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1 Introduction
The large time behavior of solutions of the linearly damped wave equation
U + 20 = (a,(2)uy), + f(u),0 <z <1,t>0 (1.1)
with Neumann boundary condition
uz(0,t) = u,(1,t) =0, > 0, (1.2)

has been considered by several authors and some results showing almost no spatial
dependence on the x variable were obtained - see, for example, [Carvalho|, [Sola-Morales
and Valencial, ... (see also [Conway, Hoff and Smoller|, [Hale|, [Fusco] for the equivalent
problem for reaction-diffusion equations). As it is shown in [Carvalho], if inf{a(x) :
x € [0, 1]} is sufficiently large, then any solution converges to a spatially homogeneous
solution of (??) (in the case a constant, a similar result was obtained by [Sola-Morales
and Valencial).

For the wave equation with large damping, the existence of a exponentially at-
tracting finite dimensional invariant manifold was shown by [Moral. In this paper we
consider the case in which a, is large except in a neighborhood of a fixed point x; in
0, 1], where it becomes small.

Since a,, is large outside a small neighborhood of z, we expect that the solutions of
(??) converge to a constant on each subinterval as v — 0+. In fact, we will prove that

*

TInstituto de Matemética e Estatistica - Universidade de Sao Paulo



if a is sufficiently large then, as v — 0, the solutions of (??) approach the solutions of
a system of O.D.Es.

Diffusion coefficients of this type have been considered by some authors (e.g.,
[Fuscol, [Hale], [Carvalho and Pereiral, [Carvalho and Oliveira]) in the context of
parabolic equations and some nice results were obtained concerning to the structure of
the global attractor.

The main goal of the present paper is to extend those results for equation (1.1),
(1.2). Specifically, we will show that the global attractor A, of (1.1), (1.2) approaches
the attractor Ay of a system of two ordinary differential equations.

Remark 1.1 In fact, one can consider the case where the diffusion coefficient becomes
small in a neighborhood of a finite set of points. The difficulties thus introduced are
only of a notational nature. We have chosen to keep the notation as simple as possible
in order to better convey the main idea.

Remark 1.2 The case where the diffusion coefficient becomes large everywhere is not
explicitly considered here. However, it will become clear from our approach that, in this
case the asymptotic behavior is governed by a single first order differential equation.
This improves the results of [Carvalho], where a second order equation is obtained.

2 Hypotheses

In this section we state the hypotheses to be used throughout the paper.
H1 f:IR — IR is C? and satisfies the dissipativeness condition

f(u)

limsup ——= < —r, (2.3)

|u|—o00 u
for some r > 0.

H2 There exist x; € (0,1), positive constants ¢;, aj, €1, ex and functions ¢} > ¢4,
a) > ap of a small parameter v > 0 such that ¢(v) — ¢, = O(v?), for some
0<qg<1,and a)(v) —a; = o(1) as v — 0+, in such a way that a = a, is a C"*
function satisfying

a(z) > %, for 0<x <o —vl]
a(x) > %2, for x+vl<z<l
v , ' (2.4)
a(x) > vay, for x;—vly <z <xz+0l
a(x) <wvdy, for x;—vlh <z <z +0l



3 The linear problem

Let X be the real Hilbert space of square integrable functions on [0,1]. For each
0 < v < vy, define the operator A, in X by

D(A,) ={u € H*0,1) : 4/(0) = /(1) = 0}

and
(Ayu)(z) = —(a,(x)u'(x))', 0 <z < 1.

Since A, is a closed selfadjoint nonnegative operator in L(X), A, is sectorial and
therefore the fractional power spaces X = D(A)) endowed with the graph norm are
well defined and they are Hilbert spaces. Since A, has compact resolvent, the spectrum
of A, consists only of eigenvalues and, for each 0 < v < 1, the embbeding X C X

1
is compact. In this paper we shall assume that v = %, in which case X2 = H'(0,1)
endowed with the norm given by the inner product

(u,a) = /Ol[u(x)ft(x) + a, (2)u' (2)d (z)] d.
The following result is proved in [?].

Lemma 3.1 There exists a constant E > 0 such that

cup [00) < B [ 1o+ a(e)d o )

0<z<L1

for allv > 0 and ¢ € H'(0,1). Therefore, the constant appearing in the embbeding
L>(0,1) < X2 is independent of v.

Let H be the Hilbert space H'(0,1) x L?(0,1) endowed with the norm defined by
the inner product

(f0), (0,0)) = [ Tu()ie) + (@) (0)(2) + a (o) ()i ()] o
Let C, : D(C,) C H — H be defined by
D(CI/> = D(AV) X H1(07 1)

and
C,(u,v)(z) = (v(z), (a,(x)u(x)) —2a0(z)) , 0<z <l



Lemma 3.2 The operator C, is the generator of a strongly continuous semigroup on
H.

Proof. Let B, : D(B,) = D(C,) — H be defined by
B, (u,v) = (v, (a,u') — 2cv — u).
If (u,v) € D(C,), then integration by parts gives

(B, (u,v), (u,v)) = [y (uv + au'v' +v(av') —uv — 200?) da
= 2 [ v(z)?dr <0

and therefore B, is dissipative. Moreover, given (f,g) € H, the equations

{ u(x) — v(x) = f(2)

—(ay(2)d/(x))" + (2a + Do(z) + u(z) = g(x)

have an unique solution (u,v) € D(C,), which shows that R(I — B,) = H. By
the Lumer-Phillips Theorem, B, is the generator of a strongly continuous semigroup
of contractions on H. Since C, = B, + N, where N(u,v) = (0,—u) is a bounded
linear operator on H, it follows that C, is also the generator of a strongly continuous
semigroup {e“!, ¢t > 0} in H.

We now study the spectrum of C,, and prove exponential decay in a subspace of H.

Lemma 3.3 Let 0 = A\o(v) < A\ (v) < ... = 00 be the sequence of the eigenvalues and
dou(x) =1, @1y, ... be the corresponding eigenfunctions of

—(ay ()9 (1)) = A; (V) $ju(1),0 <z < 1,
;l,(x) =0, forx=0,1
(that is: the eigenvalues and eigenfunctions of A, ).

As v — 04, we have \(v) — W{Lxl) and Ay (v) = O(L), for allm > 2. Futher-
more, ||¢1(v)||ze(0,1) s bounded and we have

— /T +0(), if x € (0,21 — vl]]
—JEZ +0(w?), if x € [z — v, 21 — vl]

d1,(x) = O), if v € w1 — vly, 21 + vi] (3.5)
ﬁ + O(V%)> if x € [xy — vl 21 — v

w71_|_0(y%), if v € [z + vy, 1],

1—x1

as v — 0+.



The spectrum of C,, is given by ¥ = {uf , k=0,1,2,---,}, where
pEW) = —a % /a2 — \(v).

If v is small enough, we have four real eigenvalues 3 (v), i () , with corresponding
normalized eigenfunctions ;" = m(qﬁk, wE(W) o), k=0,1.

Corresponding to each pair of complex eigenvalues i (v), k > 2 there is an or-
thonormal basis in the two-dimensional generalized eigenspace
We then have the basis in H {%*, VT, 05 VT, Vksa, 1/1,%22}.
+ =\ — 142\, £ kN _ g
We observe that (1{", 97 ) = Ty and (1", 1; =) = d;; in any other case.
The matrix of the operator C), with respect to this basis is given by

0
Iy
—2«
My
Cy
Cs
where

0 A+ 1

Cn - -\ _2+

NoWEsT «

It is convenient at this point to introduce a new inner product in H. To this end
we observe that any z € H can be written (in a unique way) as

o
2= af P +xgy + Ol Farer + ) wpy, + iyl
n=2
and define
[o¢]
((z,2)) = 2@ + g @y + a3 + 2727 + > 2h @) + 200,
n=2
For later purposes, we observe here that
| <zhy > <,y >

|<w(—)i_7w(—)i_> <w0_7w(—)i_>|
<g,v%5 > <y, >




14 40? N V1+4a?
— < Z, wo > —
42 402

< 2,9y > (3.6)

|<z,wf> <Y, >
L <zl > <y >

€T =
' <UD > <dn el >
<P 0 > <Yy >
1+ 4a2(1+ )\ 14+4a?(14+ A 142X
= +daf(1+A) <z,¢f>—(\/ ( 1)>( 2 < z,%1 3.7)
4(&2—)\1)(1+)\1) 4(0[2—)\1)(1+)\1>
Now, denoting the new norm by ||| - |||, we have

2 ) 2 2 X 2 2 _ _ a _
217 = af" +ag " +af +ar + Yy +al +adwg (Uf, vy )+ xfa (U ¢r)

n=2

2012+ 1/2 (25" + 257) [0 ¥+ 1/2 (2 + 21%) [, 7))

VAN

and
202 > (112l = 172 (23 + 257) 1 )] = 1/2 (27 + 21%) [, )|
If o® > Ay, then |(1g,¥o )|, [{(¥7,47| <1 and it follows that
1/2|lI2[112 < (|21 < 3/2]]]2]]]?

Furthermore, the basis defined above is, by construction, orthonormal in the new
inner product, which we adopt from now on. We also denote it simply by (-).
We now write 2 = xf g + 27 ¥{ +w where w € W = [od, ¥ ]+

Lemma 3.4 Let C = Cyw be the restrition of C' to the subspace W. Then
e Cul] < e |ful]

foranyt >0, weW.

Proof It is enough to prove the inequality in each of the invariant orthogonal eigenspaces

Xy = W], X7 = [0f] and X,, = [¥,",¢07], n = 2,3,---. We treat only the two di-
mensional eigenspaces X,,, since the proof is easier in the one dimensional cases.



Ifwe X, w= ann' + bppn? then ||w|| = |(a,b)| where | - | denotes euclidean
norm. Thus ||e“‘w]|| = |e“(a, b)|.

L VIEN, 0
LetP—[ o Nowr: . Then

P‘ICP_[ —¢ VAo
It follows that

€ (a,b)] < [e"(a,b)]
_ e cos ot sin(v/ A, — a?t) (a,b)]
—sin(v/ A, — a?t) cos at ’

< e |(a,)|

which proves the claim.

4 Well-posedness and existence of attractors

In this section we discuss the well-posedness of problem (?7), (??) and prove that
it generates a dynamical system in H'(0,1) x L?*(0,1). Although these results are
well known we include them here for the sake of completeness. We also show that
the problem has a global compact attractor which is bounded in the L*-norm by a
constant independent of v and «.

With z = (u,v) € H and G : H — H defined by G(z2)(z) = (0, f(u(x))), 0 < z <
L,equation (??) can be written as an evolution equation

2(t) = CLz(t) + G(2), (4.1)
or in a "matrix notation” that will be convenient later:

(5) = () (1) (o)

Our first goal is to show that the initial value problem for (??) has a global unique
solution. As usual, solutions of (??) are defined as continuous solutions of the integral
equation

2(t) = e“'2(0) + /Ot e IG(2(s)) ds. (4.2)
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We denote by Ch! the set of differentiable functions with Lipschitz continuos deriva-
tives.

Lemma 4.1 If f : IR — IR is OV, then G : H — H is C%' and compact. Moreover,
G and DG maps bounded sets into bounded sets.

Proof. (PROVA DA PRIMEIRA PARTE?) We prove first that G is compact. Observe
that G = Wo Fo® where ® : H — H', U :[L? - H, F:H' — L? are given
by®(u,v) = u, W(w) = (0,w) Flu)(z) = f(u(x)).

Since ® and ¥ are clearly continuous we only have to prove that F' is compact. Also
since by Sobolev’s imbeding theorem, the imersion H' «— L? is compact it is enough
to prove that F, considered as function from H' into H' is bounded. Suppose then,
that ||ul|g: < C, where C' is a real positive constant. Since H' < L* with contin-
uous imersion, it follows that ||u||.c < K, where K is a positive constant depending
only ond C. Therefore, there exists a constant M (depending only on ('), such that
sup { f(u(x)), f'(u(x))}, where u varies in the set {u € H',||u||;n < C}. Thus

) 1/2
|1F()||p = 2 4 (F(ul@)) dx)

1/2

(hv
(

IN

2 | u’(:c))Q)

1/2

IN

(M2 +M2||u||H1)
J\4(1+||u||?q1)1/2
< M(1 +02)1/

IN

So G is compact (and therefore also bounded).

Now, it h = (€,1) € H (G'(2) - h)(z) = (0, '(u(x)) - £()

Reasoning as before, all we have to prove is that F': H' — L(H!, L?) is bounded.

Take i € H'. Then [|F'(u)(h)||72 = Jy [|f'(u(x)) - h()|[*da < M [y ||h(2)]]* da <
M||h|| g which proves proves the claim.

By using standard arguments and the Contraction Mapping Principle (see [?], [?])
we can prove the following

Theorem 4.2 For any zy € H, there ezists 0 < § < oo and a unique solution z(-, zp)
of (7?) defined on [0, B) satifying 2(0) = 2. If B < oo, then limsup, ,5 ||z(t)|| = oo
If z0 € D(C,), then t € (0,8) — z(t,z) € H is C', t € [0,8) — 2(t,20) € D(C,) is

continuous and z is a strict solution of (77).
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Next we show that all solutions are bounded and therefore defined on [0,00). In
fact, we show that there exists a bounded set in H which attracts any bounded set
of H under the flow generated by (?77?), (??7). To this end, we consider the Liapunov

function ,

Vo) = /01 lv(;ﬂ) N ay(z)u'(x)*] Flu)

where F(u) =[5 f(s)ds.

Lemma 4.3 If B is a bounded subset of H, then Ui>oT'(t)B is also a bounded subset
of H. In particular, any orbit of (??7) is bounded.

Proof. Hypothesis (??) implies that there exist positive constants k; and ko such that
uf(u) < Fu? 4k and F(u) < ZFu? + ko, for all u € IR. Therefore,

V(u,v) > /ol {'U(;E) + ZU([p)g + ;ay(z)u/(x)2 _ k;Q} dx
> C||(u,v)|]? = ks (4.3)

where C) = min{%, Z}. (Observe that C does not depend on v or a.
Now, if 2(t) = (u(-,t),v(-, 1)) is a solution of (??) with initial value in D(C,), then

jtV(u(., t),v(-t)) = /01 {vv, + ay (2)ugug — flu)u} de

1
= /—2av2d:v (4.4)
0

Therefore V(u(t),v(t)) decreases if (u(t),v(t) is a solution with initial value in
D(C,) and then, by continuity, this is also true for any solution.

Suppose B C H is bounded, say B C B(0,7). The there exists a constant
Cy = C9(B) such that [|ulloe < Cy if (u,v) € B (and this constant can be chosen
independently of o and v.

Therefore, there exists C5 = C3(B) such that |f(s)] < C5 if 0 < s < C5. Thus

[F(u(@))] < J5 @ f(s)|ds < CoCy and 3 |F(u())| dz < CoCs, so
1 1
[V (u,v)| < 5”(%“)”%{ + 0205 < 532 + €203
We conclude that, for ¢ > 0 and (u,v) € B
1
|T(t)(w,v)|| < V(T(t)(u,v)) + ko <V (u,v) + ko < 532 + C2C3 + ko

(Observe that these constants do not depend on v or «).
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Lemma 4.4 The semigroup T(t) is asymptoticaly smooth.

From the variation of constants formula and lemma 77 it follows that
T(t)z = ez +U(t)z

where U(t) is compact.

Writing z = adg + 277 + w, it follows from the representation of C, given in
section 77 that

T(t)z = e%'w + a1 e Tty + advd + U(t)z

Writing S(t) = e%tw + 21 Te! ' and V(t) = xfyd + U(t)z, we have
T(t) = S(t) + V(t), with ||S(t)z| < ez|| by lemma ?? and V(t) compact.

Using lemma 3.2.6 of [?] the result follows immediately.

For convenience we trancribe here the definition of a gradient system as given in

[7].

Definition 4.1 A strongly continous C"-semigroup T'(t) : X — X, t >0, r > 1 is said
to be a gradient system if

1. Fach bounded orbit is precompact.

2. There exists a Lyapunov function for T(t); that is, there is a continuos function
V : X — IR with the property that

(a) V is bounded below.

(b) V(x) = o0 ast — oo.

(c) V(T (t)x) is noincreasing in t for each x € X.

(d) If x is such that T(t)x is defined fort € IR and V(T(t)x) = V(x) fort € IR,

then x is and equilibrium point.
Lemma 4.5 T(t) is a gradient system

Proof. ??. follows from lemmas ??, ??7 and the variation of constants formula. ?7),
?7?), 77) follow from ?? and ?? ( in the proof of lemma ?7). Finally, suppose that
V(T(t)z) = V(z) for t € IR, where z = (u(t),v(t)). Then, by ??, v(t,z) = 0 and so
u(t,z) = u(0,z) = ¢(x) and satisfies

(ap(2))e + flp(x)) =0, :(0) = (1) =0

that is z = (¢, 0) is an equilibrium. This proves ?7.
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Lemma 4.6 Let E be the set of equilibrium points of T(t). Then, there exists a con-
stant C', independent of v and « such that ||¢|| < C, for all (p,0) € E.

Proof. If (¢,0) € E then (a,(z)p(x))z+ f(p(z)) =0, ¢.(0) = ¢, (1) = 0. Multiplying
by ¢(z) and integrating, we obtain
[ a@)e)esdr = [ o) dr
0 0

From 77, it follows that

[ @@enta)eo < [ 5wt + e

and so

1
el = [ (@ @)en@)en() +ui(a) da
2 1
< max{l,f}/ ki dx
r 0
which gives the result.

Theorem 4.7 The problem (??) has a global compact attractor A for any v > 0 and
a >0, and A = W*(E). If each element of E is hyperbolic then A = Uyep W*(z).
Furthermore there exists a constant C independent of v and o such that ||ul| < C for
any (u,v) € A.

Proof. The existence follows from theorem 3.8.5 of [?]. For the boundeness we use
lemma 77, the decreasing property of V' and the imbbeding given by lemma ?7.

5 Invariant Manifold and Asymptotic Behavior

Using the notation of section ?? we write z = 3 ¢d + 2] +w for z € H.
Then equation ?? can be decomposed as

x(—)i_ - PO(‘IO ,ZET,’U))

= plaf + Pi(rg, 2, w)

w = ng—i—Q(l'o,l'l,QU)

where
0 1
03 —A|W —2« ‘|

Po(-’L'ar,l'i’—,lU) = < G(Z)a,’vba_ >
Pl(xa_axii_aw) = ( ) ¢1
Q(xg,xf,w) = G( ) PO(:C07Z.17 )wo P0<:C0>x17 )%
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Using equations 7?7 e 7?7 (with z = (0, f(u))), we obtain (after some routine com-
putation)

Rafoafow) = o [ o 55
1-2
P1<$(—)’—,£L‘1’—,w) = \/7 /1 f(Z)le (56)

We now proceed formally in order to obtain a set of O.D.Es, which we expect to
describe the asymptotic behavior of 77 if « is big and v goes to infinity.

If o is big we expect, from lemma 77, the w-component to die out very fast. Taking
also into account the behavior of the eigenvalues and eigenfunctions of A, given by
lemma ??7 as v — 0, we obtain

1 1
Pzt o+ _ 7/ + +
0(x07x17w) 20 B f(l'0¢0—|—.1'1 m(bl"i_w)
ko
f(x0+x1 +/f370+5l3'1v)>

o flad + xr’j> (=)t + xf’j)) (5.7

V1= 2auf
Pz, 2, w) Ha

1Ly, Ty, W

2y/a? —
where
. 2211y

= 1] M\ =

b ulg(l) ! (1 — 1)
20

_ 1 _ +_

v o= lg]%\/l 207 =1+ 5
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After the change of variables

g

]

equations 7?7, 7?7 become

r121 + (1 — 1) 2

Y (—kizrz1 + ka(1 — 21)22) (5.9)

|

+ (\/ﬂ— )(1—951)(31—22)
= o (f(a) + (1 - o)z — 2))
Lt ( (22— 21) — (1— 1) 0
2_72+2\/7 1= 2+ /1= Z(f(z) — f(=))
5 = ( QJ__Etﬂm+(1 o 2¢§gﬁ>ﬂ@>

B

+ (Y2 = B—a)(@1)(z — =)
1

= o (f(z2) = 21B(22 — 21))

I P

2_£+2@(22—21)+x11_52+\/1_7(f(22) (=)

|

Reescaling the time by 2a;, we obtain

. a 1
4 = () + gt =) + 5z a(o)
. aq 1
P = (f(22) - m(z2 - 21)) + 5 3f(a)
where R;(a), Ry(a) = O(1) as a@ — 0.
As « grows, these equations approach the system
{ 4 = f(z1) + 21%1(22 — 21) (5.10)
= f(2)- 211(1_11)(752 — 21)
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which determines the asymptotic behavior in the parabolic case (see [?], [FUSCO] ).
This is in agreement with the results of [?], showing the attractor of the hyperbolic
equation hyperbolic — with — € approachs the attractor of the parabolic.

We now want to proceed in showing that these equations indeed describe the asym-
potic behavior of ??7. To this end we first modify the function G outside a ball of H
containing the attractor for all v and «, in order to obtain a function that is globally
bounded in CM(H, H), that is, the space of functions in H whose derivative satisfies
a Lipschitz condition. The existence of a ball B of H with the required property is
granted by theorem ?77. Furthermore, from lemma 7?7, there exists a constant C' such
that {u(z)|z = (u,v) € B} C [-C,C]| We then modify f outside [-C, C] in such a way
that f becomes bounded in C!(IR,IR), It is then easily verified (needs a proof?) that
G satisfies the required properties.

We will now prove that the modified flow admits a (global) exponentially attracting
invariant manyfold. This will, of course, be only a local invariant manyfold for the
original system. But, since it contains the global attractor of the original equation, the
asymptotic behavior is determined by the flow in it.

The following result can be proved following the lines of Henry [?] (Thms. 6.1.2,6.1.4,6.1.5,6.1.7).
A somewhat different proof can be found in [Chow].

Theorem 5.1 Let X,Y be Banach spaces with dimY < oo and assume that A is the
generator of a C° semigroup. Suppose F' : X xY — X and G : X xY — Y are
bounded in C*'(X x YV, X xY).

Consider the system

T = Axr+ F(z,y)
. 5.11
{y = G(z,y) (5.11)
Assume that
1L|F(z,y) = F(@ )| < Allz =2 +1ly=41)),  [[F(z,9)ll < N, for any

(r,y) € X xY.
2. |le=4| < M||e=*|| fort > 0.
3. |G(z,y) = G, )| < Ma ([|z = 2'[] + [ly = ¢'[]) for any (z,y) € X x Y.

Suppose that, for some positive constants A and D

1. X <D.
_ A A
2. 0= a—(1+A) Mz < 1+A"
2\
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Then there ezists a (global) exponentially attracting invariant manifold

S={(z,y) |r=0(y)yeY}

which is bounded in CYY (X x Y, X x Y, and satisfies
eIl < D, llo(yr) = o(ya)ll < Allyr = al|-

Corollary 5.1 Suppose f belongs to CV (IR, IR) with sup{ f(x)|zr € R} = M, sup{f.(z)|z €
IR} = L. Assume that

a) \/Aa(v) >a >6L.

Then, there ezists a (global) exponentially attracting invariant manifold
$ ={(ad,af,w) | w=olaf,a7), € R}

for system [?7].
The flow on S is given by u(t,z) = xf ¢o(x) + xi ¢1(x) + o(xf, x7) where (x§,27) is

the solution of

ZES_ = P0<m07x1’_70-(x(—)‘_7xi‘—)) (512)
‘Tii_ = :ul xl + Pl(x(] y L1 ag(xa_axi_))

As a and v — 0, (with Ap? > a) o — 0 in C*(IR%, W).

Proof. If f satisfies the conditions above, it is easy to prove that Fy, P; and () belong
to CLY(H, H) with the same bounds L and M. The first part follows from the theorem
?? with A = 1 and D any number bigger than % For the second part we observe that
A and D can be taken as small as wished by taking « big enough.

Theorem 5.2 Suppose the system 77 is structurally stable. Then, for o sufficiently
big and v sufficiently small, with \/A2(v) > « the flow on the invariant manifold given
by 77 is topologically equivalent to ?77.

Proof. For each a and v satisfying the conditions of corolary ?? consider the flow in the
two-dimensional subspace generated by ¢ and ¢y, given by v(t, z) = z§ ¢o(x)+x7 ¢1 (),

where .
iy = Po( oy, o(xg,21)) (5.13)
"L‘f = ,Ll,l I‘l + Pl(xO 71‘?’7 (.Tg, xf))

Since the application v — u = v 4+ ou is a conjugation betwen orbits of this flow and
orbits of 7?7, we only have to prove that system 77 is topologically conjugate to 77?.
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Now, reescaling the time by i, and changing back the variables to zg, 21 by using 77,
we see that what remains to be proved is that the vector fields

X(%V)(l’g, IT) = (pg(Oé, V)7 pl(av V))
and

X (oo, )(5637331) = (PO(OO 0), P1(OO,O))

Blaw) = [ fadoole) + aton(w) + ol of))on
Ao = 2072 o) ¢ atone) + oteg 1)

=0
Puoe,0) - (xlf@g bt )+ (- et +ot )

v +k
2am <—l'1k?1f<$8_ — I’l ~

Bu(co,0) = L ""7))

are C! close.
This follows easily from the fact that o approaches 0 in the C' topology and the
asymptotic properties of the eigenvalues and eigenfunctions of C' as v — 0 and a — oc.
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