The clique operator on cographs and serial graphs

F. Larrión^a, C. P. de Mello^{b,1}, A. Morgana^c, V. Neumann-Lara^a and M. A. Pizaña^d

aInstituto de Matemáticas, U.N.A.M., México. E-mail: {paco,

neumann}@math.unam.mx

bInstituto de Computação, UNICAMP, Brasil. E-mail: celia@ic.unicamp.br cDipartimento di Matematica, Università di Roma “La Sapienza”, Italia. E-mail:

morgana@mat.uniroma1.it

dDepto. de Ingeniería Eléctrica, U.A.M., México. E-mail: map@xanum.uam.mx

Abstract

The clique graph of a graph G is the intersection graph K(G) of the (maximal) cliques of G. The iterated clique graphs K^n(G) are defined by K^0(G) = G and K^i(G) = K(K^{i−1}(G)), i > 0 and K is the clique operator. A cograph is a graph with no induced subgraph isomorphic to P_4. In this article we describe the Kbehaviour of cographs and give some partial results for the larger class of serial (i.e. complement-disconnected) graphs.

Key words: Iterated clique graphs; Clique divergence; Cographs.

1 Introduction

The clique graph of a graph G is the intersection graph K(G) of the (maximal) cliques of G. The iterated clique graphs K^n(G) are defined by K^0(G) = G and K^i(G) = K(K^{i−1}(G)), i > 0. We refer to [21] and [24] for the literature on iterated clique graphs. Graphs behave in a variety of ways under the iterates of the clique operator K, the main distinction being between Kconvergence and K-divergence. A graph G is said to be K-null if K^n(G) is the trivial graph K_1 for some n. We say that G is K-periodic if K^n(G) ∼= G for some n ≥ 1; the smallest such n is the period of G. More generally, a

1 Partially supported by FAPESP, CNPq and PRONEX/FINEP.

Preprint submitted to Elsevier Preprint 10 September 2001 graph G is said to be K-convergent if K^n(G) ∼= K^m(G) for some pair of non-negative integers n < m. If n and m are the smallest such integers, we say that n is the transition index and m − n is the period of G. A graph G is K-convergent iff G is, in the obvious sense, eventually K-periodic. This last is equivalent to the boundedness of the sequence of the orders |V (K^n(G))|. A graph G is said to be K-divergent if lim_{n→∞} |V (K^n(G))| = ∞. The graph G is K-divergent if and only if it is not K-convergent.

A graph is clique-Helly if its (maximal) cliques satisfy the Helly property: each family of mutually intersecting cliques has non-trivial intersection. For instance, all triangleless graphs are clique-Helly. Clique-Helly graphs have been introduced in [6,7] and studied in [19,20], among others. Clique-Helly graphs are always K-convergent: indeed, they are all eventually K-periodic of period 1 or 2 [6]. Clique-Helly graphs can be recognized in polynomial time [23]. So far, most of the results on convergence of iterated clique graphs are on the domain of clique-Helly graphs. In particular, several classes of clique-Helly graphs have been shown to be K-null, as is the case of interval graphs [9]. More generally, Bandelt and Prisner characterized the clique-Helly graphs which are K-null [1]. In general, much less is known about clique convergence, when non clique-Helly graphs are considered. Some results on convergence of graphs which are not clique-Helly can be found in [1,3,4]. All the graphs which will be shown to be K-convergent in this paper are clique-Helly.

The first examples of K-divergent graphs were given by Neumann-Lara (see [6,17]). For n ≥ 2, define the n-dimensional octahedron O_n as the complement of a perfect matching on 2n vertices. Then O_n is a complete multipartite graph K_{2,2,...,2}. Neumann-Lara showed that K(O_n) ∼= O_2n−1 and hence, for n ≥ 3, O_n is K-divergent with superexponential growth. Moreover, he showed that all complete multipartite graphs K_{p1,...,pn} , with n ≥ 3 and p_i ≥ 2, 1 ≤ i ≤ n, are K-divergent with superexponential growth. This last result completed the determination of the behaviour under K (or K-behaviour) of the class CM of complete multipartite graphs. In fact, the rest of the graphs in CM were previously known to be K-convergent: the complete graphs K_n are in CM and K(K_n) is trivial. The other graphs in CM that have a universal vertex are those of the form G = K_{1,p2,...,pn} ≠ K_n and here K(G) is non-trivial but K^2(G) is trivial. The remaining graphs in CM are those which have exactly two parts and at least two vertices in each part; they are triangleless and without terminal vertices, so by [8] they are K-periodic of period one (only for the square K_{2,2} = C_4) or two (all the rest).

In [18] it has been asked whether there are divergent graphs with polynomial growth. Recently, affirmative answers have been given in [11–13]. The graphs that will be shown to be K-divergent in this work have all superexponential growth.

Modular decompositions (which will be reviewed in §3) play an important rôle in this paper. The class of cographs properly contains the class of complete multipartite graphs, and it is known to be characterized by the absence of neighbourhood nodes in the modular decomposition tree (MDT). The wider class of serial graphs is defined by the fact that they are connected, non-trivial, and the root of the MDT is not neighbourhood: this are just the graphs whose complement is disconnected. In §4 we will characterize the serial graphs which are clique-Helly (a sufficient condition for K-convergence). An important class of serial graphs is that of parallel-decomposable serial graphs: for these, the MDT does not contain neither leaves nor neighbourhood modules in the root and the first level. In §5 we will give some sufficient conditions for K-divergence for such graphs. In §6 we shall determine completely the K-behaviour for the class of cographs. An interesting result is that a cograph is K-convergent if and only if it is clique-Helly. Finally, in §7 we characterize the cographs whose clique graph is also a cograph.

2 Preliminaries and definitions

We consider simple, undirected, finite graphs. The sets V (G) and E(G) are the vertex and edge sets of a graph G. A trivial graph is a graph with a single vertex. A complete is a set of pairwise adjacent vertices in G. A clique of G is a complete not properly contained in any other complete. A subgraph of G is a graph H with V (H) ⊆ V (G) and E(H) ⊆ E(G). For X ⊆ V (G), we denote by G[X] the subgraph induced by X, that is, V (G[X]) = X and E(G[X]) consists of those edges of E(G) having both ends in X. We often identify induced subgraphs with their vertex sets. If v is a vertex of a subgraph H of G adjacent to every other vertex of H, then we say that v is universal in H, or that H is a cone with apex v.

Let X be a subset of V (G) and x any vertex of X. The quotient graph G/X is defined as V (G/X) = (V (G) − X) ∪ {x} and E(G/X) = E(G[V (G) − X]) ∪ {{x, v} | {u, v} ∈ E(G), u ∈ X, v ∈ V (G) − X}. Let H and H^′ be vertex-disjoint graphs. The union or parallel composition of H and H^′ is the graph G = H ∪ H^′ defined as V (G) = V (H) ∪ V (H^′) and E(G) = E(H) ∪ E(H^′). The join, sum, or serial composition of H and H^′ is the graph G = H + H^′ defined as V (G) = V (H) ∪ V (H^′) and E(G) = E(H) ∪ E(H^′) ∪ {{x, y} | x ∈ V (H), y ∈ V (H^′)}. Finally, the symbol Ḡ represents the complement of G. Notice for instance that G + H = Ḡ∪H̄.

In order to study K-convergence and K-divergence the following results are useful tools. We recall them for the reader’s convenience.

Let T be a triangle of a graph G. The extended triangle of G, relative to T , is the subgraph ^T of G induced by the vertices which form a triangle with at least one edge of T . The following theorem characterizes clique-Helly graphs [23].

Theorem 1 A graph G is clique-Helly if and only if each of its extended triangles is a cone. □

Let G, H be graphs. A morphism α : G → H is a vertex-function α : V (G) → V (H) such that the images under α of adjacent vertices of G either coincide or are adjacent in H. A morphism α : G → H is a retraction from G to H if there exists a morphism β : H → G such that αβ is the identity function on V (H). In this case, H is a retract of G. Notice that H must be isomorphic to an induced subgraph of G. If H is a subgraph of G, then a retraction from G to H is just a morphism G → H whose restriction to H is the identity. Notice also that, if v is a vertex of G, there is always a total retraction from G to v. The following theorem describes the relationship between retracts and K-divergence [17].

Theorem 2 Let G and H be graphs such that H is a retract of G. If H is K-divergent, then so is G. □

For instance, if n ≥ 3 and p_i ≥ 2 (1 ≤ i ≤ n), the complete multipartite graph K_{p1,...,pn} can be retracted to the octahedron O_n = K_{2,2,...,2} and is therefore K-divergent.

3 Modular decompositions

One promising paradigm for studying properties of a class of graphs involves partitioning the set of vertices of a graph into subsets called modules, and the decomposition process is called modular decomposition. This decomposition has been studied by many researchers.

A module of G is a set of vertices M of V (G) such that all the vertices of M have the same neighbours outside of M, that is, each vertex in V (G) − M is either adjacent to all vertices of M, or to none. For instance, every singleton as well as the whole G are modules. Two vertices x, y ∈ G are twins if they are neighbours and {x, y} is a module of G, and any module M such that G[M] is complete is just a set of twins in G. We say that M is a strong module if for any other module A the intersection M ∩ A is empty or equals either M or A. For non-trivial G, the family {G_1, G_2, . . . , G_p} of all maximal (proper) strong modules is a partition of V (G) and p ≥ 2. This partition is the modular decomposition of G. We will often identify the modules G_i with the induced subgraphs G[G_i].

If a module M contains vertices from two different connected components of G, then M must contain those components. Therefore, for disconnected G, the maximal strong modules are the connected components. In this case G = G_1 ∪ G_2 ∪ · · · ∪ G_p and G is called parallel.

The modules, strong modules and maximal strong modules of G are the same as those of Ḡ. Therefore, if Ḡ is disconnected, the maximal strong modules of G are the vertex sets of the connected components of Ḡ. In this case G = G_1 + G_2 + · · · + G_p and G is called serial.

The modular decomposition of a non-trivial graph G is used recursively in order to define its unique modular decomposition tree T (G). The module M is parallel if G[M] is disconnected, M is serial if Ḡ[M] is disconnected and M is neighbourhood if both G[M] and Ḡ[M] are connected. The root of T (G) is G, the first-level vertices of T (G) are the maximal strong modules of G, and so on. The leaves of T (G) are the vertices of G and the internal nodes of T (G) are modules labeled with P , S or N (for parallel, serial, or neighbourhood module, respectively). A linear time algorithm that produces the modular decomposition tree is given in [16].

Modular decomposition has been extensively used for the class of cographs. It is in fact the basis for finding fast algorithms for problems on cographs which are NP-hard in general [5]. We denote by P_4 the four-vertex path. A cograph is a graph having no induced subgraph isomorphic to P_4. Cographs were introduced by Lerchs [14] and rediscovered under different names: D^∗- graphs, Hereditary Dacey graphs, 2-parity graphs [2,10,22]. In [14], Lerchs showed that cographs have a unique tree representation, called cotree. The leaves represent vertices of the graph and the internal nodes correspond to the union and join operation. This cotree is just the modular decomposition tree, but for cographs it has no neighbourhood nodes. In fact, the class of cographs can also be defined as the class of those graphs for which the modular decomposition tree does not have neighbourhood nodes (see §6), or as the smallest class of graphs containing the single vertex graph and closed under serial and parallel composition.

Lemma 3 Let G be a graph and M a module of G. Let R be a subgraph of M which is a retract of M. Then any retraction ρ : M → R can be extended to a retraction ρ^′ : G → G[(G − M) ∪ R].

Proof Define ρ^′(v) = ρ(v) for v ∈ M, and ρ^′(v) = v for v ∈ G − M. Since M is a module of G, ρ^′ is a morphism. Since the restriction of ρ to R is the identity, the restriction of ρ^′ to G[(G − M) ∪ R] is the identity. □

Lemma 4 Let G be a graph and M a module of G. Then the quotient graph G/M is a retract of G.

Proof Let x be any vertex of M and take V (G/M) = (V (G) − M) ∪ {x}. By Lemma 3, the total retraction M → x can be extended to a retraction G → G/M. Hence, G/M is a retract of G. □

Remark 5 In the particular case in which the module M of G is complete we have that K(G) ∼= K(G/M); indeed, if u, v ∈ G are twins, any clique which contains u also contains v, so K(G) ∼= K(G − v). In the general case we know by Theorem 2 that G is K-divergent if G/M is so.

Lemma 6 Let G be a graph. If P = S_1 ∪ S_2 ∪ · · · ∪ S_q is a parallel module of G and some S_i is a single vertex v, then G − v is a retract of G.

Proof Fix some x ∈ P −v. Since P is parallel, v has no neighbours in P . Then there is a retraction α : P → P − v defined by α(v) = x and α(y) = y for each y ∈ P − v. By Lemma 3, α can be extended to a retraction α : G → G − v. Thus G − v is a retract of G. □

Notice that any graph obtained by iterated application of Lemma 4 or Lemma 6 is a retraction of the original graph G.

4 Serial graphs

Since for a disconnected graph G = H ∪ H^′ we clearly have that K(G) = K(H) ∪ K(H^′), in order to investigate the K-behaviour we can restrict ourselves to connected non-trivial graphs G. If we make the additional assumption that G is not neighbourhood, then G must be serial. By definition, a graph is serial iff its complement is disconnected (iff it is a sum of two graphs). Serial graphs are just those connected non-trivial graphs such that the root of the modular decomposition tree is not neighbourhood. We will characterize in this section those serial graphs which are clique-Helly, and describe their K-behaviour.

Recall that a graph G is a cone if G has a universal vertex (apex). Note that each clique of the cone G contains the apex, so G is certainly clique- Helly. Furthermore, K(G) is a complete graph (G is clique-complete) and thus K^2(G) is trivial: all cones are K-null. Of course, any clique-complete and clique-Helly graph must be a cone, but there exist clique-complete graphs which are not cones (see [15]). Notice that if G is a cone, then any sum G + H is also a cone (and serial), but if G = G_1 + G_2 + · · · + G_p is the modular decomposition of a serial graph G, then G is a cone if and only if some G_i is trivial: indeed, if G is a cone the apex is isolated in Ḡ.

Lemma 7 Let G = H + H^′ be a clique-Helly graph, and assume that H^′ is not a cone. Then each connected component of H is a cone.

Proof Let C be a connected component of H, and let the vertex x of C have maximum degree as a vertex of C. Assuming that x is not universal in C, we will get a contradiction. Let y and v be vertices of C such that x and v are neighbours of y but {x, v} /∈ E(H). Choose any z ∈ H^′ and consider the triangle T = {x, y, z} of G. By Theorem 1, the extended triangle ^T relative to T has a universal vertex u. Since H^′ ⊂ ^T and H^′ is not a cone, u ∈ H, but then u ∈ C. Since all the neighbours of x in C and also v are in ^T , deg_C (u) > deg_C (x). This contradiction shows that C is a cone with apex x. □ Theorem 8 Let G = G_1 + G_2 + · · · + G_p be the modular decomposition of a serial graph. Then G is clique-Helly if and only if it satisfies one of the following conditions:

(1) G is a cone, or (2) p = 2 and all the connected components of G_1 and G_2 are cones.

Proof If G is a cone we know that it is clique-Helly. If the second condition holds, choose an apex in each of the connected components of both G_1 and G_2, and let H be the subgraph of G induced by all these apices. Then H is a complete bipartite graph. Since H has no triangles its cliques are its edges and it is clique-Helly. Each clique of G contains a unique edge of H, and two cliques of G meet if and only if their edges in H meet. Therefore G is clique-Helly.

Assume now that G is clique-Helly.

Suppose first that p ≥ 3. Choose x_i ∈ G_i for i = 1, 2, 3. Consider the triangle T = {x_1, x_2, x_3} and observe that its extended triangle is ^T = G. By Theorem 1, G is a cone. Thus, p ≥ 3 implies condition 1.

If p = 2, we can assume that condition 1 does not hold. In particular, G_1 and G_2 are not cones. By Lemma 7, each connected component of both G_1 and G_2 is a cone. □

If G is a clique-Helly graph, we know that G is eventually K-periodic of period

1 or 2, but if G is also serial the previous theorem and its proof enable us to be more specific. In case 1: If G is complete (i.e. all the G_i are trivial) then K(G) is trivial; if G is not complete, then K(G) is non-trivial and K^2(G) is trivial. In case 2: We can assume that case 1 does not hold, and then G_1 and G_2 are disconnected. Thus, the complete bipartite subgraph H of G has at least two vertices in each part. If H = G, we know that either K(G) ∼= G (if G ∼= K_{2,2}) or else K(G) ≁= G but K^2(G) ∼= G. If H ≠ G, we use the fact that each clique Q of G contains a unique edge (i.e. clique) E_Q of H, and that Q ∩ Q^′ ≠ ∅ iff E_Q ∩ E_Q′ ≠ ∅. For a given edge E of H, all the cliques Q of G for which E_Q = E are twins in K(G). Keeping just one Q for each E, we get an induced subgraph S of K(G) such that S ∼= K(H). By Remark 5 we have K(K(G)) ∼= K(S), and then K^2(G) ∼= K^2(H) ∼= H. Thus G is not K-periodic, but it is eventually K-periodic of period one or two according to whether both G_1 and G_2 have exactly two connected components or not.

The serial graphs such that all maximal strong modules are disconnected (such as those satisfying condition 2 in the previous theorem) will be the subject of our next section.

5 Parallel-decomposable serial graphs

Consider the modular decomposition

G = G_1 + G_2 + · · · + G_p

of a serial graph G. If some G_i is trivial, then G is a cone and we already know that G is K-null. We can therefore assume that all the G_i are non-trivial. If we make the additional assumption that no G_i is neighbourhood, then all the G_i must be parallel. In this case each of the G_i has a modular decomposition of the form

G_i = ∪^{pi}_{j=1}G^i_j , p_i ≥ 2,

and we say that G is a parallel-decomposable serial graph. Since a module of a module of G is again a module of G, all the graphs G^i_j are (connected) modules of G. All the G^i_j are trivial precisely for the complete multipartite graphs which are not cones (i.e. with non-singular parts). Parallel-decomposable serial graphs are just those non-trivial connected graphs such that the modular decomposition tree does not contain neither leaves nor neighbourhood modules in the root and the first level. Parallel-decomposable serial graphs with at least 3 maximal strong modules are always K-divergent:

Theorem 9 Let G be a parallel-decomposable serial graph. If p ≥ 3, then G is K-divergent.

Proof Applying Lemma 4 to each non-trivial G^i_j we obtain a complete multipartite graph G^′ ∼= K_{p1,...,pp} , with p_i ≥ 2 for all 1 ≤ i ≤ p. Since p ≥ 3, we already know that G^′ is K-divergent by [17]. By Theorem 2, G is also K-divergent. □

For parallel-decomposable serial graphs G, it only remains to study the Kbehaviour in the case p = 2. If G is a cone or all the G^i_j are cones, we know by Theorem 8 that G is K-convergent. But there are also parallel-decomposable serial graphs with p = 2 which are K-divergent:

Theorem 10 Let G = G_1 + G_2 be a parallel-decomposable serial graph. If at least one G^i_j is also a parallel-decomposable serial graph, then G is K-divergent.

Proof Without loss of generality, we assume that G^1 is a parallel-decomposable serial graph, so we have a decomposition G^1 = ∑_q r=1 ∪^{qr}_{s=1}T^r_s .

Let us first consider G_2. By Lemma 4 we can retract each module G^2_j to a single vertex u ∈ V (G^2_j ), for 1 ≤ j ≤ p_2. Then G_2 retracts to the union of p_2 vertices.

Let us now consider G_1. By Lemma 4 we can retract each T^r_s to a single vertex. Then the graph K_{q1 ,...,qq} is a retract of G^1, where q ≥ 2 and each q_i ≥ 2. Again by Lemma 4, we can retract each G^1_j to a single vertex u_j for 2 ≤ j ≤ p_1. Therefore G_1 retracts to the union of K_{q1,...,qq} and p_1 − 1 single vertices. By Lemma 6, K_{q1,...,qq} is a retract of G_1.

Hence the graph K_{q1,...,qq,p2} is a retract of G. By Theorem 2, since K_{q1,...,qq ,p2} is K-divergent, G is also K-divergent. □

In conclusion, the K-behaviour of a non-clique-Helly serial graph G remains unknown if G is not parallel-decomposable or it is, but p = 2 and no G^i_j is a parallel-decomposable graph. Notice that in the latter case G cannot be a cone and some G^i_j must be non-trivial, for otherwise G is clique-Helly.

6 Cographs

Recall that a cograph is a graph without induced paths of length 3. The class of cographs is clearly closed under complements, induced subgraphs, and serial and parallel compositions. Any connected cograph which is not 2-connected is a cone: any cut vertex is universal.

We mentioned in Section 3 that cographs are those graphs such that there are no neighbourhood nodes in the modular decomposition tree T . We give a proof of this: If T has no neighbourhood nodes, then G is a cograph because it can be reconstructed from its vertices using serial and parallel compositions. The converse follows from the fact that the complement of a connected non-trivial cograph is always disconnected. This is proved by induction on the order n of G, the case n = 2 being obvious. If G has a cut vertex then G is a cone and Ḡ is disconnected. If G is 2-connected, take any v ∈ G. Since G − v is a connected cograph, G − v is disconnected. Supposing that Ḡ is connected we get a contradiction, because v is then a cut vertex of Ḡ and then G = G is disconnected.

Complete multipartite graphs are precisely those cographs G such that the cotree has at most two levels. If all the vertices lie at the first level, then G is complete. If there is some vertex at the first level, then G is a cone. If G is not a cone all the vertices are at the second level.

The following results determine the K-behaviour of cographs. Notice that any cograph which is not a cone is a parallel-decomposable serial graph.

Theorem 11 A cograph G is K-divergent if and only if both the following conditions hold.

(1) G is not a cone, and (2) either p ≥ 3, or p = 2 and at least one of G^i_j is not a cone.

Proof Sufficiency: Since G is not a cone, G is a parallel-decomposable serial graph. If p ≥ 3, G is K-divergent by Theorem 9. If p = 2, G is K-divergent by Theorem 10 because some G^i_j is parallel-decomposable.

Necessity: Assume that G is K-divergent. Then G is not a cone, for we know that cones are K-convergent. If p = 2 and each G^i_j is a cone, then G is Kconvergent by Theorem 8. □

Theorem 11 implies that the K-divergence or K-convergence of a cograph G can be decided in linear time. In fact, the cotree of G can be obtained in linear time [5] and the conditions of Theorem 11 can be also checked in linear time.

Corollary 12 A cograph G is K-convergent if and only if G is clique-Helly.

Proof It follows immediately from theorems 8 and 11. □

The example of Figure 1 shows that in the class of serial graphs there are K-convergent graphs that are not clique-Helly.

Fig. 1. A K-convergent serial graph that is not clique-Helly.

7 Cographs whose clique graph is a cograph

The product G × G^′ of two graphs G and G^′ is given by V (G × G^′) = V (G) × V (G^′) and E(G × G^′) = {{(u, u^′), (v, v^′)} : {u, v} ∈ E(G), {u^′, v^′} ∈ E(G^′)}. Notice that G × (G^′ ∪ G^{′′}) = G × G^′ ∪ G × G^{′′} and that a product G = G_1×G_2×· · ·×G_s is discrete (has no edges) if and only if some G_i is discrete. We will also use the fact that K̄(G_1 +G_2) = K̄(G_1)×K̄(G_2), where K̄(G) = K(G) (see [17,24]).

Lemma 13 Let s ≥ 2 and G = G_1 × G_2 × · · · × G_s with G_i connected and non-trivial for each i. Then G is a cograph if and only if each G_i is complete bipartite.

Proof If G is a cograph, each G_i is a cograph (resp.: bipartite): Indeed, otherwise some G_i would contain an induced P_4 (resp.: an induced odd cycle γ). Then G would contain an induced subgraph isomorphic to P_4 × K_2 × · · · × K_2 (resp.: to γ×K_2×· · ·×K_2). But the connected components of this subgraph are isomorphic to P_4 (resp.: to a cycle whose length is the double of that of γ) and so G would not be a cograph. A connected bipartite cograph must be complete bipartite. For the converse just note that K_{m,n} × K_{p,q} ∼= K_{mp,nq} ∪ K_{mq,np}. □

Corollary 14 Let s ≥ 2 and G = G_1 × G_2 × · · · × G_s. Then G is a cograph if and only if either some G_i is discrete or every non-trivial connected component of each G_i is complete bipartite. □

Theorem 15 Let G be a cograph. Then G is clique-complete if and only if G is a cone.

Proof Suppose that the non-trivial part is false, and let G be a non-conical cograph with minimal order such that K(G) is complete. Clearly G is connected, so G = G_1 + G_2 for some non-conical cographs G_1 and G_2. Since K̄(G) = K̄(G_1) × K̄(G_2) is discrete, either K̄(G_1) or K̄(G_2) is discrete, contradicting the minimality of the order of G. □

Theorem 16 Let G be a connected, non-conical cograph such that K(G) is a cograph. Let G = G_1 + G_2 + · · · + G_p be the modular decomposition of G. Then each G_i is a cograph with exactly two connected components and these are cones.

Proof We have that K̄(G) = K̄(G_1) × K̄(G_2) × · · · × K̄(G_s). Since each G_i is non-trivial, it is disconnected and the same happens with K(G_i), so K̄(G_i) is non-trivial and connected for each i. By Lemma 13, each K̄(G_i) is complete bipartite, and thus each K(G_i) is the union of two complete connected components. Therefore, by Theorem 15, each G_i is the union of two connected components which are conical cographs. □

We shall also use the following construction. Let the family of graphs (G_i)_{i∈V (H)} be indexed by the vertices of a graph H. The sum over H of the graphs G_i is the graph G = ∑ H G_i which is obtained from ⋃ i∈V (H) Gi by adding all pos-

sible edges of the form {u, v} where u ∈ G_i, v ∈ G_j and {i, j} ∈ E(H). For instance, any sum ∑ i∈I G_i is the sum of the G_i over the complete graph on the index set I, and any union ⋃ i∈I G_i is the sum of the G_i over the discrete graph on I. Observe that each G_i is a module of ∑ H G_i. In case that all G_i are the same graph G^′, then ∑ H G_i is just the composition H[G^′].

If G and H are arbitrary graphs, a vertex-surjective morphism π : G → H is said to be an additive projection if π^{−1}(H[{i, j}]) = π^{−1}(i) + π^{−1}(j) whenever {i, j} ∈ E(H). It is easy to see that G is (isomorphic to) a sum over H if and only if there exists an additive projection from G to H.

If π : G → H is an additive projection and Q is an induced subgraph of G, then Q is a clique of G if and only if π(Q) is a clique of H and π^{−1}(i) ∩ Q is a clique of the fiber G_i = π^{−1}(i) for each i ∈ V (π(Q)); therefore, π induces a vertex-surjective morphism π_K : K(G) → K(H) given by π_K (Q) = π(Q). The following result is easily verified:

Theorem 17 Let π : G → H be an additive projection.

(1) G is a cograph if and only if H and each fiber of π are cographs. (2) If each fiber of π is complete, then π_K is an isomorphism. (3) If each fiber of π is clique-complete, then π_K is an additive projection with complete fibers and therefore K^2(G) ∼= K^2(H). □

Theorem 18 The graph G is a connected cograph such that K(G) is a cograph if and only if G is either a conic cograph or a sum of conic cographs over an octahedron O_n for some n ≥ 2.

Proof Let G be a non-conical connected cograph whose clique graph is also a cograph. Let G = G_1 + G_2 + · · · + G_p be the modular decomposition of G. By Theorem 16, each G_i is of the form G_i = G^i_1 ∪ G^i_2 where G^i_1 and G^i_2 are conical cographs. For each i = 1, . . . , p and j = 1, 2, let x^i_j ∈ G^i_j and let G^′ = G[{x^i_j : i = 1, . . . , p, j = 1, 2}]. Clearly, the mapping which sends each G^i_j into x^i_j is an additive projection from G onto G^′. Since G^′ = G[x^1, x^1_2]+G[x^2_1, x^2]+· · ·+G[x^p_1, x^p_2] ∼= O_p, it follows that G is the sum over O_p of the conical cographs G^i_j . On the other hand, if G is a sum of conic cographs over an octahedron O_n with n ≥ 2, then G is a cograph by Theorem 17(1) because all octahedra are cographs. By Theorem 17(3), π_K : K(G) → K(O_n) is an additive projection with complete fibers. Since K(O_n) ∼= O_2n−1 and the complete graphs are cographs, Theorem 17(1) implies that K(G) is a cograph. □

Corollary 19 If G is a non-conical connected cograph such that K(G) is a cograph and the modular decomposition of G has p summands, then K^2(G) ∼= O_n with n = 2^{2p−1−1}.

Proof It follows directly from Theorem 17(3), Theorem 18 and the fact that K(O_p) ∼= O_2p−1 . □

References

[1] H.-J. Bandelt and E. Prisner, Clique graphs and Helly graphs, J. Combinatorial Theory Ser B 51 (1991) 34–45.

[2] M. Bandelt and J. P. Uhry, Parity graphs, Annals of Discrete Math. 21 (1984) 253–277.

[3] C.F. Bornstein and J. L. Szwarcfiter, On clique convergent graphs, Graphs and Combin. 11 (1995) 213–220.

[4] B.-L. Cheen and K.-W. Lih, Diameters of iterated clique graphs of chordal graphs, J. Graph Theory 14 (1990) 391–396.

[5] D. G. Corneil, Y Perl and L. K. Stewart, A linear recognition algorithm for cographs, SIAM J. Comput. 14 (4) (1985) 926–934.

[6] F. Escalante, Über iterierte clique-graphen, Abh. Math. Sem. Univ. Hamburg 39 (1973) 59–68.

[7] R. Hamelink, A partial characterization of clique graphs, J. Combin. Theory 5 (1968) 192–197.

[8] S. T. Hedetniemi and P. J. Slater, Line graphs of triangleless graphs and iterated clique graphs, Lecture Notes in Math., Springer-Verlag, New York 303 (1972) 139–147.

[9] B. Hedman, Clique graphs of time graphs, J. Combin. Theory Ser. B 37 (1984) 270–278.

[10] H. A. Jung, On a class of posets and the corresponding comparability graphs, J. Combin. Theory Ser. B 24 (1978) 125–133.

[11] F. Larrión and V. Neumann-Lara, A family of clique divergent graphs with linear growth, Graphs and Combin. 13 (1997) 263–266.

[12] F. Larrión and V. Neumann-Lara, Clique divergent graphs with unbounded sequence of diameters, Discrete Math. 197-198 (1999) 491-501.

[13] F. Larrión and V. Neumann-Lara, Locally C_6 graphs are clique divergent, Discrete Math. 215 (2000) 159-170.

[14] H. Lerchs, On cliques and kernels, Technical report, Dept. of Comp. Sci., University of Toronto, 1972.

[15] C. L. Lucchesi, C. P. de Mello and J. L. Szwarcfiter, On clique-complete graphs, Discrete Math. 183 (1998) 247–254.

[16] R. M. MCConnell and J. P. Spinrad, Linear-time modular decomposition and efficient transitive orientation of comparability graphs, in Proceedings of the Fifth Annual ACM-SIAM Symposium on Discrete Algorithms (1994) 536–545.

[17] V. Neumann-Lara, On clique-divergent graphs, in Problèmes Combinatoires et Théorie des Graphes (Colloques internationaux C.N.R.S, 260 (1978) 313–315.

[18] V. Neumann-Lara, Clique divergence in graphs - some variations, Technical report, Instituto de Matematicas, Universidad Nacional Autonoma de Mexico, 1991.

[19] E. Prisner, Convergence of iterated clique graphs, Discrete Math. 103 (1992) 199–207.

[20] E. Prisner, Hereditary Helly graphs, J. Combin. Math. Combin. Comput. 14 (1993) 216–220.

[21] E. Prisner, Graph Dynamics, Pitman Reaserch Notes in Mathematics 338, Longman, 1995.

[22] D. P. Sumner, Dacey graphs, Journal Austral. Math. Soc. 18 (4) (1974) 492– 502.

[23] J. L. Szwarcfiter, Recognizing clique-Helly graphs, Ars Combinatoria 45 (1997) 29–32.

[24] J. L. Szwarcfiter, A Survey on Clique Graphs, in Recent Advances in Algorithms and Combinatorics. C. Linhares and B. Reed, eds., Springer-Verlag. To appear.