Local conditions for edge-colouring of cographs

Marcelo Marcos Barbosa^∗ Célia Picinin de Mello^‡

João Meidanis^‡

Abstract

In this note, we investigate three versions of the overfull property for colouring graphs and their relation to cographs. Each of these properties implies that the graph cannot be edge-colored with Δ colors, where Δ is the maximum degree. Consequently, the graph is a Class 2 graph. These three versions are not equivalent for general graphs. However, some equivalences hold for the classes of indifference graphs, split graphs, and complete multipartite graphs. Hilton and Chetwynd conjectured that being Class 2 is equivalent to being subgraph-overfull, when the graph has maximum degree greater than 1 3^jV (G)^j.

A cograph is a graph with no induced subgraph isomorphic to a P4. We show that connected cographs have maximum degree greater than 1 2^jV (G)^j. In view of Hilton and Chetwynd’s conjecture, it is inter-

esting to study when a cograph is subgraph-overfull. We prove that for a special class of cographs, obtained by restricting the number of levels in the modular decomposition tree, being subgraph-overfull is equivalent to being either overfull or neighborhood-overfull.

1 Introduction

In this paper, G denotes a simple, undirected, finite, connected graph. The sets V (G) and E(G) are the vertex and edge sets of G. A clique is a set of vertices pairwise adjacent in G. A subgraph of G is a graph H with V (H) ⊆ V (G) and E(H) ⊆ E(G). For X ⊆ V (G), we denote G[X] the subgraph induced by X, that is, V (G[X]) = X and E(G[X]) consists of those edges of E(G) having both ends in X.

For each vertex v of a graph G, Adj(v) denotes the set of vertices that are adjacent to v. In addition, N (v) denotes the neighbourhood of v, that

�Instituto de Computação, Universidade Estadual de Campinas, Caixa Postal 6176, 13081-970 Campinas, SP, Brasil. {mmb,celia,meidanis}@dcc.unicamp.br. Partially supported by CNPq, grant 301160/95.3 and PRONEX 107/97.

is, N (v) = Adj(v) ∪ {v}. A subgraph that is induced by the neighbourhood of a vertex is simply called a neighbourhood. The degree of a vertex v is deg(v) = |Adj(v)|. The maximum degree of a graph G is then Δ(G) = max_{v∈V (G)} deg(v). A vertex v is Δ-vertex if deg(v) = Δ. For us, K_n denotes the complete graph on n ≥ 1 vertices and we denote the maximum degree of a graph G by Δ when there is no possible ambiguity.

A complete multipartite graph is a graph whose vertex set admits a partition into parts. If two vertices are in the same part, they are not adjacent, whereas if they are in differents parts, they are adjacent.

We denote by P_4 the four-vertex graph on vertex set {a, b, c, d} with edge set {(a, b), (b, c), (c, d)}. A cograph is a graph without induced subgraph isomorphic to P_4.

An edge-colouring of a graph is an assignment of colours to its edges such that no adjacent edges have the same colour. The chromatic index of a graph is the minimum number of colours required to produce an edge-colouring for that graph. In this paper, we address the computation of the chromatic index for cographs.

An easy lower bound for the chromatic index is the maximum vertex degree. A celebrated theorem by Vizing states that these two quantities differ by at most one [14]. Graphs which chromatic index equals the maximum degree are said to be Class 1; graphs whose chromatic index exceeds the maximum degree by one are said to be Class 2.

Despite the powerful restriction imposed by Vizing’s result, it is very hard to compute the chromatic index in general. Indeed, deciding between these two possibilities is NP-hard [9]. This holds for various classes, such as comparability graphs (a superclass of cographs) [1]. More precisely, we have that Class 1 recognition is in NP while Class 2 recognition is in co-NP. This means that Class 1 graphs always have short certificates. Indeed, to convince someone that a graph is in Class 1, all we have to do is to exhibit a Δ-colouring. In contrast, to show that a graph is in Class 2 we must produce an argument that no Δ-colouring exists.

Nevertheless, for some graphs this argument can be very simple. By definition of edge-colouring, each colour determines a matching and can cover at most ⌊n/2⌋ edges, where n is the number of vertices. Therefore, if the total number of edges is greater than the product of the maximum degree by ⌊n/2⌋, then the graph is necessarily Class 2. Graphs to which this argument can be applied are called overfull [12, 13, 7, 6]. More generally, if a graph has an overfull subgraph with the same maximum degree, then the same counting argument shows that the supergraph is Class 2. These graphs are called subgraph-overfull.

In addition, we can observe that this argument will not work for a graph

Figure 1: Class containment diagram for general graphs.

with even n. In this case, the following relation is always true: Δ n 2 ≥ m, where m is the number of edges.

If the overfull subgraph H happens to be a neighbourhood, that is, is induced by a Δ-vertex and all its neighbours, then we say that G is neighbourhood-overfull [4]. Again, neighbourhood-overfull graphs are in Class 2.

In the rest of this paper, we shall denote by O, SO, and NO the classes of overfull, subgraph-overfull, and neighbourhood-overfull graphs, respectively. Figure 1 shows how these classes are related.

Hilton and Chetwynd conjectured that being Class 2 is equivalent to being SO, when the graph has a maximum degree greater than^1_3 n [6]. Every Class 2 graph with maximum degree of at least n − 3 is SO [2]; every Class 2 complete multipartite graph is O [8]. These classes provide evidence for Hilton and Chetwynd’s conjecture.

We show, in section 2, that connected cographs have a maximum degree greater than^1_2 n. Hence, it is interesting to know when a cograph is SO.

The equivalence between SO and NO holds for split and indifference graphs [3]. For any graph class, the equality O = Class 2 implies O = SO; hence, O is equivalent to SO for complete multipartite graph. For cographs, the equality O = SO does not hold, although cograph is a superclass of complete multipartite graphs. In section 4, we prove that for a special class of cographs SO = (O ∪ NO) \ (O ∩ NO). Before that, we will propose a notation for this special subclass of cographs in section 3.

2 Cographs and the Hilton and Chetwynd’s conjecture

A cograph has a unique tree representation. This tree is called a cotree. In the cotree representation, the leaves represent vertices of the graph. Internal nodes of the cotree are labeled 0 or 1 in such a way that 0-nodes and 1-nodes alternate along every path starting from the root, which is always a 1-node. The root will have only one 0-node child if and only if the represented cograph is disconnected. Two vertices x and y of the graph are adjacent if and only if the unique path from x to the root of tree meets the unique path from y to the root at a 1-node.

Let G, T (G) and 1, 2, . . ., r be, respectively, a connected cograph, its cotree and the T (G) root children. The leaves of the subtrees of T (G) with root at the nodes 1, 2, . . ., r give a partition of V (G). We call such partition an α-partition of G. We denote α_G(i) the vertex set of G that belongs to the class of the α-partition defined by child i of T (G) and a_G(i) its cardinality. The subscript G in the notation will be omitted when there is no possible ambiguity.

In the following, we show that cographs satisfy the restriction of Hilton and Chetywind’s conjecture.

Theorem 1 If G is a cograph, then Δ(G) ≥ n/2.

Proof: Let G be a graph and {α(1), α(2), · · ·, α(r)} the α-partition of V (G). Without loss of generality, we consider 1 ≤ a(1) ≤ a(2) ≤ · · · ≤ a(r).

We denote G^′ the graph constructed from G in the following way. Take V (G^′) = V (G) and E(G^′) = E(G)\{(u, w) | u, w ∈ α(i), 1 ≤ i ≤ r}. Hence Δ(G) ≥ Δ(G^′).

Notice that the vertices in α(1) are Δ-vertices of G^′ and Δ(G^′) = n − a(1). Since a(1) ≤ a(i), 2 ≤ i ≤ r, we have a(1) ≤ a(2) + · · · + a(r). This implies Δ(G^′) = n − a(1) ≥ n/2. Hence Δ(G) ≥ n/2.

This result, although simple, shows that cographs may be used to provide another evidence to Hilton and Chetwynd’s conjecture.

Next we present known lemmas which will be useful throughout this note [5].

We denote by deg^∗_G(v) the number of Δ(G)-vertices in N_G(v). For a nonempty proper subset S of V (G), we denote [S, S] the set of edges with one end in S and the other in S.

Lemma 1 Let G be an overfull graph. Then for every vertex v of G, deg^∗_G(v) ≥ 2.

Figure 2: A cotree.

Lemma 2 Let S ⊆ V (G) so that Δ(G[S]) = Δ(G). If G[S] is an overfull graph, then |[S, S]| ≤ Δ(G) − 2.

Lemma 3 [10] Let G be a graph with 2Δ(G) ≥ |V (G)|. Then G has at most one subgraph which is overfull in G.

3 Cographs with complete level 3 cotree

A level k cotree is a cotree with height k. The root is on level zero. A complete level k cotree is a cotree of level k such that each leaf is on level k. A complete graph is a cograph with a level 1 cotree. A nontrivial complete multipartite graph (i.e., with a(i) ≥ 2 for some i) is a cograph with a level 2 cotree. Hoffman and Roger [8] proved that complete multipartite graphs are Class 2 if and only if they are overfull. We are interested in complete level 3 cotree cographs.

Let G be a cograph with a complete level 3 cotree. We will use the notation introduced in section 2 plus the following terms. The f_G(i) children of i are denoted by β(i, j), for each j, 1 ≤ j ≤ f_G(i). We denote b_G(i, j) = |β_G(i, j)|. The set {β_G(i, j), 1 ≤ i ≤ r, 1 ≤ j ≤ f_G(i)} is a β-partition of G. Note that r ≥ 2 (G is connected) and b(i, j) ≥ 2, for 1 ≤ j ≤ f(i) (G has a complete level 3 cotree). Figure 2 shows these notation.

We may see E(G) as the union of the set of edges of a complete multipartite graph K_{α(1),···,α(r)} and the set of the edges of complete graphs

Figure 3: Cograph with ordered α-partition and β-partition. The arrow indicates a class that contains Δ-vertices.

K_{β(i,j)} for each i and each j. The degree of a vertex (i, j) of β(i, j) is b(i, j) − 1 + n − a(i), where b(i, j) − 1 is the degree of (i, j) when we restricted to K_{β(i,j)}, and n − a(i) is the degree of (i, j) when we restricted to K_{α(1),···,α(r)}. Notice that vertices of the same class of the β-partition have the same degree.

If G is a cograph with a complete level 3 cotree, we will write Δ(G), the cardinality of V (G) and E(G), and the condition for a cograph G to be an overfull graph, using the proposed notation.

For |V (G)| and Δ(G) we have n = |V (G)| = rX_{i=1 a(i) =} rX_{i=1}^{f (i)}X_{j=1 b(i, j),} Δ(G) = max_{i,j} deg(i, j) = max_{i,j}(b(i, j) − 1 + n − a(i)). Let p(i, j) = a(i) − b(i, j), for 1 ≤ i ≤ r, 1 ≤ j ≤ f(i) and p(i) = min_{1≤j≤f (i)}{p(i, j)}. We may assume p(1) ≤ p(2) ≤ · · · ≤ p(r). Then, p(1) = min_{i,j} p(i, j). Therefore,

Δ(G) = n − 1 − p(1),

m = 1 2 rX_{i=1}^{f (i)}X_{j=1 b(i, j) deg(i, j) =} 1_2 rX_{i=1}^{f (i)}X_{j=1 b(i, j) (b(i, j) − 1 + n − a(1)) =}

Figure 4: A cograph with complete cotree of level 3 that is SO.

= 1 2 rX_{i=1}^{f (i)}X_{j=1 b(i, j)(n − 1 − p(i, j)).} and G is overfull if and only if |V (G)| is odd and

rX_{i=1}^{f (i)}X_{j=1 b(i, j)p(i, j) < (n − 1)(1 + p(1)).}

Figure 3 shows a cograph with complete cotree of level 3 and its αpartition and β-partition.

4 Cographs SO with complete cotree of level 3 We present in this section a counting argument that shows that the particular structure of cographs with a complete level 3 cotree forces subgraph-overfullness to be equivalent to either neighbourhood-overfullness or overfullness.

We know that for a complete multipartite graph subgraph-overfullness is equivalent to overfullness [3, 8]. This result cannot be extended to cographs, although complete multipartite graphs are subclass of cographs. The cograph in Figure 4 is SO but it is not O.

Lemma 4 Let G be a cograph with a complete level 3 cotree and H an induced subgraph of G with Δ(H) = Δ(G). Then H is a cograph with a level 3 cotree.

Proof: Let H be an induced subgraph of G with Δ(H) = Δ(G). Since H is an induced subgraph of G, H is a cograph. (Obviously, H is a level 3 cotree cograph, if V (H) = V (G).)

Consider V (H) ≠ V (G). Since Δ(H) = Δ(G), the nonempty set V (G)\ V (H) is contained in a unique α(i), 1 ≤ i ≤ r, such that α(i) contains Δvertices of G. Without loss of generality, let i = 1.

By hypothesis, G is a cograph with a complete level 3 cotree, then r ≥ 2 and, therefore, H contains vertices on the level 3.

Lemma 5 Let G be a cograph with a complete level 3 cotree and H an induced subgraph of G with V (H) ≠ V (G) and Δ(H) = Δ(G). Then there is an index i such that all Δ-vertices of H belong to α_H (i), and every v ∈ V (H) \ α_H (i) satisfies deg_H (v) ≤ Δ(G) − (|V (G)| − |V (H)|). Proof: Let u be a Δ-vertex of H; u is also a Δ-vertex of G. The graph H is constructed by removing x = |V (G)| − |V (H)| vertices from G. Let i, j be such that u ∈ β_G(i, j). We have |V (G)| − 1 − p_G(i, j) = |V (G)| − x − 1 − p_H (i, j). Hence, the vertices that have degree Δ(G) in H are those such that p_H (i, j) = p_G(i, j) − x. This means that the decrease in p_G(i, j) must be equal to the decrease in |V (G)|. For this, we must remove each of the x vertices from α_G(i) \ β_G(i, j). Therefore, each vertex with degree Δ(G) in H is in the same class of the α-partition of H, which is containned in α_G(i).

It follows that any vertex v outside α_G(i) sees all x vertices removed. Hence deg_H (v) ≤ Δ(G) − x.

Lemma 6 Let G be a cograph with a complete level 3 cotree and H an overfull subgraph of G with Δ(H) = Δ(G). If deg_G(v) < Δ(G) and v belongs to the class of α-partition of G that contains the Δ-vertices of H, then v ∉ V (H).

Proof: Let α_G(i) be the class of the α-partition of G that contains the Δ-vertices of H and v ∈ α_G(i), with deg_G(v) < Δ. Then, by Lemma 5, deg^∗_H (v) = 0. Since H is an overfull graph, by Lemma 1, v ∉ V (H).

Theorem 2 Let G be a cograph with a complete level 3 cotree. If G is subgraph-overfull, then G is either overfull or neighbourhood-overfull (but not both).

Figure 5: The proof of the Theorem 2.

Proof: Let G be a cograph with a complete level 3 cotree that is not an overfull graph itself. If G is subgraph-overfull, then G contains an overfull subgraph H with Δ(H) = Δ(G) and V (H) ≠ V (G). By Lemma 4, H is a cograph with a level 3 cotree.

Let D(H) be the set of Δ-vertices of H. It follows, from Lemma 5 and Lemma 6, that D(H) = β_G(1, 1) ∪ · · · ∪ β_G(1, k) for some k ≥ 1, with b_G(1, 1) = b_G(1, 2) = · · · = b_G(1, k). Therefore, |D(H)| = kb_G(1, 1). Also each vertex v ∈ V (H) \ α_H (1) has deg_H (v) ≤ Δ(G) − x, for x = |V (G)| − |V (H)|. Because V (H) ≠ V (G), x is a positive integer.

Since H is an overfull graph, then |[V (H), V (H)]| ≤ Δ(G)−2 (Lemma 2). On the other hand, |[V (H), V (H)]| ≥ x(Δ(G) − b_G(1, 1) + 1). Then we obtain Δ(G) − 2 ≥ x(Δ(G) − b_G(1, 1) + 1), or equivalently, Δ(G) ≤ x(b_G(1, 1) − 1) − 2 x − 1 . By hypothesis, the cotree of G is complete, then x > 1. This implies 1 <^x_{x−1} ≤ 2. Hence Δ(G) ≤ 2b_G(1, 1) − 1.

We now consider w ∈ V (H)\D(H). The degree of w in H is kb_G(1, 1)+q, where q denotes the number of vertices that are in N (w) \ D(H). From Lemma 5, we have that deg_H (w) ≤ Δ(G) − x. Then deg_H (w) < Δ(G) and

kb_G(1, 1) + q < 2b_G(1, 1) − 1

kb_G(1, 1) − 2b_G(1, 1) < −(q + 1)

Figure 6: The subgraph H of G induced by V (G) \ β(1, 4) is overfull and has Δ(H) = Δ(G).

b_G(1, 1)(k − 2) < −(q + 1).

This inequality does imply k < 2. Therefore, k = 1 and H is induced by the neighbourhood of a Δ-vertice.

Now, let G be a cograph with a complete level 3 cotree and with G ∈ O ∩ N O. Since G is NO, there is an overfull subgraph H of G with Δ(H) = Δ(G) that is a neighbourhood. Hence the cograph H does not have a complete level 3 cotree. Since G is O, by Theorem 1 and Lemma 3, G ∼= H. It follows that G does not have a complete level 3 cotree, a contradiction.

5 Conclusion

We know that for a level 1 or 2 cotree cograph, we have SO=O=Class 2. We proved that for a cograph with a complete level 3 cotree, SO = (O ∪ NO) \ (O ∩ NO). This provides a very simple algorithm for checking whether such a graph is SO, without having to resort to general techniques [11]. This equivalence does not hold for a general cograph G, even when G is a cograph with a level 3 cotree. The cograph G in Figure 6 is not overfull, and has a level 3 cotree and a subgraph H induced by V (G)\β(1, 4) that is an overfull graph with Δ(H) = Δ(G). But H is not induced by a neighbourhood of a vertex of H. It follows that G is not an NO graph.

References

[1] L. Cai and J. A. Ellis. NP-completeness of edge-colouring some restricted graphs. Discrete Applied Mathematics, 30:15–27, 1991.

[2] A. G. Chetwynd and A. J. W. Hilton. The edge-chromatic class of graphs with maximum degree at least |v| − 3. Annais of Discrete Mathematics, 41:91–110, 1989.

[3] C. M. H. de Figueiredo, J. Meidanis, and C. P. de Mello. Local conditions for edge-coloring. Technical report, DCC 17/95, UNICAMP, 1995. accep ted to publication in Journal of Combinatorial Mathematics and Combinatorial Computing.

[4] C. M. H. de Figueiredo, J. Meidanis, and C. P. de Mello. On edgecolouring indifference graphs. Theoretical Computer Science, 181:91– 106, 1997.

[5] S. Fiorini and R.J. Wilson. Edge-colourings of graphs. Pitman, London, 1977.

[6] A. J. W. Hilton. Two conjectures on edge-colouring. Discrete Mathematics, 74:61–64, 1989.

[7] A. J. W. Hilton and P. D. Johnson. Graphs which are vertex-critical with respect to the edge-chromatic number. Math. Proc. Camb. Phil. Soc., 102:211–222, 1987.

[8] D. G. Hoffman and C. A. Rodger. The chromatic index of complete multipartite graphs. Journal of Graph Theory, 16:159–163, 1992.

[9] I. Holyer. The NP-completeness of edge-coloring. SIAM J. Comput., 10:718–720, 1981.

[10] T. Niessen. How to find overfull subgraphs in graphs with large maximum degree. Discrete Applied Mathematics, 51:117–125, 1994.

[11] M. W. Padberg and M. R. Rao. Odd minimum cut-sets and bmatching. Math. Oper. Res., 7:67–80, 1982.

[12] M. Plantholt. The chromatic index of graphs with a spanning star.

Journal of Graph Theory, 5:45–53, 1981.

[13] M. Plantholt. The chromatic index of graphs with large maximum degree. Discrete Mathematics, 47:91–96, 1983.

[14] V. G. Vizing. On an estimate of the chromatic class of a p-graph.

Diket. Analiz., 3:25–30, 1964. In russian.