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1 Introduction

After the classification of the finite dimensional simple Lie algebras over a field
of characteristic p > 3 (see [PS]) the main problem in the theory of finite di-
mensional Lie algebras is the classification of simple Lie algebras over a field of
characteristic 2 and 3. The first step in the direction of this classification was
made by S. Skryabin ([Sk]). In his paper S. Skryabin proved that all finite di-
mensional Lie algebras of absolute toral rank 1 over a field of characteristic 2 are

solvable.

In the present paper we make the following step: describe the simple finite
dimensional Lie algebras over a field of characteristic 2 of absolute toral rank 2.

The main resalt of the paper is:

Theorem 1.1. All simple finite dimensional Lie algebras over a field of charac-

tyeristic 2 of absolute toral rank 2 are classical.

Recall the definition of the classical Lie algebras. Let £ be an algebraically
closed field of characteristic p > 0. Let B be a Chevalley Z-form of a finite
dimensional complex simple Lie algebra. The Lie algebra A = (B ®z k)/Z,

where Z is the centre of B ®y k, is called a classical Lie algebra over k. This
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is a universal definition of classical Lie algebras over k. Obviously, this definition
is external with respect to the field k. If p > 3, then there exists an internal

characterization of classical Lie algebras given by the following theorem.

Theorem 1.2. [Pr/ A Lie algebra L over a field k of characteristic p > 3 is

classical if and only if L has no elements a such that (ad(a))? =0.

2 Estimation of dimension of root spaces.

Let fix an algebraically closed field £ of characteristic 2.

Let L be a Lie algebra over £ and L, is the 2-envelope of L in Der(L). It
means that L, is the minimal 2-subalgebra of Der(L) that contains L. The toral
rang of L is equal 2 if L, contains a toral subalgebra 7' of dimention 2 and does
not contain a toral subalgebra of dimension 3.

Let L be of toral rank 2 and fix a toral subalgebra 7' of dimension 2 in L,,.
Note that it is possible that TN L = 0. Denote H = C(T) = {z € L|[z,T] = 0},
H, is the 2-envelope of H in L, and H? = Cp,(T'). Then HP is a regular Cartan
subalgebra in L,. Let L = H ® L, ® Lg ® L, be a Cartan decomposition of L,
where o, B,y =a+f €T*and T = kt ® kh, a(h) = B(t) =0, «a(t) = 5(h) = 1.

The main result of this section is the following Proposition.

Proposition 2.1. In the notation above we have:

dimLy = dimLg = dimL, = 1,2,4.

3 Lie Algebras of type D,.

As the corallary of Proposition 1 we have three cases when dimL, = 1,2 or 4.
In this section we conside the principal case when dimL, = 4. The Lie algebras

with this property we will call algebras of type D,. This definition is motivated



by the structure of simple classical Lie algebra of type Dy.(see ([GM])). Let X

be a variety in k' which is given by the following equations:

aa3 = aciy = acoz = 0,

abas + ag4c14 + a13c03 = 0.

We will denote the coordinate functions on k! by

@, Q13, Q14, Q23, 24, D13, D14, b3, bos, C14, Co3.

For any v € X by L, we denote a Lie algebra with the following generations:

€1, €2, €3, €4, flaf?a f3af4; ta h’

V ={olo CI=(1234)}

and relations:

[t’ h] = Oa [ﬂf,h] = Oa [xat] =T, € {61562363ae4af1;f23f31f4};

[y,h] =y, [y, t] = |yly,y € V.



[0, fi] =1, 0, f2] =2, [0, f3] = 3,

[0, fa] = 4, 1, f1] =0, [1, fo] = 12,

[1, fs] =13, (L fa] =14, [2,fi] = 12,

2, f2] =0, 2, f3] = [2, fa] = 24,

[3, f1] = 13, 3,f2] =23, [3,f3] =0,

[3, fa] = 34, [4, ] =14, [4, fs] =24,

[4, f5] = 34, [4, fi] =0, [12, f1] = @133 + a144,

(12, fo] = a2s3 + agsd,  [12, f3] =123, [12, fi] = 124,

[13, fi] = a4, [13, fo] =123, [13, f3] =0,

[13, f4] = 134, (14, f1] =0,  [14, fo] = 124, (1)

[14, f3] = 134, (14, f4] =0,  [23, fi] = 123,

[23, fo] = 0, 23, fs] =0,  [23, fu] = 234,

[24, f1] = 124, (24, f,] =0,  [24, f5] = 234,

[24, f4 = 0, (34, f1] = 134, [34, fo] = 234,

[34, f3] = 0, (34, f4] =0,  [124, fi] = a1334 + b140,

(124, fo] = a2334 + boy®, [124, f3] =1, [124,f]=0

[134, f1] = c140, (134, fo]) =1, [134, fs] =0,

[134, fu] = (234, fi] =1, [234,f2] =0

[234, f5] = (234, f4] = 0.
[123, f1] = a24 + a1434 + bi30, [123, fo] = a2434 + a3,
[123, f3] = co30, 123, f4] =1, @)
[1, 1] = 142 + b143 + bi34, [, fa] = boa3 + by3d,
[, f3] = ca34, [I, fa] = 0.

[U,Ei]:U\’i,’iEU; [ani]zoaiga'

For define the next relations we introduce the elements {m;;, m5|0 < i,j < 5}

wich acts on the generators of L, as follows:
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[fiyml] = fi, [fi,mi] = €5, [ej,ml] = e,

lo,m]] = (cUj)\i,i€0,j¢o,

[0,mi] = o\ (7), (ij) C o

and as zero in the other cases. Now we can define the products [f;, f;], [fi, ]

and [e;, ;]

[f1, fo] = a13mi’ + a23m§ + (1147”11 + 624m§l+

3 3 4 4
b13m1 + 623m2 + b14m1 + b24m2,

[f1, fs] = ami + bismas 4 cramiyy + cogmos, (3)
[f2, f3] = bazmia + cozmus,

[f1, fa] = biamiz + cramas,

[f2, fa] = baamya, [f3,f4] =0,

[f1, es] = aramia + amus, [fo, es] = agamas, (4)
[f1, 3] = a13ma, [f2, €3] = agzmaz,

and zero in the other cases.

For ¢, ¢ C I = (1234) define 9 - ¢ by the following:

(

¢ =19 fi pNYy=0,0Uy=1\3;

\ h+Ylt, ¢Nyp=0,0Uv = 1,.

Here |o| is the number of elements of o C {1, 2, 3,4}.

Note that this definition coinsider with the multiplication in the classical Lie

algebra of type D, obtaned in ([GM].)



We define the product [V, V] by the following:

where

{1,124} = a13mq,
{2,123} = agamo,
{12,23} = agamao,
12,123 = ayse1 + agqe9,
13,1 =[fi, f4],

24,1 =[fs, fu],

[O-,I'L] =0-u+o,u,

{1,123} = ami3 + a1amao,
{12,13} = ami3 + aramo,
{12, 24} = agzmo,

12,1 = [f1, fo],

14512 [flaf4]a
123,124 = [f1, fo],

{2,124} = agsmas,
{12,14} = a13mo,
{12,124} = ayze; + asses,
13,123 = aey,

23,1 = [fa, f3],

123,134 = [f1, f3],

123,234 = [fo, f3],
[124,234] = [f, f4),

123, 1 = coze3 + bazea + bizer, 124,134 = [f1, ful,

124, I= b24€2 + b14€1, ].34, I= C14€1

()

and zero in the other cases.

Proposition 3.1. Let v € X and L, be the corresponding Lie algebra defined
above. Then L, has the toral rank 2 if and only if v =0 and and in this case Ly

18 a classical Lie algebra of type Dy.
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