Improved Bound for the Carathéodory Rank of the Bases of a Matroid^∗

J.C. de Pina J. Soares^†

Instituto de Matemática e Estatística, Universidade de São Paulo Rua do Matão 1010, 05508–900 São Paulo Brazil E-mail addresses: {coelho,jose}@ime.usp.br

Abstract

Let M be a matroid on m elements and let r be its rank. We show that any vector in the integer cone of the incidence vectors of bases of M can be written as nonnegative integer combination of at most m+r−1 incidence vectors of bases of M, and these can be determined in oracle-polynomial time.

1991 Mathematical Subject Classification: 05B35, 05B40, 68Q25, 90C10. Key words and phrases: spanning trees, bases of matroids, Hilbert Base, integer cone, integral Carathéodory property, Carathéodory rank.

1 Introduction

Let H be a set of vectors in R^m . We define

cone(H) := { ∑ h∈H λ_hh | λ_h ∈ R_+ (h ∈ H) } ; lat(H) := { ∑ h∈H λ_hh | λ_h ∈ Z (h ∈ H) } ; int.cone(H) := { ∑ h∈H λ_hh | λ_h ∈ Z_+ (h ∈ H) } .

So, cone(H), lat(H), and int.cone(H) are the cone, the lattice, and the integer cone generated by the vectors in H, respectively. We have the following containment:

int.cone(H) ⊆ cone(H) ∩ lat(H). (1)

The set H is called a Hilbert base if equality holds in (1). Thus, a set of vectors forms a Hilbert basis if any vector which can be written both as their nonnegative combination and their integer combination can also be written as their nonnegative integer combination.

The Carathéodory rank of a Hilbert base H is the least integer t such that any vector in the integer cone generated by the vectors in H can be written as a nonnegative integer combination of at most t vectors in H.

∗Research partially supported by FAPESP (96/04505–2), and by MCT/FINEP (PRONEX project 107/97). †Partially supported by CNPq (Proc. 300805/94–2).

Tutte [22] and, independently, Nash-Williams [17] established a necessary and sufficient condition under which a given graph has k edge-disjoint spanning trees. Their theorem reads as follows.

Theorem 1 (Tutte [22], Nash-Williams [17]) A graph G = (V, E) has k edge-disjoint spanning trees if and only if, for every partition (V_1, V_2, . . . , V_s) of V , the number of edges joining vertices in distinct parts is at least k(s − 1).

It is a consequence of Theorem 1 that the incidence vectors of spanning trees of a graph form a Hilbert Base.

If M is a matroid, we denote its set of elements by E(M), and the rank of a subset S ⊆ E(M) by r(S), or r_M (S) in case of ambiguity. We sometimes write r(M) for r(E(M)). It follows from Edmonds’ generalization of Theorem 1, the so-called Matroid Partition Theorem, that incidence vectors of the bases of a Matroid do form a Hilbert base.

Theorem 2 (Matroid Partition Theorem [7]) A matroid M has k disjoint bases if and only if kr(S) + |E(M) − S| ≥ kr(M) for every subset S of E(M).

The problem we consider is related to a question posed by Cunningham [6]. Let M be a matroid. What is the least integer t such that any vector w in the integer cone of incidence vectors of bases of M can be written as a nonnegative integer combination of at most t incidence vector of bases of M? That is, what is the least upper bound t for the Carathéodory rank of any Hilbert base formed by incidence vectors of bases of a matroid? Cunningham [6] showed that his algorithm for testing membership in matroid polyhedra gives an upper bound of m^4 + 1 for t, where m is the number of elements in M.

Cook, Fonlupt and Schrijver [5] have proved the following integer analogue of Carathéodory’s Theorem (for undefined terms see Schrijver [19]).

Theorem 3 (Cook, Fonlupt, and Schrijver [5]) Let H ⊂ Z^m be a Hibert base generating a pointed cone. If w ∈ int.cone(H) then w is the nonnegative integer combination of at most 2m − 1 vectors in H.

The previous theorem implies that the Carathéodory rank of any Hilbert base H generating a pointed cone is at most 2m − 1 (if the hypothesis of the cone(H) be pointed is dropped then there is no upper bound for the Carathéodory rank of H in terms of the dimension m of the space (cf. [5])). Sebő [21] has shown that this upper bound of 2m − 1 can be improved to 2m − 2 and conjectured that the actual upper bound is m (this bound is the best possible). Sebő’s conjecture is also called the Integral Carathéodory Conjecture and it has been disproved by Bruns, Gubeladze, Henk, Martin, and Weismantel [3]. (For an updated discussion on this and others related conjectures see Bouvier and Gonzalez-Sprinberg [1], Bruns and Gubeladze [2], and Firla and Ziegler [10]). In particular, as the incidence vectors of the bases of a matroid form a Hilbert base generating a pointed cone, Sebő’s result implies the upper bound of 2m − 2 for Carathéodory rank of any these Hilbert bases arising from bases of a matroid.

A related result has been proved by Chaourar [4]. A set H ⊂ Z^m of vectors is said a strong Hilbert base if for every face F of cone(H) there exists an element h_F ∈ F ∩ H with the following property: if w is a vector in the integer cone generated by H and F is the minimal face of cone(H) containing w, then w − h_F ∈ cone(H). It is easy to see that for strong Hilbert bases the Integral Carathéodory Conjecture does hold. Chaourar [4] has shown that incidence vectors of bases of matroids without certain minors (the cycle matroid of the complete graph on four vertices is one of them) form a strong Hilbert base. So, for those matroids, the Carathéodory rank of the incidence vectors of their bases is m.

The following theorem constitutes our main result. We are assuming that a matroid M is given by an oracle returning r(S) for each query S ⊆ E. For a discussion on the running time of oracle algorithms, see Grötschel, Lovász, and Schrijver [15].

Theorem 4 Let M be a matroid on a set E with m elements and let w be a vector in the integer cone generated by the incidence vectors of the bases of M. Then w can be written as a nonnegative integer combination of at most m + r(M) − 1 incidence vectors of bases of M, and these can be determined in oracle-polynomial time.

This paper is structured as follows. In Section 2, we define all necessary terminology and we describe some auxiliary results. The proof of Theorem 4 is given in Section 3. Finally, in Section 4 we make a few last remarks.

2 Definitions and preliminaries

We assume knowledge of elementary matroid theory; for an introduction and undefined terms, see Oxley [18] and Welsh [23].

Let M be a matroid on a set E. If X and Y are disjoint subsets of E then M/X \ Y denotes the matroid obtained from M by contracting X and deleting Y . By M(X) we denote the restriction of M to X or the deletion of E \ X from M.

Let w be a vector in R^E . For S ⊆ E we denote ∑ e∈S w_e by w(S). We denote by cone(M), lat(M), and int.cone(M) the cone, the lattice, and the integer cone generated by the incidence vector of bases of M, respectively. For a subset S of E, the incidence vector χ^S of S is defined by the rule that χ^S_e = 1 if e ∈ S, and χ^S_e = 0 otherwise.

It follows from the Edmonds’ description of the matroid polytope by linear inequalities (cf. [8, 9]) that a vector x ∈ R^E belongs to cone(M) if and only if

x_e ≥ 0 for all e ∈ E, (2) x(S) ≤ (x(E)/r(M))r(S) for all S subset of E.

For each base B of M and w ∈ cone(M) let μ_{w,B} := max{μ ∈ R_+ | w − μχ^B ∈ cone(M)}. If w ∈ R^E we call a subset S of E w-tight if w(S) = (w(E)/r(M))r(S). (So, if w ∈ cone(M) and w_e > 0 for every e ∈ E then the w-tight sets are in one to one correspondence with the faces of cone(M) containing w.)

Let cl be the closure operator of M, that is cl is the function from 2^E to 2^E defined, for every S ⊆ E, by cl(S) := {e ∈ E | r(S ∪ {e}) = r(S)}.

Proposition 5 Let M be a matroid on a set E and let w ∈ cone(M) with w_e > 0 for every e ∈ E. If S is a w-tight subset of E, then S is closed (a flat).

Proof. Suppose that S is not closed. Then there exists a e ∈ cl(S) \ S. Thus, w(S ∪ {e}) = w(S) + w(e) = (w(E)/r(M))r(S) + w_e (as S is w-tight) = (w(E)/r(M))r(S ∪ {e}) + w_e (as e ∈ cl(S)) > (w(E)/r(M))r(S ∪ {e}) (as w_e > 0). This contradicts the hypothesis that w ∈ cone(M).

Let f be a set-function on a set E, i.e., a function defined on the class of all subsets of E. The function f is called submodular if f(X) + f(Y ) ≥ f(X ∩ Y ) + f(X ∪ Y ), (3) for all subsets X and Y of E. Similarly, f is called supermodular if −f is submodular, i.e. if f satisfies (3) with the opposite sign. f is modular if f is both submodular and supermodular, i.e. if f satisfies (3) with equality. The following proposition is a well-know consequence of the submodularity of the rank function of a matroid.

Proposition 6 Let M be a matroid on a set E and let w ∈ cone(M) with w_e > 0 for every e ∈ E. If B is a base of M such that χ^B (S) = r(S) for every w-tight subset S of E, then μ_{w,B} > 0. In particular, if E contains no w-tight proper subset, then μ_{w,B} > 0 for every base B of M.

Proof. Suppose that μ_{w,B} = 0. By (2), as w_e > 0 for every e ∈ B, we have that there exists a w-tight set S such that w(S) − μχ^B (S) > (w(E)/r(M) − μ)r(S) for all μ > 0. This implies that χ^B(S) < r(S) contradicting the hypothesis.

We shall make use of the Discrete Separation Theorem of Frank [11, 12] in order to prove the main result in the next section.

Theorem 7 (Discrete Separation Theorem [11, 12]) Let p and b be super- and submodular set-function on a set E, respectively. There is a finite modular set-function m for which p(S) ≤ m(S) ≤ b(S) for all S ⊆ E if and only if p(S) ≤ b(S) for all S ⊆ E. If p and b are integer-valued, then m can be chosen to be integer-valued. Moreover, if such a m exists, it can be found in oracle-polynomial time, provided that a polynomial-time subroutine is available for minimizing a submodular set-function.

We say that S ⊆ E minimizes a set-function f if f(S) is as small as possible. Throughout, we assume that a submodular function f is given by an oracle returning f(S) for each query S ⊆ E. Minimizing a submodular set-function can be done in oracle-polynomial time via the ellipsoid algorithm, as shown by Grötschel, Lovász and Schrijver [14] (see also [15]). Recently, Iwata,

Fleischer, and Fujishige [16] and, independently, Schrijver [20] have presented a non-ellipsoidal algorithm to minimize a submodular set-function.

Given a matroid M by its rank oracle, a base B of M and w ∈ cone(M) one can compute μ_{w,B} = max{μ ∈ R_+ | w − μχ^B ∈ cone(M)} in oracle-polynomial time. For μ ∈ R_+ , let f_μ be the set function on E defined as f_μ(S) := (w(E)/r(M) − μ)r(S) − w(S) + μχ^B(S) for all S subset of E. So, f_μ is submodular, provided that μ ≤ w(E)/r(M). Deciding for a given μ ∈ R_+ whether or not w − μχ^B ∈ cone(M) is equivalent to deciding whether w_e ≥ μ for all e ∈ E and f_μ ≥ 0 (or, equivalently, finding S ⊆ E with f_μ(S) < 0, if any such set exists). Since we can minimize a submodular function in oracle polynomial-time, we can find by binary search the value μ_{w,B} (using the fact that this value μ_{w,B} has encoding length bound by the encoding length of w and M).

3 Proof of Theorem 4

In this section, we prove Theorem 4. We first establish a key lemma from which our main result follows easily. If M is a matroid on E and w is a vector in R^E then by d(w) we denote the minimum dimension of a face of cone(M) containing w. Roughly, this key lemma states that if w is a non-null vector in int.cone(M) and B_1 is an arbitrary base of M such that d(w − ⌊μ_{w,B1} ⌋χ^{B1} ) = d(w) (i.e. μ_{w,B1} is not an integer) then there exists a base B_2 of M such that d(w − ⌊μ_{w,B1} ⌋χ^{B1} − χ^{B2} ) < d(w). So, in order to ‘bring’ a vector of int.cone(M) to a face of cone(M) of smaller dimension one needs at most two incidence vectors of bases of M.

Lemma 8 Let M be a matroid on a set E and let w ∈ int.cone(M) with w_e > 0 for every e ∈ E and such that E contains no w-tight proper subset.

(i) Suppose B_1 is a base of M such that w − χ^{B1} ∉ cone(M). Then one can find in oraclepolynomial time a base B_2 of M and a proper subset X of E such that w − χ^{B2} ∈ int.cone(M) and X is (w − χ^{B2} )-tight. In particular μ_{w,B2} = 1.

(ii) Suppose B_1 is a base of M such that μ_{w,B1} is not an integer and let v := w − ⌊μ_{w,B1} ⌋χ^{B1} .

Then one can find in oracle-polynomial time a base B_2 of M and a proper subset X of E such that v − χ^{B2} ∈ int.cone(M) and X is (v − χ^{B2} )-tight. In particular μ_{v,B2} = 1.

Proof. One can easily derive (ii) from (i). So, we shall prove only (i).

By the hypothesis and Proposition 6 we have that 0 < μ_{w,B1} < 1. Let k := w(E)/r(E) − 1. In order to prove the present lemma we shall proceed as follows:

(a) Firstly, we prove that one can find in oracle-polynomial time a base B of M such that w −χ^B can be written as a nonnegative integer combination of k incidence vectors of bases of M (i.e. w − χ^B ∈ int.cone(M)).

(b) Secondly, we show how one can in oracle-polynomial time obtain from B_1 and B a base B_2 of M and a closed proper subset X of E fulfilling (i).

Proof of (a). Define p : 2^E → Z by p(S) := w(S) − kr(S). The set-function p is supermodular. Using the oracle for r we can build a polynomial time subroutine for returning p(S) for each query S ⊆ E.

We have that p(S) = w(S) − kr(S) ≤ (k + 1)r(S) − kr(S) ≤ r(S) for all S ⊆ E. Therefore, by the Discrete Separation Theorem, one can find in oracle-polynomial time an integer-valued modular set-function m : 2^E → Z such that

p(S) ≤ m(S) ≤ r(S) for all S ⊆ E. (4)

The above inequalities imply that p(∅) = m(∅) = r(∅) = 0 and thus m(S) = ∑ e∈S m({e}) for all S ⊆ E. Inequalities (4) also imply that p(E) = m(E) = r(E).

We claim that m({e}) ≥ 0 for all e ∈ E. Suppose not. Let E_− := {e ∈ E | m({e}) < 0} ≠ ∅ and let E_+ := {e ∈ X | m({e}) > 0}. Then

r(E_+) ≥ m(E_+) = m(E) − m(E_−) = r(E) − m(E_−) > r(E), which contradicts the fact that r is the rank function of a matroid. So, as m is integer-valued and m({e}) ≤ r({e}) ≤ 1 we conclude that m({e}) ∈ {0, 1} for all e ∈ X.

Let B := {e ∈ E | m({e}) = 1}. B is a base of M. Indeed,

χ^B_e = m({e}) ≥ 0 for all e ∈ E, χ^B (S) = m(S) ≤ r(S) for all S ⊆ E

implying that χ^B is an integer vector in the matroid polytope of M and therefore B is an independent set of M (cf. [8, 9]) with |B| = m(E) = r(E). Hence, B is a base of M.

Finally, we verify that w − χ^B ∈ int.cone(M)). For all S ⊆ E we have that kr(S) + w(E \ S) − χ^B (E \ S) = kr(S) + w(E) − w(S) − χ^B (E) + χ^B(S) = w(E) − χ^B (E) + χ^B (S) − (w(S) − kr(S)) = kr(E) + χ^B(S) − (w(S) − kr(S)) = kr(E) + m(S) − p(S) ≥ kr(E). Thus, by the Matroid Partition Theorem we conclude that w − χ^B is the sum of k incidence vectors of bases of M. This completes the proof of (a).

Proof of (b). Let {e_1, . . . , e_l} := B_1 \ B and {f_1, . . . , f_l} := B \ B_1. We may assume that T_i := B_1 \ {e_1, . . . , e_i} ∪ {f_1, . . . , f_i} is a base of M for i = 0, 1, . . . , l (this order can found making O(l^2) queries to the oracle for r). Since 0 < μ_{w,B1} < 1 and μ_{w,B} ≥ 1 then there exists a index j ∈ {1, . . . , l} such that μ_{w,Tj−1} < 1 and μ_{w,Tj} ≥ 1. This index j can be found in oracle-polynomial time since μ_{w,T} can be computed in oracle-polynomial for any base T of M. By Proposition 6 we have that μ_{w,Tj−1} > 0.

As μ_{w,Tj−1} is not an integer then by (2) there exists a (w − μ_{w,Tj−1} χ^{Tj−1} )-tight proper subset X of E, that is w(X) − μ_{w,Tj−1} χ^{Tj−1} (X) = (k + 1 − μ_{w,Tj−1} )r(X).

and w(X) − χ^{Tj−1} (X) ≥ kr(X) + 1. (5) By Proposition 5 we know that X is a closed set. (Such a set X can be found in oracle-polynomial time by minimizing the submodular function (k + 1 − μ_{w,Tj−1} )r(X) − w(X) + μ_{w,Tj−1} χ^{Tj−1} (X).)

On the other hand, as μ_{w,Tj} ≥ 1, we have that w(X) − χ^{Tj} (X) ≤ kr(X). (6) Combining (5) and (6) we obtain that kr(X) ≥ w(X) − χ^{Tj} (X) = w(X) − χ^{Tj−1} (X) + χ^{ej} (X) − χ^{fj} (X) ≥ kr(X) + 1 + χ^{ej} (X) − χ^{fj} (X). So, we conclude that e_j ∉ X, f_j ∈ X and w(X) − χ^{Tj} = kr(X). One can also verify that w − χ^{Tj} ∈ int.cone(X). Hence, B_2 := T_j is a base of M such that w − χ^{B2} ∈ int.cone(M) and X is a closed (w − χ^{B2} )-tight proper subset of E.

We are now ready to prove Theorem 4.

Proof of Theorem 4. The proof is algorithmic. By preprocessing M and w we may assume that M is simple, w_e > 0 for all e ∈ E and that E contains no w-tight proper subset (the preprocessing of w consists essentially in minimizing the submodular function (w(E)/r(M))r(S) − w(S) over 2^E − {∅, E}). The algorithm meant is defined recursively on m + r(M). First suppose that r(M) = 1 (this can be checked making one query to the oracle for r). We can trivially write w as a nonnegative integer combination of m incidence vectors of bases of M. So, we assume r(M) > 1.

By making no more than m queries to r we can obtain a base B_1 of M. Let v := w − ⌊μ_{w,B1} ⌋χ^{B1} (μ_{w,B1} can be computed in oracle-polynomial time). By Proposition 6 we have that μ_{w,B1} > 0. We split into two cases.

Case 1. μ_{w,B1} is an integer.

From the description (2) of cone(M) by linear inequalities there exists some e ∈ E such that v_e = 0 or there exists a proper subset X of E which is v-tight.

Let us first suppose that E_0 := {e ∈ E | v_e = 0} is nonempty. Let E^′ := E \ E_0 and let v^′ be the restriction of v to E^′. By our induction hypothesis we can write v^′ as a nonnegative integer combination of at most m−|E_0|+r(E^′)−1 ≤ m+r(M)−2 incidence vectors of bases of M(E^′). Hence, we can write w as a nonnegative combination of at most m + r(M) − 1 incidence vectors of bases of M.

So, we may assume that E_0 = ∅. Let X be a maximal proper v-tight set of E (X can be found by minimizing (v(E)/r(M))r(S) − v(S) over 2^E − {∅, E}). From Proposition 5 we know that X is closed (so M/X is a simple matroid). Let M(X_1), . . . , M(X_p) be the connected components of M(X) (i.e. M(X) is the direct sum of M(X_1), . . . , M(X_p)). Let k := w(E)/r(M) − ⌊μ_{w,B1} ⌋, Y := E \ X, let v_Y be the restriction of v to Y and let v_{Xi} be the restriction of v to X_i (i = 1, . . . , p). One can verify that:

(a) v_Y is the sum of k incidence vectors of bases of M/X (v_Y ∈ int.cone(M/X)); (b) v_{Xi} is the sum of k incidence vectors of bases of M(X_i) (i = 1, . . . , p) (v_{Xi} ∈ int.cone(M(X_i)) (i = 1, . . . , p)); (c) r(M/X) < r(M) and r(M(X_i)) < r(M) (i = 1, . . . , p). Thus, by recursion we can write v_Y as a nonnegative integer combination of at most |Y | + r(M/X) − 1 incidence vectors of bases of M/X and write v_{Xi} as a nonnegative integer combination of at most |X_i| + r(M(X_i)) − 1 incidence vectors of bases of M(X_i) (i = 1, . . . , p). (All these recursion can be carried out in oracle-polynomial time.) These combinations can be glued together to form a nonnegative integer combination of v of at most |Y | + p∑ i=1 |X_i| + r(M/X) + p∑ i=1 r(M(X_i)) − (p + 1) − p = m + r(M) − 2p − 1 (7)

incidence vector of bases of M. This glueing can be done as follows. Let B_{Y,1}, . . . , B_{Y,k} be bases of M/X such that: • v_Y = χ^{BY,1} + · · · + χ^{BY,k} ; • there exist indexes 0 = l_{Y,0} < l_{Y,1} < . . . < l_{Y,kY} = k with k_Y < |Y | + r(M/X) − 1 such that B_{Y,lY,j +1} = B_{Y,lY,j +2} = . . . = B_{Y,lY,j+1} for j = 0, . . . , k_Y − 1. For i = 1, . . . , p let B_{Xi,1}, . . . , B_{Xi,k} be bases of M(X_i) such that: • v_{Xi} = χ^{BX}i^{,1} + · · · + χ^{BX}i^{,k} ; • there exist indexes 0 = l_{Xi,0} < l_{Xi,1} < . . . < l_{Xi,kXi} = k with k_{Xi} < |X_i| + r(M(X_i)) − 1 such that B_{Xi,lXi,j +1} = B_{Xi,lXi,j +2} = . . . = B_{Xi,lXi,j+1} for j = 0, . . . , k_{Xi} − 1. Then, by (a) and (b) above, B_i := B_{Y,i} ∪ B_{X1,i} ∪ . . . ∪ B_{Xp,i} is a base of M (i = 1, . . . , k) and the sum χ^{B1} + · · · + χ^{Bk} shows that v can be written as a nonnegative integer combination of at most

k_Y + p∑ i=1 k_{Xi} − p ≤ |Y | + p∑ i=1 |X_i| + r(M/X) + p∑ i=1 r(M(X_i)) − (p + 1) − p

bases of M.

Therefore, we can write w as a nonnegative integer combination of at most m + r(M) − 2p ≤ m + r(M) − 2 incidence vectors of bases of M. Case 2. μ_{w,B1} is not an integer.

From Lemma 8 it follows that one can find in oracle-polynomial time a base B_2 of M and a closed proper subset X of E such that μ_{v,B2} = 1 and X is (v − χ^{B2} )-tight. Now, proceeding similarly as in the Case 1, simply replacing w by v and B_1 by B_2, one can write v as a nonnegative integer combination of at most m + r(M) − |E_0| − 2p ≤ m + r(M) − 2, incidence vectors of bases of M, where E_0 = {e ∈ E | v_e − χ^{B2}_e = 0} and p is the number of connected components of M(X).

Thus, we can write w as a nonnegative integer combination of at most m+r(M)−1 incidence vectors of bases of M. This completes the proof of Theorem 4.

4 Final Remarks

Using methods of the present paper it might be possible to derive a sharper upper bound for the least number t needed in order to write any vector in the integer cone formed by the incidence vectors of bases of a matroid as a nonnegative integer combination of at most t of these incidence vectors. If one can show that for matroids with rank lesser than or equal to k we have that t ≤ m then the bound of m + r(M) − 1 in Theorem 4 can be replaced by m + r(M) − k. In the proof of Theorem 4 it was somehow stressed the fact that if the tight set X found has p ≥ 2 connected components then one would need fewer distinct incidence vectors in the nonnegative integer combination derived for w. The ‘bad’ X’s sets for the proof are precisely the connected hyperplanes of M. If one can show that for any w ∈ int.cone(M), there exists a base B of M such that the tight X set obtained in Theorem 4 from (w − χ^B ) is not a connected hyperplane, then one could prove that m is a upper bound for t.

We would like also to mention the NP-completeness of a related problem. Consider the problem: given: a matroid M, a vector w ∈ int.cone(M), and an integer t; question: can w be written as a nonnegative integer combination of at most t incidence vectors of bases of M? This problem is NP-complete even restricted to graphic matroids. Indeed, let a_1, . . . , a_n be an instance of the PARTITION problem such that a_1 +· · ·+a_n = 2M (cf. Garey and Johnson [13]). Let G = (V, E) be a graph with vertex set V = {u, v, w} and edge set E = {a, b, e_1, . . . , e_n} such that a and b connect u and v and e_i connects v and w (i = 1, . . . , n). Let w ∈ R^E such that w_a = w_b = M and w_{ei} = a_i (i = 1, . . . , n). One can verify that w is a vector in int.cone(M(G)), where M(G) is the cycle matroid of G, and that w can be written as a nonnegative integer combination of at most n incidence vectors of bases of M(G) if and only if the answer to the given instance of PARTITION is ‘yes.’

Acknowledgments

We thank András Sebő for stimulating discussions and for bringing to our attention several related references.

References

[1] C. Bouvier and G. Gonzalez-Sprinberg, G-désingularizations de variétés toriques, Acad. Sci. Paris 315 (1992), 817–820.

[2] Winfried Bruns and Joseph Gubeladze, Normality and covering properties of affine semigroups, J.

Reine Angew. Math. 510 (1999), 161–178.

[3] Winfried Bruns, Joseph Gubeladze, Martin Henk, Alexander Martin, and Robert Weismantel, A counterexample to an integer analogue of Carathéodory’s theorem, J. Reine Angew. Math. 510 (1999), 179–185.

[4] B. Chaourar, Bases hilbertiennes et applications combinatoires, Ph.D. thesis, Institut National Polytechnique de Grenoble, Grenoble, 1993.

[5] W. Cook, J. Fonlupt, and A. Schrijver, An integer analogue of Carathéodory’s theorem, Journal of Combinatorial Theory (B) 40 (1986), 63–70.

[6] W.H. Cunningham, Testing membership in matroid polyhedra, Journal of Combinatorial Theory (B) 36 (1984), 161–188.

[7] J. Edmonds, Minimum partition of a matroid into independent subsets, Journal of Research of the National Bureau of Standards 69B (1965), 67–72.

[8] , Submodular functions, matroids, and certain polyhedra, Combinatorial Structures and Their Applications (New York) (R. Guy, H. Hanani, N. Sauer, and J. Schnheim, eds.), Gordon and Breach, 1970, pp. 69–87.

[9] , Matroids and the greedy algorithm, Mathematical Programming 1 (1971), 127–136. [10] R.T. Firla and G.M. Ziegler, Hilbert bases, unimodular triangulations, and binary covers of rational polyhedral cones, Discrete & Computacional Geometry 21 (1999), no. 2, 205–216.

[11] A. Frank, An algorithm for submodular functions on graphs, Bonn Workshop on Combinatorial Optimization (A. Bachem, M. Gröetchel, and B. Korte, eds.), Annals of Discrete Mathematics, vol. 16, North-Holland, Amsterdam, 1982, pp. 97–120.

[12] , Finding feasible vectors of Edmonds-Giles polyhedra, Journal of Combinatorial Theory (B) 36 (1984), 221–239.

[13] M.R. Garey and D.S. Johnson, Computers and intractability: a guide to the theory of np-completenes, Freeman, San Francisco, 1979.

[14] M. Grötschel, L. Lovász, and A. Schrijver, The ellipsoid method and its consequence in combinatorial optimization, Combinatorica 1 (1981), 169–197.

[15] , Geometric algorithms and combinatorial optimization, Algorithms and Combinatorics, vol. 2, Springer, Berlin, 1988.

[16] S. Iwata, L. Fleischer, and S. Fujishige, A combinatorial, strongly polynomial-time algorithm for minimizing submodular functions, preprint, 1999.

[17] C.St.J.A. Nash-Williams, Edge-disjoint spanning trees of finite graphs, Journal of the London Mathmatica Society 36 (1961), 445–450.

[18] J.G. Oxley, Matroid theory, Oxford University Press, Oxford, 1992.

[19] A. Schrijver, Theory of linear and integer programming, Wiley-Interscience Series in Discrete Mathematics and Optimization, John Wiley & Sons, Chichester, 1986.

[20] , A combinatorial algorithm minimizing submodular functions in strongly polynomial time, preprint, 1999.

[21] A. Sebő, Hilbert bases, Carathéodory’s theorem and combinatorial optimization, Integer Programming and Combinatorial Optimization (R. Kannan and W.R. Pulleyblank, eds.), 1990, pp. 431–455.

[22] W.T. Tutte, On the problem of decomposing a graph into n connected factors, Journal of the London Mathematical Society (1961), 221–230.

[23] D.J.A. Welsh, Matroid theory, Academic Press, London, 1976.