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Introduction
• If K and L are homeomorphic, then C(K) and C(L) are

isometrically isomorphic.

• If C(K) and C(L) are isometrically isomorphic, then K and
L are homeomorphic. (Banach-Stone, 1937).

• If there is a linear isomorphism f : C(K)→ C(L) such that
‖f‖

∥∥f−1∥∥ < 2, then K and L are homeomorphic
(Amir-Cambern, 1965).

• If there is a Lipschitz homeomorphism f : C(K)→ C(L)
such that ‖f‖Lip

∥∥f−1∥∥
Lip

< , then K and L are
homeomorphic ().

Definition (Lipschitz embedding/homeomorphism)
Let (M,d) be a metric space and (X, ‖·‖) a Banach space. We
denote f :M ↪→

D
X if

d(x, y) ≤ ‖f(x)− f(y)‖ ≤ Dd(x, y).

Equivalent to ‖f‖Lip

∥∥f−1
∥∥
Lip
≤ D up to a scalar multiple of f .
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• A countable compact K is always homeomorphic to
[0, ωα · n] where K(α+1) = ∅ and 1 ≤ n =

∣∣K(α)
∣∣

(Mazurkiewicz-Sierpiński).

• Górak for countable compacts: If α 6= β or n 6= m, then
there is no Lipschitz homeomorphism
f : C([0, ωα · n])→ C([0, ωβ ·m]) such that
‖f‖Lip

∥∥f−1∥∥
Lip

< 6
5 .

Theorem
Let α < ω1 and β < ωα. Then there is no Lipschitz embedding
f : C([0, ωα])→ C([0, β]) such that ‖f‖Lip

∥∥f−1∥∥
Lip

< 2.

In particular if α 6= β < ω1 then, for any n,m ∈ N, there is no
Lipschitz homeomorphism f : C([0, ωα ·m])→ C([0, ωβ · n])
such that ‖f‖Lip

∥∥f−1∥∥
Lip

< 2.
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Another angle
• Aharoni (1974), ∃D ≥ 2 ∀M separable metric sp.: M ↪→

D
c0.

• Kalton-Lancien (2008) D = 2.
• Baudier (2013): what if we replace c0 by C(K)?
• A.P., L. Sánchez (2013): ∃M countable metric sp. s.t.
M ↪→

D
X, D < 2⇒ X not Asplund.

• Where does M live?

Proposition
For α < ω1 ∃Mα ⊂ C([0, ωα]) countable uniformly discrete s.t.
M ↪→

D
C(K), D < 2⇒ K(α) 6= ∅.

Corollary
If Mωα ↪→

D
X, D < 2, then Sz(X) ≥ ωα+1.
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More about M

Theorem
There exists a countable metric space M such that if M ↪→

D
X,

D < 2, then `1 ⊂ X.

Also, if M ↪→
D
`1, then D ≥ 2.

But...
there is an equivalent norm |·| on `1 such that M ↪→

1
(`1, |·|).
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The unwieldy metric space M

∅

1 2 3 4

{3, 4}{2, 4}{3, 2}

{3, 2, 4}

{1, 4}

{1, 3}

{1, 3, 4}

{1, 2}

{1, 2, 4}{1, 3, 2}

{1, 3, 2, 4}

M = {∅} ∪ N ∪ F where F = {A ⊂ N : 2 ≤ |A| <∞}

(a, b) is an edge iff a = ∅ and b ∈ N

or a ∈ N, b ∈ F and a ∈ b
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Proof of M ↪→
D

X,D < 2⇒ `1 ⊂ X

Assume f :M ↪→
D
X, D < 2.

Put xk := f(k) ∀k ∈ N
Claim: No subsequence of (xk) is weakly Cauchy.
Indeed, let (kn) ⊂ N be given.
Put AN = {k2n : n ≤ N} and BN = {k2n−1 : n ≤ N} ∀N ∈ N.
Put

Xa,b = {x∗ ∈ BX∗ : 〈x∗, f(a)− f(b)〉 ≥ 4− 2D} .

Then ∀n ∈ N
Kn :=

⋂
a∈An,b∈Bn

Xa,b 6= ∅.

(Kn) is a decreasing sequence of non-empty w∗-compacts
⇒ ∃x∗ ∈

⋂∞
n=1Kn

⇒
〈
x∗, xk2n − xk2n+1

〉
≥ 4− 2D

(xkn)n is not weakly Cauchy+Rosenthal’s theorem⇒ `1 ⊂ X



Proof of M ↪→
D

X,D < 2⇒ `1 ⊂ X

Assume f :M ↪→
D
X, D < 2.

Put xk := f(k) ∀k ∈ N
Claim: No subsequence of (xk) is weakly Cauchy.
Indeed, let (kn) ⊂ N be given.
Put AN = {k2n : n ≤ N} and BN = {k2n−1 : n ≤ N} ∀N ∈ N.
Put

Xa,b = {x∗ ∈ BX∗ : 〈x∗, f(a)− f(b)〉 ≥ 4− 2D} .

Then ∀n ∈ N
Kn :=

⋂
a∈An,b∈Bn

Xa,b 6= ∅.

(Kn) is a decreasing sequence of non-empty w∗-compacts
⇒ ∃x∗ ∈

⋂∞
n=1Kn

⇒
〈
x∗, xk2n − xk2n+1

〉
≥ 4− 2D

(xkn)n is not weakly Cauchy+Rosenthal’s theorem⇒ `1 ⊂ X



Proof of M ↪→
D

X,D < 2⇒ `1 ⊂ X

Assume f :M ↪→
D
X, D < 2.

Put xk := f(k) ∀k ∈ N

Claim: No subsequence of (xk) is weakly Cauchy.
Indeed, let (kn) ⊂ N be given.
Put AN = {k2n : n ≤ N} and BN = {k2n−1 : n ≤ N} ∀N ∈ N.
Put

Xa,b = {x∗ ∈ BX∗ : 〈x∗, f(a)− f(b)〉 ≥ 4− 2D} .

Then ∀n ∈ N
Kn :=

⋂
a∈An,b∈Bn

Xa,b 6= ∅.

(Kn) is a decreasing sequence of non-empty w∗-compacts
⇒ ∃x∗ ∈

⋂∞
n=1Kn

⇒
〈
x∗, xk2n − xk2n+1

〉
≥ 4− 2D

(xkn)n is not weakly Cauchy+Rosenthal’s theorem⇒ `1 ⊂ X



Proof of M ↪→
D

X,D < 2⇒ `1 ⊂ X

Assume f :M ↪→
D
X, D < 2.

Put xk := f(k) ∀k ∈ N
Claim: No subsequence of (xk) is weakly Cauchy.

Indeed, let (kn) ⊂ N be given.
Put AN = {k2n : n ≤ N} and BN = {k2n−1 : n ≤ N} ∀N ∈ N.
Put

Xa,b = {x∗ ∈ BX∗ : 〈x∗, f(a)− f(b)〉 ≥ 4− 2D} .

Then ∀n ∈ N
Kn :=

⋂
a∈An,b∈Bn

Xa,b 6= ∅.

(Kn) is a decreasing sequence of non-empty w∗-compacts
⇒ ∃x∗ ∈

⋂∞
n=1Kn

⇒
〈
x∗, xk2n − xk2n+1

〉
≥ 4− 2D

(xkn)n is not weakly Cauchy+Rosenthal’s theorem⇒ `1 ⊂ X



Proof of M ↪→
D

X,D < 2⇒ `1 ⊂ X

Assume f :M ↪→
D
X, D < 2.

Put xk := f(k) ∀k ∈ N
Claim: No subsequence of (xk) is weakly Cauchy.
Indeed, let (kn) ⊂ N be given.

Put AN = {k2n : n ≤ N} and BN = {k2n−1 : n ≤ N} ∀N ∈ N.
Put

Xa,b = {x∗ ∈ BX∗ : 〈x∗, f(a)− f(b)〉 ≥ 4− 2D} .

Then ∀n ∈ N
Kn :=

⋂
a∈An,b∈Bn

Xa,b 6= ∅.

(Kn) is a decreasing sequence of non-empty w∗-compacts
⇒ ∃x∗ ∈

⋂∞
n=1Kn

⇒
〈
x∗, xk2n − xk2n+1

〉
≥ 4− 2D

(xkn)n is not weakly Cauchy+Rosenthal’s theorem⇒ `1 ⊂ X



Proof of M ↪→
D

X,D < 2⇒ `1 ⊂ X

Assume f :M ↪→
D
X, D < 2.

Put xk := f(k) ∀k ∈ N
Claim: No subsequence of (xk) is weakly Cauchy.
Indeed, let (kn) ⊂ N be given.
Put AN = {k2n : n ≤ N} and BN = {k2n−1 : n ≤ N} ∀N ∈ N.

Put
Xa,b = {x∗ ∈ BX∗ : 〈x∗, f(a)− f(b)〉 ≥ 4− 2D} .

Then ∀n ∈ N
Kn :=

⋂
a∈An,b∈Bn

Xa,b 6= ∅.

(Kn) is a decreasing sequence of non-empty w∗-compacts
⇒ ∃x∗ ∈

⋂∞
n=1Kn

⇒
〈
x∗, xk2n − xk2n+1

〉
≥ 4− 2D

(xkn)n is not weakly Cauchy+Rosenthal’s theorem⇒ `1 ⊂ X



Proof of M ↪→
D

X,D < 2⇒ `1 ⊂ X

Assume f :M ↪→
D
X, D < 2.

Put xk := f(k) ∀k ∈ N
Claim: No subsequence of (xk) is weakly Cauchy.
Indeed, let (kn) ⊂ N be given.
Put AN = {k2n : n ≤ N} and BN = {k2n−1 : n ≤ N} ∀N ∈ N.
Put

Xa,b = {x∗ ∈ BX∗ : 〈x∗, f(a)− f(b)〉 ≥ 4− 2D} .

Then ∀n ∈ N
Kn :=

⋂
a∈An,b∈Bn

Xa,b 6= ∅.

(Kn) is a decreasing sequence of non-empty w∗-compacts
⇒ ∃x∗ ∈

⋂∞
n=1Kn

⇒
〈
x∗, xk2n − xk2n+1

〉
≥ 4− 2D

(xkn)n is not weakly Cauchy+Rosenthal’s theorem⇒ `1 ⊂ X



Proof of M ↪→
D

X,D < 2⇒ `1 ⊂ X

Assume f :M ↪→
D
X, D < 2.

Put xk := f(k) ∀k ∈ N
Claim: No subsequence of (xk) is weakly Cauchy.
Indeed, let (kn) ⊂ N be given.
Put AN = {k2n : n ≤ N} and BN = {k2n−1 : n ≤ N} ∀N ∈ N.
Put

Xa,b = {x∗ ∈ BX∗ : 〈x∗, f(a)− f(b)〉 ≥ 4− 2D} .

Then ∀n ∈ N
Kn :=

⋂
a∈An,b∈Bn

Xa,b 6= ∅.

(Kn) is a decreasing sequence of non-empty w∗-compacts
⇒ ∃x∗ ∈

⋂∞
n=1Kn

⇒
〈
x∗, xk2n − xk2n+1

〉
≥ 4− 2D

(xkn)n is not weakly Cauchy+Rosenthal’s theorem⇒ `1 ⊂ X



Proof of M ↪→
D

X,D < 2⇒ `1 ⊂ X

Assume f :M ↪→
D
X, D < 2.

Put xk := f(k) ∀k ∈ N
Claim: No subsequence of (xk) is weakly Cauchy.
Indeed, let (kn) ⊂ N be given.
Put AN = {k2n : n ≤ N} and BN = {k2n−1 : n ≤ N} ∀N ∈ N.
Put

Xa,b = {x∗ ∈ BX∗ : 〈x∗, f(a)− f(b)〉 ≥ 4− 2D} .

Then ∀n ∈ N
Kn :=

⋂
a∈An,b∈Bn

Xa,b 6= ∅.

(Kn) is a decreasing sequence of non-empty w∗-compacts

⇒ ∃x∗ ∈
⋂∞
n=1Kn

⇒
〈
x∗, xk2n − xk2n+1

〉
≥ 4− 2D

(xkn)n is not weakly Cauchy+Rosenthal’s theorem⇒ `1 ⊂ X



Proof of M ↪→
D

X,D < 2⇒ `1 ⊂ X

Assume f :M ↪→
D
X, D < 2.

Put xk := f(k) ∀k ∈ N
Claim: No subsequence of (xk) is weakly Cauchy.
Indeed, let (kn) ⊂ N be given.
Put AN = {k2n : n ≤ N} and BN = {k2n−1 : n ≤ N} ∀N ∈ N.
Put

Xa,b = {x∗ ∈ BX∗ : 〈x∗, f(a)− f(b)〉 ≥ 4− 2D} .

Then ∀n ∈ N
Kn :=

⋂
a∈An,b∈Bn

Xa,b 6= ∅.

(Kn) is a decreasing sequence of non-empty w∗-compacts
⇒ ∃x∗ ∈

⋂∞
n=1Kn

⇒
〈
x∗, xk2n − xk2n+1

〉
≥ 4− 2D

(xkn)n is not weakly Cauchy+Rosenthal’s theorem⇒ `1 ⊂ X



Proof of M ↪→
D

X,D < 2⇒ `1 ⊂ X

Assume f :M ↪→
D
X, D < 2.

Put xk := f(k) ∀k ∈ N
Claim: No subsequence of (xk) is weakly Cauchy.
Indeed, let (kn) ⊂ N be given.
Put AN = {k2n : n ≤ N} and BN = {k2n−1 : n ≤ N} ∀N ∈ N.
Put

Xa,b = {x∗ ∈ BX∗ : 〈x∗, f(a)− f(b)〉 ≥ 4− 2D} .

Then ∀n ∈ N
Kn :=

⋂
a∈An,b∈Bn

Xa,b 6= ∅.

(Kn) is a decreasing sequence of non-empty w∗-compacts
⇒ ∃x∗ ∈

⋂∞
n=1Kn

⇒
〈
x∗, xk2n − xk2n+1

〉
≥ 4− 2D

(xkn)n is not weakly Cauchy+Rosenthal’s theorem⇒ `1 ⊂ X



Proof of M ↪→
D

X,D < 2⇒ `1 ⊂ X

Assume f :M ↪→
D
X, D < 2.

Put xk := f(k) ∀k ∈ N
Claim: No subsequence of (xk) is weakly Cauchy.
Indeed, let (kn) ⊂ N be given.
Put AN = {k2n : n ≤ N} and BN = {k2n−1 : n ≤ N} ∀N ∈ N.
Put

Xa,b = {x∗ ∈ BX∗ : 〈x∗, f(a)− f(b)〉 ≥ 4− 2D} .

Then ∀n ∈ N
Kn :=

⋂
a∈An,b∈Bn

Xa,b 6= ∅.

(Kn) is a decreasing sequence of non-empty w∗-compacts
⇒ ∃x∗ ∈

⋂∞
n=1Kn

⇒
〈
x∗, xk2n − xk2n+1

〉
≥ 4− 2D

(xkn)n is not weakly Cauchy+Rosenthal’s theorem⇒ `1 ⊂ X



Left open
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X, D < 2, implies that `1 ⊂ X?



Left open

• Fully non-linear Amir-Cambern? At least for scattered
compacta?

• Is it true that `1 ↪→
D
X, D < 2, implies that `1 ⊂ X?



Autumn 2014: Thematic trimester at the
Université de Franche-Comté

“Geometric and noncommutative methods in
functional analysis”


