists T_ℓ ∈ LOT such that H_1 ⊆ T_ℓ. Suppose, w.l.o.g., that ℓ = 1. It is not difficult to see that Q_1 is a c.p.o. on V_n such that: LOQ_1 = ⟨T_1, S_t, S_{t+1}, . . . , S_k⟩, where LOS = ⟨S_1, . . . , S_t, . . . , S_k⟩, and V (T_1) = t−1⋃ j=1 V (S_j). Analogously, it can be verified that each Q_i, i = 2, . . . , p, is a c.p.o. on V_n. Thus, x^{Qi} is a vertex of P^n, for i = 1, . . . , p.

Consider now an interior point, say y_λ, of the line segment joining x^T to x^S in P^n, i.e.,

y_λ = λx^S + (1 − λ)x^T , where 0 < λ < 1 .

Note that, since S ⊆ T , then y_λ = x^S + (1 − λ)x^{T \S} . On the other hand, using previous results, we obtain

y_λ = (1 − p + pλ)x^S + p∑ i=1 (1 − λ)x^{Qi} .

Thus, if we take λ such that p − 1 p < λ < 1, it follows that y_λ can be written

in two different ways as a convex combination of vertices of P^n. Therefore, x^S is not adjacent to x^T in P^n, a contradiction. □

Corollary 9 Let T be a c.p.o. on V_n, n ≥ 3, such that T ≠ A_n. Then x^T is adjacent to x^{An} in P^n.

PROOF. By Theorem 8, it suffices to prove that H = [A_n \ T ] is connected. To this end, note that V (H) = V_n and consider LOT = ⟨T_1, . . . , T_k⟩, u ∈ V (T_i) and v ∈ V (T_j ), such that u ≠ v. If i < j (i > j) then (v, u) ∈ A(H)

((u, v) ∈ A(H)) and if i = j there exists a path in H from u to v, passing through a node that does not belong to V (T_i). □

Note that in the two results seen for the adjacency of the special vertices x^S and x^T considered (Theorem 3 and Theorem 8), the connectedness of the subdigraph [S △ T ] is a necessary and sufficient condition.

In fact, one could suspect that this would be a necessary and sufficient condition for the adjacency of any two vertices x^S and x^T . The example given in the proof below, where [S △ T ] is connected and x^S is not adjacent to x^T , shows that the connectedness of [S △ T ] is not a sufficient condition.

We shall prove now the main result of this paper.

Theorem 10 Diam(P^n) = 2, if n ≥ 3.

PROOF. From Corollary 9, we can conclude that diam(P^n) ≤ 2. To conclude the theorem, it remains to show that there are c.p.o. S and T on V_n, such that x^S is not adjacent to x^T in P^n. For that, let V_n = {1, 2, . . . , n} and take S = ⟨1, 2, . . . , n⟩ and T = ⟨n, n − 1, . . . , 1⟩, linear orders on V_n. Note that H = [S △ T ] is connected. Now take i such that 1 ≤ i < n and define the linear orders: Q = ⟨1, 2, . . . , i − 1, i + 1, i, i + 2, . . . , n⟩ and R = ⟨n, n − 1, . . . , i + 2, i, i + 1, i − 1, . . . , 1⟩. Then, it is immediate that if y is the middle point of the line segment joining x^S to x^T in P^n, we have: y = 1 2 x^S + 1 2 x^T = 1 2 x^Q + 1 2 x^R .

Thus, x^S is not adjacent to x^T in P^n. □

4 Concluding remarks

An interesting question that remains open concerns the characterization of the adjacency of any two vertices of P^n. In 1978, Young [10] obtained a simple condition characterizing adjacency of any two vertices on the linear ordering polytope, in terms of the structure of the permutations. We were not able to obtain similar results extending the results due to Young. Note, however, that if S and T are different complete pre-orders on V_n with the same dicliques, then the condensed digraph of S (respectively, of T ) defines a linear order on the dicliques of [S] (respectively, of [T ]). Thus, we can use Young’s result to characterize adjacency of x^S and x^T in P^n.

Considering also that we have proved that the diameter of P^n is two based on the fact that x^{An} is adjacent to every other vertex of P^n, it would be interesting to know whether the diameter remains small if we delete the vertex x^{An} and consider the polytope defined as the convex hull of the remaining vertices.

There are other polytopes associated with N P-hard problems that are known to have small diameter: the asymmetric TSP-polytope and the linear ordering polytope have both diameter 2 (Padberg and Rao [7]; Young [10]), and the clique partitioning polytope has diameter 3 (Wakabayashi [11]). For some of these polytopes there are polynomial time algorithms to check (non-)adjacency of two vertices; on the other hand, there are polytopes, like the symmetric TSP, for which checking non-adjacency of two vertices is an N P-complete problem (Papadimitriou [8]). It should also be noted that the diameter of this last polytope has not been determined.

Acknowledgement

The authors thank one of the referees for the careful reading and for his valuable suggestions and remarks.

References

[1] J.A. Bondy and U.S.R. Murty, Graph Theory with Applications (Macmillan, London, 1976).

[2] A. Brøndsted, An Introduction to Convex Polytopes (Springer–Verlag, New York, 1982).

[3] B. Grünbaum, Convex Polytopes (Wiley, New York, 1970).

[4] M.A.C.M. Gurgel and Y. Wakabayashi, The Complete Pre-order Polytope:

Facets and Separation Problem, Technical Report RT-MAC 9306 , University of São Paulo, Brazil, 1993.

[5] F. Harary, Graph Theory (Addison–Wesley, Reading, MA, 1969).

[6] D. Hausmann, Adjacency on Polytopes in Combinatorial Optimization (Verlag A. Hain, Meisenheim, Germany, 1980).

[7] M.W. Padberg and M.R. Rao, The travelling Salesman Problem and a Class of Polyhedra of Diameter Two, Mathematical Programming 7 (1974) 32–45.

[8] C.H. Papadimitriou, The Adjacency Relation on the Travelling Salesman Problem is NP-complete, Mathematical Programming 14 (1978) 312–324.

[9] W.R. Pulleyblank, Polyhedral Combinatorics, in: G.L. Nemhauser, A.H.G.

Rinnooy Kan, M.J. Todd, eds., Optimization, Handbooks in Operations Research and Management Science, Vol 1 (North–Holland, Amsterdam, 1989).

[10] H.P. Young, On Permutations and Permutation Polytopes, Mathematical Programming Study 8 (1978) 128–140.

[11] Y. Wakabayashi, Adjacency of Vertices of the Clique Partitioning Polytope, SCIENTIA, Series A: Mathematical Sciences, Universidad Técnica Federico Santa Maria, Valparaíso, Chile, 3 (1989) 111–119.

[12] Y. Wakabayashi, Medians of Binary Relations: Computational Complexity, Technical Report SC-92 , Zentrüm für Informationstechnik Berlin, Germany, 1992.