Optimal node-degree bounds for the complexity of nonplanarity parameters^∗

Celina M. H. de Figueiredo^y Luerbio Faria^z Candido F. X. Mendonça^x

Abstract We prove that both the NP-completeness of the nonplanar deletion decision problem and the Max SNP-hardness of the nonplanar deletion problem remain true even for cubic graphs. We prove that the class of graphs with splitting number less than or equal to a fixed k is minor closed, which implies the existence of a corresponding polynomial-time recognition algorithm.

1 Introduction.

A natural question in the study of the complexity of a graph-theoretical decision problem is to determine the best possible bounds on the node degrees for which the problem remains NP-complete. Yannakakis [11] considered the complexity of edge-deletion decision problems and obtained corresponding best possible node-degree bounds for the NP-completeness of the edge-deletion bipartite problem and of the edge-deletion comparability graph problem.

The edge-deletion planar graph problem is also known as nonplanar deletion: given a graph G = (V, E), produce a smallest subset L ⊆ E such that (V, E\L) is planar. The nonplanar deletion decision problem was shown to be NP-complete by Liu and Geldmacher [8] and independently by Yannakakis in the fundamental paper cited above [11]. Both NPcompleteness proofs left the corresponding best possible node-degree bounds unanswered. The skewness of a graph G is the smallest integer κ(G) such that a planar graph can be obtained from G by removing κ(G) edges.

More recently, Cǎlinescu et al. [1] showed that nonplanar deletion is Max SNP-hard, which implies that there is a constant ε > 0 such that the existence of a polynomial approximation algorithm with performance ratio at least 1 − ε implies that P = NP.

The goal of the present paper is to show that both

∗Supported by CNPq, CAPES, FINEP, Brazilian research agencies.

†Instituto de Matemática and COPPE, Universidade Federal do Rio de Janeiro, Brazil. celina@cos.ufrj.br

‡Faculdade de Formação de Professores, Universidade Estadual do Rio de Janeiro and COPPE, Universidade Federal do Rio de Janeiro, Brazil. luerbio@cos.ufrj.br

§Instituto de Computação, Universidade Estadual de Campinas, Brazil. xavier@dcc.unicamp.br

the NP-completeness of the nonplanar deletion decision problem and the Max SNP-hardness of the nonplanar deletion problem remain true even for cubic graphs. The proofs cited above [11, 8, 1] did not use graphs with maximum node degree 3. Moreover, our results are optimum with respect to the allowed maximum node degree of the instances for the establishment of the mentioned complexity, because a graph with maximum degree 2 is a collection of paths and circuits that define a planar graph. Our optimum node-degree argument implies a surprising additional fact: the complexity results obtained for nonplanar deletion hold even when restricted to graphs with no subdivision of K_5.

2 Splitting Number.

We considered in [4] the complexity of computing the splitting number, a graph parameter that is used as a measure of nonplanarity in many applications, such as graph drawing. The splitting number of a graph G is the smallest integer σ(G) such that a planar graph can be obtained from G by σ(G) vertex splitting operations. A vertex splitting operation, or simply splitting, of a vertex v ∈ V (G) partitions the set of neighbors of v into two nonempty sets P_1 and P_2 and adds to G\v two new and nonadjacent vertices v_1 and v_2, such that P_1 is the set of neighbors of v_1 and P_2 is the set of neighbors of v_2. If a graph H is obtained from G by a set of k splittings, then we say that H is the resulting graph of this set of k splittings in G. Note that the resulting graph H can be obtained either by splitting only vertices of G, or by splitting vertices of G and vertices created by former splittings.

Two aspects of the study of splitting numbers have been considered recently by Eades and Mendonça [2, 3]: they established the NP-completeness of a related problem (eligible split set) and they successfully used splitting numbers in layout algorithm design. The splitting number has been computed for complete graphs [5] and for complete bipartite graphs [6]. For a recent survey on splitting numbers, see [7].

3 Splitting Number and Nonplanar Deletion. Research on splitting number can be also justified by its interdependency with other nonplanarity parameters. It 1

2 is not difficult to prove that if G is a cubic graph, then κ(G) = σ(G). Recently [4], we have established the complexity of the splitting number decision problem by constructing a reduction from 3-sat. We proved that the splitting number decision problem is NP-complete when restricted to cubic graphs. Consequently, we established that the nonplanar deletion decision problem remains NP-complete when restricted to cubic graphs.

In the present paper, in order to establish that splitting number and consequently that nonplanar deletion are Max SNP-hard even for cubic graphs, we use the concept of L-reductions [9], a special kind of reduction that preserves approximability. To achieve the optimum node-degree bound with respect to Max SNP-hardness, we have strengthened our initial NPcompleteness proof [4] by considering this time the MAX SNP–complete problem 3sat¯_3 [9], a restricted version of 3-sat, where each variable appears at most three times in the set of clauses.

We obtain the MAX SNP–hardness for splitting number and nonplanar delection by proving two results. Firstly, we show that if I = (U, C) is an instance for 3sat¯_3 with |U| = n and |C| = m, then ⌈^n_3 ⌉ ≤ m ≤ 3n and Opt3sat_{¯3} (I) ≥ ⌈^n_3 ⌉, where Opt3sat_{¯3} (I) denotes the optimum value of 3sat¯_3 for I. Secondly, we show that if G is the special instance for splitting number constructed in [4] from I, then the optimum value of splitting number for G is equal to 4n + 5Opt3sat_{¯3} (I) + 6(m − Opt3sat_{¯3} (I)). These two statements yield the requirements for an L– reduction from 3sat¯_3 to splitting number. Since our instance is a cubic graph G, we have σ(G) = κ(G) and thus the optimum values of splitting number and of nonplanar delection for G are the same. Therefore we have established the MAX SNP–hardness of both splitting number and nonplanar delection.

It is easily seen that, for a fixed value of k, the nonplanar deletion decision problem is polynomial. On the other hand, the fact that the number of all possible splittings for a vertex in a graph G is of order Ω(2^{jV (G)j}) seems to indicate that the splitting number decision problem, even for a fixed value of k, is not a polynomial problem. However, we prove that the class of graphs with splitting number less than or equal to a fixed k is minor closed, which implies [10] the existence of a corresponding polynomialtime recognition algorithm.

References

[1] G. Cǎlinescu, C. G. Fernandes, U. Finkler and H. Karloff, A better approximation algorithm for finding planar subgraphs, J. Algorithms, 27 (1998), pp. 269–302.

[2] P. Eades and C. F. X. Mendonça, Heuristics for planarization by vertex splitting, in Proc. Graph Drawing’93, 1993, pp. 83–85.

[3] , Vertex splitting and tension–free layout, in Proc.

Graph Drawing’95, Lecture Notes in Computer Science, 1027 (1996), pp. 202–211.

[4] L. Faria, C. M. H. Figueiredo and C. F. X. Mendonça, Splitting Number is NP–Complete, in Proc. WG’98, Lecture Notes in Computer Science, 1517 (1998), pp. 285–297.

[5] N. Hartfield, B. Jackson and G. Ringel, The splitting number of the complete graph, Graphs Combin., 1 (1985), pp. 311–329.

[6] B. Jackson and G. Ringel, The splitting number of complete bipartite graphs, Arch. Math., 42 (1984), pp. 178–184.

[7] A. Liebers, Methods for Planarizing Graphs – A Survey and Annotated Bibliography, Tech. Report 96-012, University of Konstanz, 1996.

[8] P. C. Liu and R. C. Geldmacher, On the deletion of nonplanar edges of a graph, Congr. Numer., 24 (1979), pp. 727–738.

[9] C. H. Papadimitriou and M. Yannakakis, Optimization, approximation, and complexity classes, J. Comput. System Sci., 43 (1991), pp. 425–440.

[10] N. Robertson and P. D. Seymour, Graph minors. XIII.

The disjoint paths problem, J. Combin. Theory Ser. B, 63 (1995), pp. 65–110.

[11] M. Yannakakis, Edge-deletion problems, SIAM J. Comput., 10 (1981), pp. 297–309.