CLIQUE MINORS IN GRAPHS AND THEIR COMPLEMENTS

Bruce Reed Equipe Combinatoire, CNRS 4 Place Jussieu Paris 75013, France

reed@ecp6.jussieu.fr

and*

Robin Thomas** School of Mathematics Georgia Institute of Technology Atlanta, GA 30332–0160, USA

thomas@math.gatech.edu

ABSTRACT

A graph H is a minor of a graph G if H can be obtained from a subgraph of G by contracting edges. Let t ≥ 1 be an integer, and let G be a graph on n vertices with no minor isomorphic to K_{t+1}. Kostochka conjectures that there exists a constant c = c(k) independent of G such that the complement of G has a minor isomorphic to K_s, where s = ⌈^1_2 (1 + 1/t)n − c⌉. We prove that Kostochka’s conjecture is equivalent to the assertion that every graph with no minor isomorphic to K_{t+1} has an independent set of size at least n/t, and deduce that the conjecture holds for all integers t ≤ 5. We also deduce the weaker statement that Kostochka’s conjecture holds with s replaced by s^0 = ⌈^1_2 (1 + 1/(2t))n − c⌉.

12 May 1998 Revised 17 September 1998

* Collaboration supported by a CNRS-NSF international cooperation research grant. ** Supported in part by NSF under Grant No. DMS-9303761, by ONR under Contract number N00014-

93-1-0325, and by ProNEx (MCT/FINEP) (Proj. 107/97) and FAPESP (Proc. 97/14469–6 and Proc. 96/04505–2).

1. INTRODUCTION

The following is a well-known conjecture of Hadwiger [2].

(1.1) Conjecture. For every integer t ≥ 1, if a graph G has no minor isomorphic to K_{t+1}, then it is t-colorable.

All graphs in this note are simple (that is, they have no loops or parallel edges) and finite. By considering the largest color class Hadwiger’s conjecture implies

(1.2) Conjecture. For every integer t ≥ 1, if a graph G has no minor isomorphic to K_{t+1}, then it has an independent set of size at least |V (G)|/t.

Hadwiger’s conjecture is known to be true for all t ≤ 5 [6], and is open for all t ≥ 6. The same holds for conjecture (1.2). However, Duchet and Meyniel [1] proved the following.

(1.3) Theorem. For every integer t ≥ 1, if a graph G has no minor isomorphic to K_{t+1}, then it has an independent set of size at least |V (G)|/(2t).

Theorem (1.3) was generalized by Reed and Seymour [5], who showed that every graph with no minor isomorphic to K_{t+1} has fractional chromatic number at most 2t. Kostochka [4] made the following conjecture, and proved that it implies (1.2).

(1.4) Conjecture. For every integer t ≥ 1 there exists a constant c = c(t) such that if a graph G has no minor isomorphic to K_{t+1}, then the complement of G has a minor isomorphic to K_s, where s = ⌈^1_2 (1 + 1/t)|V (G)| − c⌉.

Let us see now that (1.4) implies (1.2). Let an integer t ≥ 1 be given, let c and s be as in (1.4) and let H be a graph with no K_{t+1} minor. Let k be an integer such that 1 t |V (H)| −^{2c}_k > ⌈_1 t |V (H)| ⌉ − 1 and let G be the graph consisting of k disjoint copies of H. By (1.4) applied to G there are disjoint subsets X_1, X_2, . . . , X_s ⊆ V (G) such that for all indices i, j with 1 ≤ i < j ≤ s there are vertices u ∈ X_i and v ∈ X_j that are not adjacent in G. We may assume that |X_1| = |X_2| = · · · = |X_s0 | = 1 and |X_i| ≥ 2 for all i = s^0 + 1, s^0 + 2, . . . , s. But s^0 + 2(s − s^0) ≤ |V (G)|, and hence s^0 ≥^1_t |V (G)| − 2c. Since X_1 ∪ X_2 ∪ · · · ∪ X_s0 is an independent set in G, we have thus shown that G has an independent set I of size at least^1_t |V (G)| − 2c. Now the intersection of I with some component H_0 of G has size at least^1_k

(_1 t |V (G)| − 2c ) > ⌈_1 t |V (H)| ⌉ − 1. Thus H_0, and hence H, has an independent set of size at least^1_t |V (H)|, as desired. This completes the proof that (1.4) implies (1.2).

Stiebitz [7] showed that (1.4) holds for all t ≤ 3. Our objective is to show that (1.2) holds for an integer t if and only if (1.4) holds for t. Thus, since (1.2) holds for all t ≤ 5, it follows that (1.4) holds for all t ≤ 5. Moreover, our proof implies the following weaker version of (1.4).

(1.5) Theorem. For every integer t ≥ 1 there exists a constant c = c(t) such that if a graph G has no minor isomorphic to K_{t+1}, then the complement of G has a minor isomorphic to K_s, where s = ⌈^1_2 (1 + 1/(2t))|V (G)| − c⌉.

Kostochka [4] showed that for all ϵ > 0 Theorem (1.5) holds with s replaced by ⌈^1_2 (1 − ϵ + 1/(2t))|V (G)| − c⌉.

2. PROOF

We need the following result of Thomason [8], an improvement of a result of Kostochka [3].

(2.1) Theorem. Let p be a sufficiently large integer, and let G be a graph of average degree at least 5.36p √ log_2 p. Then G has a K_p minor.

Our results follow immediately from (2.1) and the following lemma. If G is a graph, we denote by G^2 the graph with vertex-set V (G) in which two vertices are adjacent either if they are adjacent in G, or if they have a common neighbor in G. Our interest in G^2 is motivated by the fact that if I is an independent set in G and M is a matching in the complement of G^2\I, then contracting all the edges in M yields a K_{jIj+jM j} minor in the complement of G.

(2.2) Lemma. Let δ be a sufficiently large real number, let G be a graph on n vertices such that every minor of G has average degree less than δ, and every vertex of G has degree at most n/(5δ^3). Let H be an induced subgraph of the complement of G^2 on at least n/2 vertices. Then H has a matching of size at least ⌊^1_2 (|V (H)| − δ)⌋.

Proof. Let δ, n, G and H be as stated, and suppose for a contradiction that the matching does not exist. Then by Tutte’s theorem [9] there exists a set X ⊆ V (H) such that H\X has at least |X| + d + 1 odd components, where d = ⌈δ⌉. Let C_1, C_2, . . . , C_p be the vertexsets of all components of H\X listed so that |C_1| ≤ |C_2| ≤ · · · ≤ |C_p|. Then p ≥ d + 1. Let Y ⊆ C_1 ∪ C_2 ∪ . . . ∪ C_d contain precisely one element of each C_i (i = 1, 2, . . . , d), and let Z = ⋃_p i=d+1 Ci. Since p ≥ |X| + d + 1 we see that |X| ≤ |V (H)|/2. Clearly |C_1|, |C_2|, . . . , |C_d| ≤ |C_{d+1}| ≤ |Z| and hence |Z|(d + 1) ≥ d∑ i=1 |C_i| + |Z| ≥ | | | | | p⋃ i=1 C_i | | | | | = |V (H)| − |X| ≥ |V (H)|/2, and so |Z| ≥ 1 2(d + 1) |V (H)| ≥ n 4(δ + 1) . Since every vertex of G has degree at most n/(5δ^3) + 1, the set Z has a subset Z^0 of size at least |Z| − nd/(5δ^3) such that G has no edge with one end in Y and the other in Z^0. On the other hand, no vertex of Y is adjacent in H to a vertex of Z^0, and hence every y ∈ Y and every z ∈ Z^0 have a common neighbor in G. Let p_{yz} denote one such common neighbor. We have |Z^0| ≥ |Z| − nd 5δ^3 ≥ n 4(δ + 1) − nd 5δ^3 ≥ nd^2 5δ^3

, (1) because δ is sufficiently large. We claim that Z^0 has a subset Z^{00} of size d such that p_{yz} ≠ p_y0_z0 for all y, y^0 ∈ Y and all distinct vertices z, z^0 ∈ Z^{00}. Indeed, let Z_1 = Z^0, let z_1 ∈ Z_1 be arbitrary, and assume that for some k = 1, 2, . . . , d − 1 we have already constructed distinct vertices z_1, z_2, . . . , z_k and sets Z_1, Z_2, . . . , Z_k such that |Z_k| ≥ nd(d − k + 1)/(5δ^3) and for all y ∈ Y and all i = 1, 2, . . . , k − 1, no neighbor of p_{yzi} in G belongs to Z_k. We let Z_{k+1} be the set obtained from Z_k by deleting, for all y ∈ Y , all the neighbors of p_{yzk} in G, and we pick z_{k+1} ∈ Z_{k+1} arbitrarily. It follows from (1) that Z^{00} = {z_1, z_2, . . . , z_d} is as desired.

By contracting the edges with ends z and p_{yz} for all y ∈ Y and all z ∈ Z^{00} we deduce that G has a minor isomorphic to K_{d,d}, contrary to the fact that every minor of G has average degree less than δ.

(2.3) Lemma. Let p be a sufficiently large integer, let δ = 5.36p √ log_2 p, let α, n ≥ 2 be integers with n ≥ 36δ^4 and n ≥ 2α + 6δ^4, and let G be a graph on n vertices with an independent set of size α and no minor isomorphic to K_p. Then the complement of G has a minor isomorphic to K_s, where s = ⌈^1_2 (n + α) − 4953p^4 log^2 p⌉.

Proof. By (2.1) every minor of G has average degree less than δ. Let D be the set of all vertices of G of degree at least n/(6δ^3). Since G itself has average degree less than δ we see that |D| ≤ 6δ^4. Let I be an independent set in G of size α, and let H be the complement of (G\D)^2. By (2.2) applied to δ, G\D and H\I we deduce that H\I has a matching M of size at least ⌊^1_2 (n − |D ∪ I| − δ)⌋. Let K be the subgraph of H induced by I − D and vertices incident with edges in M; by contracting every edge of K that belongs to M we get a minor of H (and hence a minor of the complement of G) isomorphic to K_s, as desired.

From (2.3) we deduce that (1.2) implies (1.4), and from (1.3) and (2.3) we deduce that (1.5) holds.

ACKNOWLEDGEMENT

We thank Noga Alon and Alexander Kostochka for helpful comments.

REFERENCES

1. P. Duchet and H. Meyniel, On Hadwiger’s number and the stability number, North- Holland Math. Stud. 62, North-Holland, Amsterdam, New York, 1982, 71-73.

2. H. Hadwiger, Über eine Klassifikation der Streckenkomplexe, Vierteljschr. Naturforsch. Gessellsch. Zürich 88 (1943), 133–142.

3. A. V. Kostochka, The minimum Hadwiger number for graphs with a given mean degree of vertices, Metody Diskret. Analiz., 38 (1982), 37–58 (in Russian).

4. A. V. Kostochka, A lower bound for the product of the Hadwiger numbers of a graph and its complement, Combinatorial analysis, 8 (1989), 50–62 (in Russian).

5. B. A. Reed and P. D. Seymour, Fractional colouring and Hadwiger’s conjecture, manuscript.

6. N. Robertson, P. D. Seymour and R. Thomas, Hadwiger’s conjecture for K_6-free graphs, Combinatorica 13 (1993), 279–361.

7. M. Stiebitz, On Hadwiger’s number — a problem of the Nordhaus-Gaddum type, Discrete Math. 101 (1992), 307-317.

8. A. Thomason, An extremal function for contractions of graphs, Math. Proc. Cambridge Philos. Soc. 95 (1984), 261–265.

9. W. T. Tutte, A factorization of linear graphs, J. London Math. Soc. 22 (1947), 107- 111.