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Definition A Banach space X has the approximation property provided
that, for every compact set K C X and every € > 0, there exists a finite
rank operator T : X — X such that || Tz — z|| < € for every z € K.

We say that a Banach space X has the hereditary approximation property
(HAP) if all its subspaces have the approximation property.
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Definition A Banach space X has the approximation property provided
that, for every compact set K C X and every € > 0, there exists a finite
rank operator T : X — X such that || Tz — z|| < € for every z € K.

We say that a Banach space X has the hereditary approximation property
(HAP) if all its subspaces have the approximation property.

Examples of spaces with HAP:

e Johnson (1980) : for suitable k, T oo and p, — 2, the space

X = (Z EBEé:) has HAP and is not isomorphic to /5
n £y
o Johnson (1980): the 2-convexified Tsirelson's space T(2)



e Pisier (1988): weak Hilbert spaces have HAP
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e Pisier (1988): weak Hilbert spaces have HAP

Definition (Pisier) A Banach space X is a weak Hilbert space provided
there exist § > 0 and K > 1 such that: every finite-dimensional subspace
E C X contains a further subspace F with dim F > § dim E and

d(F.emF) <K and |[P:X — Fl| < K.
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e Pisier (1988): weak Hilbert spaces have HAP

Definition (Pisier) A Banach space X is a weak Hilbert space provided
there exist § > 0 and K > 1 such that: every finite-dimensional subspace
E C X contains a further subspace F with dim F > § dim E and

d(F.emF) <K and |[P:X — Fl| < K.

It is known that weak Hilbert spaces satisfy some very strong types of
approximation properties, in particular they admit a finite-dimensional
Schauder decomposition (Maurey-Pisier)

Question: Does every weak Hilbert space have a Schauder basis?
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Spaces which do not have HAP

Szankowski (1978): a Banach space X does not have HAP (i.e., admits a
subspace without the approximation property) whenever

p(X) = sup{p : X has type p} <2

or
q(X) =inf{q : X has cotype q} > 2.
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Spaces which do not have HAP

Szankowski (1978): a Banach space X does not have HAP (i.e., admits a
subspace without the approximation property) whenever

p(X) = sup{p : X has type p} <2

or
q(X) =inf{q : X has cotype q} > 2.

X has type p (< 2) if there exists C > 0 such that for all n and

X1y s Xp € X
1
J

5 1/2 .
de| <O IklP)MP
i=1

Z r,-(t)x,-
i=1
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New result on HAP

(Johnson and Szankowski, Annals of Mathematics 2012)
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Definition For a Banach space X the sequence of distances to a Hilbert

space {dn(X)} is defined by
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Theorem If X is a Banach space such that the sequence {d,(X)} grows
sufficiently slow as n — oo, then X must have HAP.
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New result on HAP

(Johnson and Szankowski, Annals of Mathematics 2012)

Definition For a Banach space X the sequence of distances to a Hilbert
space {dn(X)} is defined by

dn(X) = sup{d(E, 5"™E) | E c X, dimE < n}.

Theorem If X is a Banach space such that the sequence {d,(X)} grows
sufficiently slow as n — oo, then X must have HAP.

The rate of growth of {d,(X)} needed is of (inverse) Ackermann type: for
a fixed A > 1, define D : N — N by D(j) = 3[A/] and let

v(§)=DoDo...oD(1).
—
341

The theorem requires d,(;y(X) = o (37/), for some 5 < 1.
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Question (J-S) If dp(X) = o(log n), does it imply that X has HAP?
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Question (J-S) If dp(X) = o(log n), does it imply that X has HAP?
Our result

When the rate of growth of d,(X) is at least the same as (log n)”, for
some 3 > 1, then X does not necessarily have HAP.
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Question (J-S) If dp(X) = o(log n), does it imply that X has HAP?

Our result

When the rate of growth of d,(X) is at least the same as (log n)”, for
some 3 > 1, then X does not necessarily have HAP.

Theorem (A-Chlebovec) Let X' be the class of Banach spaces X which
have cotype 2 and are of the form X = {»(Z), for some Banach space Z.
Let X in X and assume that there exist constants o > 0,8 > 1 such that

dn(X) > « (log n)? Vn.

Then X does not have HAP.
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Criterion (Enflo): Assume that in a Banach space Z there exist bounded

sequences {zy} C Z, {zi}k C Z* such that

(i) z;(zx) = 1, for all k, and z; * 0.

(i) for every linear operator T : Z — Z and n we have
18n(T) = Boa(T) < [ Tlevn

with Z o, < 00, where

n
1 .
BT =5 D #lT2)
2"§k<2"+1

Then Z does not have the bounded approximation property.
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Criterion (Enflo): Assume that in a Banach space Z there exist bounded
sequences {zy} C Z, {zi}k C Z* such that
(i) z;(zx) = 1, for all k, and z; * 0.
(i) for every linear operator T : Z — Z and n we have
18n(T) = Boa(T) < [ Tlevn

with Z o, < 00, where

n

(T =5 > z(T)

2"§k<2"+1

Then Z does not have the bounded approximation property.

Proof Bj(/) =1 for all j and B;(T) — 0 if T has finite rank. Then, for
any T of finite rank

= Tl zdpn ey onis = 1Ba(l = T =1 = |5a(T)

>1- 3 BT = BT = 1= TS .
j=n Jj=n

7/16



8/ 16



Some useful vectors in £5(X):

Definition Let X be a Banach space. For n=1,2,..., let k,(X) > 1 be
the smallest constant k such that for every 1-unconditional normalized
sequence of vectors {u,-}f-:1 in X, with 1 </ < n, one has

I
W< Zu,-H <kVI

i=1

[We say that X has property (H) provided x(X) := sup, ka(X) < o0].
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Some useful vectors in £5(X):

Definition Let X be a Banach space. For n=1,2,..., let k,(X) > 1 be
the smallest constant k such that for every 1-unconditional normalized
sequence of vectors {u,-}f-:1 in X, with 1 </ < n, one has

I
W< Zu,-H <kVI

i=1

[We say that X has property (H) provided x(X) := sup, ka(X) < o0].

Proposition (Nielsen-Tomczak J.) Let X be a Banach space which has
type 2. There is a universal constant C > 1 such that, for all n,

dn(X) < CT2(X)3k, (£2(X)).
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This means: for all n > 1 there are 1-unconditional normalized vectors
{z1,...,2p} C £2(X) such that either

IIZZ,He2 > cdn(X)n'/?

or
. 1 1/2
I iz:;ziH&(X) < 7cd,,(X)n 2,

When X has type 2 the first alternative fails.
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This means: for all n > 1 there are 1-unconditional normalized vectors
{z1,...,2p} C £2(X) such that either

IIZZ:He2 > cdn(X)n'/?
or

. 1 1/2
I ;zfllez()q < T(X)n 2,

When X has type 2 the first alternative fails.

Proposition Let X be a Banach space which has type 2. There is
¢ = ¢(T2(X)) > 0 such that, for all n > 1, there exists a 1-unconditional
normalized sequence of vectors {z;}_; C {(X) with

. 1 1/2
||;Zl||é2(x) S Cdn(X) n / .

9/16



Theorem Let X be a Banach space which has cotype 2. Assume there
exist constants o > 0 and 8 > 1 such that

dn(X) > a (log(n))®  Vn.
Then (3(X) has a subspace without the approximation property.
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Theorem Let X be a Banach space which has cotype 2. Assume there
exist constants o > 0 and 8 > 1 such that

dn(X) > a (log(n))®  Vn.
Then (3(X) has a subspace without the approximation property.

Sketch of the proof: WLOG we can assume that X* has type 2. Then
dn(X*) > @/ To(X*) (log(n))” .

For all n, we use (similarly as Szankowski) a partition V, of
{2n,...,2"1 — 1} For A € V,, we can find {€}};ca € £2(X*) such that

*
D¢

i€eA

c
< 7‘/4‘1/2
dia)(X*)

£o(X*)
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Theorem Let X be a Banach space which has cotype 2. Assume there
exist constants o > 0 and 8 > 1 such that

dn(X) > a (log(n))®  Vn.
Then (3(X) has a subspace without the approximation property.

Sketch of the proof: WLOG we can assume that X* has type 2. Then
dn(X*) > @/ To(X*) (log(n))” .

For all n, we use (similarly as Szankowski) a partition V, of
{2n,...,2"1 — 1} For A € V,, we can find {€}};ca € £2(X*) such that

*
D¢

i€eA

£o(X*)

Let {ej}jca C €2(X) such that e/(e;) = ;5. Denote X4 = span{e;}ica and
then set

Y=1|> Y PXxa| cx).

n=1 AeV
" 1% 10/ 16



Y = i S Pxa| cx)

n=1 A€V, A

with basis vectors f; = (0,...,0,¢€,0,...) € Y (& € Xa in its
corresponding position for i € A)

v (S Y ®x

n=1 AeV,

0

123

with basis vectors £* = (0,...,0, e/
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Y = i S Pxa| cx)

n=1 A€V, A

with basis vectors f; = (0,...,0,¢€,0,...) € Y (& € Xa in its
corresponding position for i € A)

v (S Y ®x

n=1 AeV,

0

I

with basis vectors £* = (0,...,0, e/

Subspace without AP : Z =span{z}; C Y
zi = foi — fiy1 + fai + faiv1 + faiyo + fajy3

It remains to check Enflo’s criterion for {z};, {z/}

7F =

1 * * 1 * * * *
f §(f2i — f3it1) ;= Z(f4i + faiv1 + fhip2 + faig3) 5

11/ 16



Criterion (Enflo): Assume that in Z there exist bounded sequences

{Z,'},' C Z, {Z;k},' CZ"s t

(i) z(z) = 1, for all i, and z¥ 25 0.

(i) for every linear operator T : Z — Z and n we have
|ﬁn(T) - anl(T)| < ||THO(,,

with Z ap < 00, where

n
Bn(T) = on Z zi (Tz)
2n§"<2n+l

Then Z does not have the bounded approximation property.
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zi = fpi — hjr1 + fai + faiy1 + faizo + faiy3

2 = i(fz*, fznl)!Z:%(aH- +firs))
Bu(T) = Z z; (Tz)
2n§,‘<2n+1
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zi = fpi — hjr1 + fai + faiy1 + faizo + faiy3

o = 305 - fz’i+1)lz=%<m+. )|,
Bn(T) = > Z(Tz)
2n§,‘<2n+1

. m(r)—ﬁn,l(r):znﬂl > ().

2n+1§,’<2n+2

yi = a linear combination (with bounded coefficients)

of 9 vector basis f; not including f;
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zi = fpi — hjr1 + fai + faiy1 + faizo + faiy3

o = 305 - fz’i+1)lz=%<m+. )|,
Bn(T) = > Z(Tz)
2n§,‘<2n+1

. m(r)—ﬁn,l(r):znﬂl > ().

2n+1§,’<2n+2

yi = a linear combination (with bounded coefficients)

of 9 vector basis f; not including f;

o [Bn(T) = Baa(T)| < 2n+1 Z Zf* Tyi)|
AEV,,+1 i€A
1 1
= orri > / (Z ri(t)fi*) (Z ri(t)TYI) dt
AcV,1 170 \iea icA
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< n+1 > max{ > cif? T(Z&%‘)H}
AEV i1 icA icA
1 ontl
< on+1 Mot HTH Agl‘ax IGZAe? Arerjax IEZAay,

(here we used |A| = mp1 = 2("+1)/8)
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(here we used |A| = mp1 = 2("+1)/8)

2.0 Dxa) v =(> > DX
n=1Aev, ‘ n=1A€EV, 0
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< n+1 > max{ > cif? T(Z&%‘)H}
AEV i1 icA icA
1 ontl
< on+1 Mot HTH Agl‘ax IGZAe? Arerjax ’EZAay,

(here we used |A| = mp1 = 2("+1)/8)

SY @] =[S @

n=1 AeV, n=1AeVv,

2 cif!

i€A

%3

C Cc
< —_|A 2 __ & m;l;/Z
dlA\(X*)‘ (log(mni1))? ™!
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< n+1 > max { > e || |[T (Z&%‘)H}
AVt icA icA
1 o0t
< T a if; max €
- 2n+1 My H H Arg X IGZA Acie IEZA iYi

(here we used |A| = mp1 = 2("+1)/8)

SY @] =[S @

n=1 AeV, n=1AeVv,

Zz 62
c c 1/2
° gifi|| < 7*"41/2: T wg M
2= G gty ™
. . /. o 1/2 _ 1/2
e special choice of A’s : Za,y, <A =9m, "
i€cA

(vi = a linear combination of 9 vector basis 6) 16



Thus
1

o(T) = Bot(T)| < || T|————
Bn(T) = Bn-a(T)| < ||(|og(mn+1))6

with mpyq = 2(rt1)/8,

Since 8 > 1, Enflo’s criterion is satisfied:

sl

n (log(mn+1))
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Final remarks

The result suggests a possible way of dealing with another question raised
by Johnson and Szankoswski:

Question (J-S) Is HAP preserved under f»-sums?
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The result suggests a possible way of dealing with another question raised
by Johnson and Szankoswski:

Question (J-S) Is HAP preserved under f»-sums?

Possible candidate for a counterexample:
x= (o)
n

The parameters k, T oo and p, — 2 can be chosen such that X has HAP
and

Uy

dn(X) > a (loglog log(n))”

for some absolute constants o > 0 and 5 > 1.
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Final remarks

The result suggests a possible way of dealing with another question raised
by Johnson and Szankoswski:

Question (J-S) Is HAP preserved under f»-sums?

Possible candidate for a counterexample:
x= (o)
n

The parameters k, T oo and p, — 2 can be chosen such that X has HAP
and

Uy

dn(X) > a (log log log(n))”
for some absolute constants o > 0 and 5 > 1.

Question s it true that ¢2(X) does not have HAP?
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