AN OBSTACLE PROBLEM FOR NONLOCAL EQUATIONS
IN PERFORATED DOMAINS
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ABSTRACT. In this paper we analyze the behavior of solutions to a nonlocal equation of the
form J x u(z) — u(z) = f(z) in a perforated domain Q \ A° with v = 0 in A° U Q° and an
obstacle constraint, u > 1 in Q\ A°. We show that, assuming that the characteristic function
of the domain Q \ A€ verifies xy. — X weakly™ in L>(2), there exists a weak limit of the
solutions u¢ and we find the limit problem that is satisfied in the limit. When X # 1 in this
limit problem an extra term appears in the equation as well as a modification of the obstacle
constraint inside the domain.

1. INTRODUCTION

Let us take a family of open bounded sets Q¢ C RY satisfying Q¢ C Q for some fixed open
bounded domain Q ¢ RY and a positive parameter e. In this work we see Q€ as a perforated
domain where the set

A=Q\Q°
describe the holes inside €.

If we denote by x. € L>(R") the characteristic function of Q¢, we assume that there exists
a function X € L (RY), strictly positive inside €, such that

(1.1) Xe = X weakly™ in L*°(Q).
This means that
/ Xe(x) o(z) de — / X(@)p(xr)de ase—0
Q Q

for all ¢ € L'(Q2) and there exists a positive constant ¢ > 0 such that
0<c<X(z)<1l forxe.
Notice that y. as a characteristic function also satisfies

0<xe(z)<1 inRY,

Now given a function ¢ € L? (]RN ) let us introduce the following unilateral convex sets
K.={¢pe L2RY) : ¢(z) =0 in RV \ Q° with ¢ > in Q°}
and

K={¢eL*RY) : ¢(z) =0 in RV \ Q with ¢ > X in Q}.

Key words and phrases. perforated domains, nonlocal equations, Neumann problem, Dirichlet problem.
2010 Mathematics Subject Classification. 45A05, 456M05, 49J40.
1



2 M. C. PEREIRA AND J. D. ROSSI

In the convex set K., the function 1 defines an obstacle constraint which oscillates according
to the configuration of the holes A€ since for all ¢ € K, we have ¢(z) = 0 wherever z € A°.
Notice that the convex set K, which is the weak limit of the sets K. (note that any weak limit
of a sequence v¢ € K, belongs to K), possesses as obstacle the function X1 which depend on
the limit of the characteristic functions ye.

Consider now the following functionals I and Iy defined for any ¢ € L?(R") with ¢(z) =0
in RV \ Q and a fixed function f € L?(f)

10) = 5llell? = [ fods

and

0@) = gl +5 [ potda= [ fod

where the coefficient p € L>(£2) is given by

11— X(x)
(1.2) p(x) = W
The norm ||| - ||| is set for any ¢ € L2(RY) with ¢(x) =0 in RV \  and is given by

1
ol =5 [ [ 7@ =0)(6() - ola) Pdyda.

Notice that ||| - ||| is associated to the nonlocal Dirichlet problem

(1.3 [ @ =0)60) = 6@ty = 1(@) a0
with

(1.4) p(z)=0 zeRV\Q

where the function J that appears as the kernel in the integral equation is assumed to satisfy

J € C(RY,R) is non-negative and compactly supported with J(0) > 0,

(Hy) N
J(—x) = J(z) for every z € R, and J(x)dx = 1.
RN

As we can see in [I, Section 2.1.1], under these conditions ||| - ||| defines a norm which is
equivalent to the usual L?-norm, and then defines a coercive bilinear and continuous form in
L?. Indeed, if \; is the first eigenvalue of the nonlocal Dirichlet problem and , we
know that satisfies

oll* > Awllgli?q)
for any ¢ € L?(RY) with ¢(z) =0 in RV \ Q.

We refer to [II, 2, 10, 1], 12| [14], 15, [I7, 18] for references involving nonlocal operators
with non-singular kernels. The mathematical interest of dealing with a non-singular kernel is
due to the fact that, in general, these operators have no regularizing effect and therefore no
general compactness tools are available.



AN OBSTACLE PROBLEM IN PERFORATED DOMAINS 3

Now we are ready to state the main result of this paper.

Theorem 1.1. Let {u‘}cso be the family of functions given by the unique solutions of the
minimization problems

1.5 I(u®) = inf I(¢).
(1.5 () = inf 1(6)
Then, there exists u* € K such that
u — u* weakly in L*(Q)
as € = 0 with u* being the unique solution of the minimization problem

Io(u’) = inf Io(9).

Notice that when X = 1 the effect of the holes disapear in the limit and we find that the
limit problem has the same functional and the obstacle constraint is reduced to u > v inside
Q. Indeed, we have the following result.

Corollary 1.1. Under the assumptions of Theorem [1.1] with the additional hypothesis
X=1inQ,
we have that
u® — u* strongly in L*()

being u* the unique minimizer of the problem
I(u*) = inf T
(") = Inf I(¢)
with K = {¢ € L2 (RY) : ¢(z) =0 in RN\ Q with ¢ > 1) in Q}.

Our results are valid under very general assumptions on the holes, namely we only require
that the characteristic functions of the involved domains converge weakly.

An example. One simple example is the case where we have a bounded domain €2 from
where we have removed a big number of periodic small balls (the holes). That is, we consider
Q°=0Q \ U; Bye (.’El)
where B,«(x;) is a ball centered in z; € Q of the form z; € 2¢Z" with radius 0 < 7€ < € < 1.

In this situation we have a critical value for the size of the holes. In fact, if
r¢ = Cpe
we obtain from Theorem that the limit u* is a solution to a minimization problem with
an extra term that can be explicitly computed. In fact,
1-X

M:T

where X' € L*°(2) is just a positive constant, X = cte, determined by the proportion of the
cube which is occupied by the hole.

This follows from the fact that in this periodic case we obtain from [8, Theorem 2.6] that

Xe =~ X =Q\ B|/|Q|
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(here @ is the unit cube and B is a ball of radius Cy inside the cube). Note that the terms
X and (1 — X)) that appear in the limit problem can be seen as the effect of the holes in
the original problem and thus the coefficient v that appears in the limit represents a kind of
friction or drag caused by the perforations.

We also remark that in this critical case also the obstacle constraint is modified when
passing to the limit, changing from u > % to u > X+. This is due to the fact that the
measure of the holes in this critical case is of order one.

For holes that are smaller, that is, for radii
r¢ < e,

we have that the effect of the holes disappear in the limit. This is due to the fact that we
have X = 1 in this case. We remark that in this case we have strong convergence of u¢ in L?
due to the fact that the convergence y. — 1 is strong in L?.

Previous results. Now, let us end the introduction comparing our results with the ones
that hold for the local Laplacian and the fractional Laplacian. First, for the local Laplacian,

i.e., for the problem
€2
min/ |v; | — fuf
with ©¢ = 0 on 9Q2€ and u€ > ¥ in €, the following results are obtained in the classical paper
[6] (see also [0l [7, 18, O} 13], 19], 21]). Assuming N > 3, the critical size of the holes is given by

N

r¢ ~eN-2,
In this case also an extra term of the form fQ p (v*)? appears in the limit functional, but there
is no change in the obstacle constraint that remains as v* > 1.

For a similar problem with the fractional Laplacian (a nonlocal problem but with a singular
kernel) we refer to [4] (see also [3]) where the authors show that the critical radii for the

appearance of an extra term is

_N_
’r’e ~ €N—-2s

In this case again there is no change in the obstacle constraint that remains as v* > .

For nonlocal problems of this kind but without the obstacle constraint we refer to [20]. It
is proved there that an extra term arises in the equation in the critical case, but there is no
interplay with an obstacle. The fact that there is an obstacle involved makes the passage to
the limit more difficult since we have to find what is called a corrector in the homogenization
literature. This corrector takes the simple form w® = /X but it only converges weakly (and
not strongly) to 1 as e — 0. This fact creates new difficulties when passing to the limit in the
functional to be minimized, see Section

Therefore, we conclude that, in contrast to what happens for the Laplacian and the frac-
tional Laplacian, for non-singular kernels the effect of the holes in the critical case affects the
limit functional to be minimized and also the obstacle constraint that is satisfied in the limit.
There is also a difference in the extra term that appears in the limit functional in the critical
case, in our case we have [, pu? and not [, u(u—)? as happens in [6] and [4]. This is due to
the fact that we are taking u¢ = 0 in the holes and the obstacle constraint u€ > v in Q€ the
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whole set minus the holes; while in [6] and [4] it is assumed that u® > ¥x, in the whole
(note that this only implies u¢ > 0 in the holes).

Note that in the critical case one has weak convergence in the natural space. In fact, for
our problem we have weak convergence in L? of the sequence u¢ while for the Laplacian there
is weak convergence in H' and for the fractional Laplacian the convergence is weak in H*.

We remark that in our problem we are assuming only weak convergence of the characteristic
functions of the involved domains €€, x. — X and we don’t have any regularizing effect
coming from the involved operator (that is only a bounded operator in L?) these facts make
the passage to limit a nontrivial task, since the ideas contained in the previously mentioned
references for the Laplacian or the fractional Laplacian are not directly applicable in the
present situation.

The paper is organized as follows: in Section [2| we collect some preliminary results; in
Section [3] we present some results concerning the obstacle problem (in particular we prove
that there is a unique solution) and, finally, in Section [4| we prove our main result.

2. PRELIMINARY RESULTS

In this section we introduce some technical results which are needed to prove Theorem
Proposition 2.1. Let ¢¢ and ¢° be sequences in L?(RY) vanishing in RN \ Q and satisfying
¢ — ¢ and ¢ — ¢ weakly in L*()
as € — 0, for some ¢ and ¢ in L>(RN) with ¢(z) =0 and p(x) =0 in RV \ Q.

Then

[ @ [ e newdits s [ o) [ - et dde

Proof. Notice that we conclude the proof if we show that
Ue(z) = / J(x—y)e(y) dy = / J(z—y)e (y) dy
RN Q

5 Uhle) = [ Je—peldy= [ Ta- ey aseo

strongly in L?(2).
To do that we first observe that the fact that ¢ — ¢ weakly in L?(Q2) implies
Ue(x) — Up(z)
for all x € Q. Also, we have that U, satisfies
|Ue(@)] < [Q1"2]| || oo 2y 12| 220
Thus, due to Convergence Dominated Theorem, we get that

U.— Uy weakly in L*(9Q).
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Moreover, we have that
1Uell 2y = 100l 120
since
Ue(@)? < QT 7o ey 1651 2
and U, (z)* — Up(z)? as € — 0 wherever z € Q.

Consequently, as we are working in a Hilbert space, we conclude
U.— Uy strongly in L*(Q)

proving the result. O

Proposition 2.2. Let w be any sequence in L*(RY) with wé(z) =0 in RV \ Q.

If we — w for some w € L2(RY) as e = 0 and w(x) = 0 a.e. in the holes A¢, then

i [ || > |+ [ o do.
e>0 RN

Proof. Take any test function ¢ € L2(RY) with ¢(z) =0 in RV \ © and consider

X X
[[|w® — §¢|H2 = [|lw|II* + IHfaﬁlH2

€ € Xe Xe
—/RN /RN J(z — y)(w(y) — w(z)) (}(yﬁb(y) - E(fcﬁb(l‘)) dydz.
Then, as [||[w® — (xc/X) ¢||| > 0, we have

€ Xe
26 [[|w ||\22—|||§¢\||2
. € € Xe Xe
+ /RN /RN I (@ —y)(w(y) —w'(@)) (y(y)é(y) ~ X (@)é(2)) dyda.

First, from the fact that (xe(z))? = x.(z), we get

5ol =5 [ [ 7= (F50o0)* + 35 @) - 25 ot 3 @)o(a) duda.

Hence, as € — 0, we can pass to the limit using Proposition [2.1] to obtain

& 2 1 o ¢2(y) ¢2($)_ T T
1olle =5 [ ] a0 (55 + G - 2600(0)) dod

1
-1 /R ) /R T —y) [(6() - o))+

) (P ) + ) (P )| duda

2 2
- d
ol + [ o da

since y — X weakly in L>°(R"™) and the function J is even.
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Now let us evaluate the integral

o= [ [ Je=pwe - w@) (o - @) dud.

Since we are assuming w®(x) = 0 in A€, we have w®(x)x(x) = w(x), and then,

@ = 2 [ 3= (Xm0 - v ) @0t duds

‘ &2

=2 [ [ e (S0 - w0l ) du

Consequently, we can pass to the limit in Q. getting

Qe — Q/RN /RN J(z —y) (w(y)i(é)) - w(y)¢(w)) dydz

=2 [ g e 6 - o) + o) (10 )] duda
= [ ] 7@ = i)~ w@)@) - de)duds +2 [ pwods

for any test function ¢.
Therefore, if we choose an appropriate subsequence w® (still denoted by w€) such that
Lim [[[w||[* = lim inf |[|we]||?
e—0 e—0
we obtain from (2.6]) that

tim i [l = <ol ~ [ wétdosz [ pwods
e—0 RN

(2.8) R
]I ) - w@) (@) - o) dyds.
RN JRN
Thus, we conclude the proof taking ¢ = w in . ]

Remark 2.1. Notice that the classical weak lower semicontinuity of the norm implies
lim inf [[Jwe[[[* > |||wl]?
e>0
for any sequence w® weak convergent to w. Thus the additional condition w*(x) = 0 in the

holes A€ improves this last inequality implying that at the limit a new term depending on the
coeflicient term p appears.

3. THE OBSTACLE PROBLEM

Let I be the functional
1
16) = SllollP = [ of ds
RN
defined for any ¢ € L?(R"Y) with ¢(z) = 0 in RV \ Q and some f € L?(0Q).



8 M. C. PEREIRA AND J. D. ROSSI
Also, consider the following unilateral convex set
K={peL*RY): ¢(x) =0in RV \ Q with ¢ > 1)}

Here the obstacle function 1 is any one in L2(RY) satisfying ¢)(z) = 0 in RY \ Q in order to
guarantee that the convex set K is not empty.

Theorem 3.1. There exists unique u € IKC such that
3.9 I(u) = inf I(¢).
(3.9) (u) Inf (¢)

This optimal u is characterized by the following variational inequality

- [ 6@ —u@) [ 3=l - u@)dyds > [ Fo) - u)) da.
RN RN RN
for allv e K.
Moreover, the map f +— u is continuous in the sense that
1
|ur — uzl[r2(0) < )\*lllfl — follz2()

where u; is the minimizer corresponding to f; and A1 is the first eigenvalue of the nonlocal

Dirichlet problem (1.3) and (1.4)).

Proof. First we prove that w is a minimizer of (3.9 if and only if satisfies the following
variational inequality

1)~ [ ) @) [ I n) —u@)dyds = [ o) - u(w)de.
for all v € K.

In fact, if v € K and 0 < £ < 1, we have u + (v — u) € K, and then,
(3.11) Iu+&(v—u)) > I(u).
Let us denote ¢ = v — u. Hence, we get from (3.11)) that

1 1
llle+ €l = Ml = =€ [ fodo
RN

which is equivalent to
2
SHellP+5 [ [ e = w)a) - u@) ) - s@)dyds 2 ¢ [ foda.
RN JRN RN
Multiplying this inequality by the positive number ¢! and taking & — 0, we obtain
1
5 [ [ 7@ = ) - u@)e) - ela) dyde > [ fode
RN JRN RN
Consequently, since
1
3 [ [ @ = ) — ul@) o) - o) dyda
RN JRN

. / @) [ I - y)(uly) — u(z)) dydz,
RN RN
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we get the desired variational inequality (3.10]).

Now the result follows from [16, Theorem 2.7] since

atw) == [ o) [ I = )(uty) = ) dyda

defines a bilinear form for all functions v and v € L?(RY) vanishing in RY \ €. Indeed we
have that the form a is continuous and coercive with

a(v,v) = [[JollI* > Allvll72(q)

Thus, the result follows. ]

Now let us consider the functional
1 1
(@) = Sl6llP+ 5 [ notdo— [ ofdo
2 2 Jrn RN
defined for any ¢ € L2(R™) with ¢(z) = 0 in R \ Q and some f € L?(Q).

Since the coefficient p introduced in (1.2]) is non negative, we can proceed as in the proof
of Theorem |3.1| to obtain that «* is the minimizer of Iy, if and only if satisfies the variational
inequality

—/RN(U(OC) —U*(Hf))/ J(z —y)(u* (y) —u*(.%'))dydx+/ o de

/ e (2)) da N

for any v € K = {¢ € L>(RY) : ¢(z) =0 in RV \ Q with ¢ > X3 in Q}.

(3.12)

Also, we can associate to inequality (3.12)) the following bilinear form

ap(u,v) = _/]RN v(x) /RN J(x —y)(u(y) — u(x)) dydz +/ puv de

RN
defined for any u and v € L?(R") vanishing in RV \ Q. Observe that ag is continuous and
coercive since

ap(u, u) = a(u,u) +/ pu de > )\1||u|]%2(9), Vu € L*(Q).
RN

Therefore, we obtain from [16, Theorem 2.7] the following result.

Theorem 3.2. There exists unique u* € K such that
Ip(u*) = inf Iy(o).
o(w?) = inf Io(¢)
The minimizer u* is characterized by the variational inequality
- [ @ @) [ I ) - w @) dyde + [ s
RN RN

RN
> [ 1)~ w@)da
for any v e K.
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Moreover, the map f — u* is continuous in the sense

* * 1
Jui — usll2q) < )\THfl = fallz2

where w; is the minimizer corresponding to f; and A1 is the first eigenvalue of the nonlocal

Dirichlet problem (1.3) and (1.4)).

4. CONVERGENCE RESULTS

In this section we prove our main results, Theorem and then, Corollary We also
introduce a corrector result to improve the convergence obtained in Theorem

Proof of Theorem[I.1 First we observe that the existence and uniqueness of the family of
minimizers u¢ to the problem is a consequence of Theorem Note that in this case,
we are taking as obstacle x.1y where . is the characteristic function of the perforated domain
Q¢ which satisfies condition (L.1]), and the function v is any fixed one in L?(R").

Moreover, we have that there exists C' > 0 such that
HUEHLQ(Q) <C, Ve>D0.
In fact, it follows from the variational inequality (3.10|) that

U7 < - v—uf)dr — v(x z—y)(u(y) — u(x T
lll? <= [ sw=wyde= [ ofe) [ Ta =) - ) dya

for all v € K.. Hence, as the non-negative part of ¢, which we denote by ¥4, belong to K,
for all € > 0, we obtain for all € > 0 that

Ml < efllzzgy (1112 + e iz (147217 e ey +1) | = /R s da.

Thus, up to a subsequence, the exists u* € L2(RY) with u*(x) = 0 in RY \ © such that
u® — u*  weakly in L*(9Q).

Now, our aim is to show that u* is the minimizer of the functional I proving Theorem
For any test function ¢ in the convex set K, let us take the following sequence

e Xe

YTy

Since ¢ € K, it is easy to see that
v*e K, Ve>0.
Also, it follows from ([2.7]) that

IR = WollP + [ né?de as =0,

Therefore, we obtain

li I(u) < lim I(vf) < inf Io().
i sup (uf) < lim I(v%) < Jnf 0(¢)
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*

On the other hand, as a consequence of u¢(x) = 0 in A¢ and the weak convergence u¢ — u*,

we get from Proposition [2.2] that

i inf |||ucl[[* > [[[u*[[|? +/ p () da.
>0 RN

Hence
4.13 Ip(u*) < liminf I(uf) <1i I(uf) < inf I
(4.13) o(u) < liminf I(u) < limsup I(u) < inf o(0).
and then,
Ip(u*) = inf I
o(u”) ol o(®)
concluding the proof. O

Remark 4.1. As a consequence of inequality (4.13)), we also have

lgl(l)f(u):fo(u ), ase—0.
Hence, since u¢ — u* weakly in L%() implies

lim uﬁfdx:/u*fdx,
Q Q

e—0

we obtain from the definition of the functionals I and I that
(4.14) w1 =[] +/ p (u*)? da.
RN

This is known as the convergence of the energy.

In order to improve the weak convergence given in Theorem to a strong one in L?, we
use the function

v Xe
(4.15) w(x) = ?(x), z € 1),

which is called the corrector in homogenization theory. Since X is strictly positive, it is clear
that we is well defined. Also, since xy, — X weakly™ in L*°(2), we have

w =1, weakly” in L>(Q).

We have the following result.
Corollary 4.1. Let u® and u* be the functions that appear in Theorem[1.1]
Then, if w® is the corrector introduced in (4.15)), we have

[|[|u¢ — wu*||| =0, ase—D0.

Proof. We pass to the limit here arguing as in Proposition Note that
[1u = wu*||* = (][] + |[Jwea|||?

(4.16)
[ T =) ) ) () — ()
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From (2.7) with ¢ = «v* and (4.14)), we obtain

(4.17) Il + e — 2<|IIU*||I2+/RNu(u*)2dw>
as € — 0.

On the other hand,
Do = [ ] T =) = ) ) = ) @) dydo

. /R ) /R =) () ) ) — ) s w (2)) dyi

_ /RN/RN r—y (“ u()’jg(x)u*(x)>dydx

since uf(z)x(z) = (note that u¢(z) = 0 wherever x € A°).

Hence, we can use Proposition to pass to the limit in D, getting

D. — 2/RN /RN Iz — ) u*(y) (“;(((3)) _ u*(m)) dyda
- 2 /RN /RN J(z — y) u*(z) <u*(y) - Q;(((;”))) dydz
= 2| [ [ e ) - ) - [ s

- 2(r\u*\12+ANu<u*>2dx).

Consequently, the result follows from and - ]

Finally, we show Corollary

Proof of Corollary[1.1] First we note that when X = 1 we have strong convergence of x. — X
since in this case it holds that

Q| = /X <hm Xe /2(2 2.

Hence, we have convergence of the norms erH r2(Q) = |X]|2(q) and therefore we get strong
convergence in L2

Now, using the strong convergence of x. to X = 1 the previous arguments can be used to
show that u¢ — u* strongly in L?(2) with u* a solution to the minimization problem

(4.22) 1) = inf 1(9).

with K = {¢ € L>(RY) : ¢(z) =0 in RV \ Q with ¢ > ¢ in Q}.
In fact, from our previous arguments we have weak convergence u¢ — u* with u* a solution
to (4.22)) (note that p = 0 due to the fact that X = 1). Now, we notice that we have
I(u") < limioan(uE) <limsup I (u) < I(u"),
€>

€
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and since it holds that

lim uEfd:U:/u*fdx
Q Q

e—0
we get
B ]2 = | ] 1
From this fact we obtain strong convergence in ||| - |||[-norm that is equivalent to strong
convergence in L? since the two norms are equivalent. ([l
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