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For associative algebras it is well known that a minimal
ideal of an associative algebra is either simple or triv-

ial (all products zero). This was established for linear

Jordan algebras (in the presence of %) by Medvedev in
1987 and Skosirskii in 1988. Partial results for quadratic
Jordan algebras were obtained by Nam and McCrimmon
in 1983. In 2007 Anquela and Cortes established that
minimal ideals I of quadratic Jordan systems J (alge-
bras, triples, or pairs) over an arbitrary ring of scalars .
were either simple or trivial in the sense that all triple

products {I,1,1},Ur(I), Pr(I),Qrs(I~¢) vanish.




Thus as systems in their own right these triples and pairs
have zero products, but in the case of algebras it is not

obvious that a minimal ideal I which is cubeless Uyl = 0

is also trivial as an algebra, i.e., squareless I = 0 (im-

plying {I,I,J} = {I,J, I} = 0 as well). We will close
this gap, and prove the stronger result that trivial min-
imal ideals are doubly trivial: all products of degree two

in algebras, pairs, and triples also vanish.




AN

The Algebra Case: Ur(J) = 0.

Since J and its unital hull J have the same ideals, may as-
sume that J is unital. We will prove that UryJ = 0, in
particular I° = Ur(1) = 0, by showing that UrJ # 0 leads
to a contradiction. Otherwise, since U;J is an ideal of J
contained in [ it equals I by minimality, hence I = U;(J) =
Uv,sJ is spanned for w; € I,a; € J by elements

Uzq;UwiaiJ — ZUUwiaiJ_l_ZUUwiaianjajJ

1<J
C O—FZU],]J: {I,J,1},

1<J

since all z; := Uy,a; are trivial [U,,J = Uy, Uy, Uw,J C
UI(U,]UIJ) C UrlI = 0 by cubelessness| leading to I =
{I,J,1} =V ;(1).




Choose a nonzero trivial element z = U,a € U;J, so

the ideal in J it generates is by minimality I = M(J)z

where the multiplication algebra M(J) is spanned by all
Ug,a € J. Thus I = Vi ;(I) = Vi yM(J)z and z = T(z2)
for T'= > . Vi, 4, Uz, - U

Tin() for w; € I,y;,2;; € J.
Let X be the unital subspace spanned by the finite set
of all y;, x;; appearing in this sum (including zo = 1), and
M the unital subalgebra generated by all U,,x € Xj.

Thus T € Vi x,Mo.




We have a Migration Lemma moving M to the left
past V1 x,, Vi.x,Mo C MopVr x, repeatedly using the
fact that for w € I,z,y € Xy we have

VUJ,yUﬂU — _sz,fb’o —I—le ,$+U$,$o le y L0 _Uw sz » L0 —I_Ul’ Vw,y

for wy = {x,y,w},ws = yow, w3 =xow; € I. Thus by

induction on m,

m m
A A

~

™ € (Vi x,Mo) - (Vix, Mo) € Mo Vi xo - Vixe -




But for fixed z; € I each V, ,, -V, _ ,  1san alternating

multilinear function of y1,...,y, € Xo modulo the ideal

Z of multiplications which annihilate I, Z(I) = 0, since
ViyViy CViv, 1 +Ur iUy C Vi + Ur Uy maps I into

{I,I,1} C U;I = 0 by cubelessness. This alternating
function must vanish on the finitely-spanned subspace
X as soon as m exceeds the rank of the subspace, so for
suitably large m we have z = T™(z) C Z(I) = 0, the

desired contradiction.




The General Case:
All PrJ ={I,1,J} =0 for Jordan triples and pairs

It suffices to establish the result for triples: a Jordan

pair V := (V*,V ™) determines a polarized Jordan triple

T(V)=V*t®V~ where triple and pair products coincide

via Py(V7¢) = Qye(V7¢) and Pye(VE) = {Ve Ve V}
= 0, and with some effort one can check that I = (I, 1)
is a minimal ideal of V iff T(I) = I & I~ is a minimal
ideal of T'(V). Thus it suffices to consider only trivial

minimal ideals P;(I) = 0 of a triple system J, and to
prove double triviality P;J ={I,I,J} = 0.




Using Jordan triple multiplication rules such as L, , P, =

Py ta,zyy — PylLz o for a € I and x,y € X, we obtain the

M7 x-Migration Lemma M; xMx C MxM; x and
the Switching Lemma  Mj  M;, C ]\@Ml,x + Z

where M7 x = Lx 1+ L x + Px 1 denotes all the degree-
1 multiplications by I and elements of X, and Mx is
the unital subalgebra generated by all X-multiplications

Lx x,Px x, Px and Z is the ideal of multiplications which
annihilate I, Z(I) = 0.




LEMMA. (){I,I,J} C {I,J, 1} C P;(J), so that if
P;J = 0 then [ is doubly trivial. (2) If P;J # 0 then
I =P J={1,J,1}=L; ;(I). 0O

THEOREM. Any trivial minimal ideal I in a Jordan

triple system is doubly trivial.




PROOF: By (1) we may ASSUME PrJ # 0, so some
z := Pyy # 0 for w € I,y € J. Again z is trivial and
I =M(J)z. Sinceby (2),z€ I =Ly ;(I) =L sM(J)z,
there is a finite set X = {z1,...,2,} C J of elements

appearing in this relation and we have z = T'(z) for T €

L; xMx. Thus again

T e (M xMx) - (M xMx) C Mx My x - My x

by the Mj x-Migration Lemma.




The proof for triples is more involved than that for al-
gebras. We will prove that T™ € Z for m > 4n + 1,
so z = T™(z) = 0, contradicting our assumption. For
m > 4n + 1 one of the n different x; must appear at least
5 times, and by the Switching Lemma we can move them
all to the end, so it suffices to prove that M7 . C Z. Each
string of 5 Ly 1, L1 4, P 1 with the same x can be nor-
malized modulo Z as follows: the Jordan triple relations
and Pr 1, Ly € Z by triviality imply

(I) Ly Ly can be replaced by P, 1 P, r, and vice versa

(IT) Ly P, 1 can be replaced by P, 1L, 1,

(III) L[’xL[’:U, Lx,[Lx,], Lx,[Px,], Pa:,ILI,x can be replaced
by 0.




From (I)-(III) we can assume any Ly , appears at the end
(and by (III) there is at most one of them), so the string
has an initial substring of at least 4 terms consisting only

of L, r’s and P, 1’s. But L, ; cannot be followed by L

or P, 1 by (III), so there is at most one L, ; at the end.

Thus there must be a string of at least 3 P, ;, and we
have Py 1Py 1Py C PyrLr Ly + 2 [by (I)] C Z |by
(IIT)]. Thus any string of 5 terms with the same z falls in
Z, leading to the contradiction z = T™(z) € Z(I) = 0.




