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APPROXIMATION ALGORITHMS FOR THE ORTHOGONAL
Z-ORIENTED THREE-DIMENSIONAL PACKING PROBLEM*

F. K. MIYAZAWAT AND Y. WAKABAYASHI#

Abstract. We present approximation algorithms for the orthogonal z-oriented three-dimen-
sional packing problem (TPP?) and analyze their asymptotic performance bound. This problem
consists in packing a list of rectangular boxes L = (b1,b2,...,bn) into a rectangular box B =
(I, w, 00), orthogonally and oriented in the z-axis, in such a way that the height of the packing is
minimized. We say that a packing is oriented in the z-axis when the boxes in L are allowed to
be rotated (by ninety degrees) around the z-axis. This problem has some nice applications but
has been less investigated than the well-known variant of it—denoted by TPP (three-dimensional
orthogonal packing problem)—in which rotations of the boxes are not allowed. The problem TPP
can be reduced to TPP#. Given an algorithm for TPP?, we can obtain an algorithm for TPP with the
same asymptotic bound. We present an algorithm for TPP#, called R, and three other algorithms,
called LS, BS, and SS, for special cases of this problem in which the instances are more restricted.
The algorithm LS is for the case in which all boxes in L have square bottoms; BS is for the case
in which the box B has a square bottom, and SS is for the case in which the box B and all boxes
in L have square bottoms. For an algorithm A, we denote by r(A) the asymptotic performance
bound of A. We show that 2.5 < r(R) < 2.67, 2.5 < r(LS) < 2.528, 2.5 < r(BS) < 2.543, and
2.333 < r(SS) < 2.361. The algorithms presented here have the same complexity O(nlogn) as the
other known algorithms for these problems, but they have better asymptotic performance bounds.
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1. Introduction. We present approximation algorithms for the orthogonal z-
oriented three-dimensional packing problem and show results concerning their asymp-
totic performance bound. All algorithms described here have time complexity
O(nlogn), where n is the number of boxes in the input list.

Let L = (by,ba,...,b,) be a list of rectangular boxes b; = (z;, yi, z;), where x;, y;,
and z; is the length, width, and height of b;, respectively. The orthogonal z-oriented
three-dimensional packing problem (TPP?), can be defined as follows. Given a box
B = (l,w,00) and a list of boxes L = (b1, ba,...,b,), find an orthogonal z-oriented
packing of L into B that minimizes the total height. In the next section we define the
concept of orthogonal z-oriented packing. For the moment, let us informally say that
it is an orthogonal packing in which the boxes may be rotated around the z-axis (but
may not be turned down).

A variant of TPP?, in which the boxes may not be rotated around the z-axis,
has been more investigated and is known as the three-dimensional orthogonal packing
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problem [3, 5, 6]. We denote it by TPP. Since all packings to be mentioned here are
orthogonal we omit this term. Here we show that TPP can be reduced to TPP~Z.
Since the unidimensional packing problem [2] can be reduced to TPP, it follows that
both TPP and TPP? are AN'P-hard.

If A is an algorithm for TPP# or TPP and L is a list of boxes, then A(L) denotes
the height of the packing generated by algorithm A when applied to a list L; and
OPT(L) denotes the height of an optimal packing of L. We say that « is an asymptotic
performance bound of an algorithm A if there exists a constant [ such that for all
lists L, in which all boxes have a height bounded by a constant Z, the following holds:
A(L) < a- OPT(L) + 8- Z. Furthermore, if for any small € and any large M, both
positive, there is an instance L such that A(L) > (o — ¢)OPT(L) and OPT(L) > M,
then we say that « is the asymptotic performance bound of algorithm A. We denote
by r(A) the asymptotic performance bound of A.

In 1990, Li and Cheng [4] presented TPP# as a model for a job scheduling problem
in partitionable mesh connected systems. In this problem a set of jobs Jy, Ja, ..., J,
is to be processed in a partitionable mesh connected system that consists of [ x w
processing elements connected as a rectangular mesh. Each job J; is specified by a
triplet J; = (x4, y;,t;) indicating that a submesh of size either (x;,y;) or (y;, ;) is
required by job J;, and ¢; is its processing time. The objective is to assign the jobs to
the submeshes so as to minimize the total processing time. The algorithm for TPP~?
described in [4] has asymptotic performance bound 4%.

In [3] Li and Cheng describe several algorithms for TPP: for the general case,
an algorithm whose asymptotic performance bound is 3.25, and for the special case
in which all boxes have square bottom, an algorithm whose asymptotic performance
bound is 2.6875. In 1992, these authors [5] also presented an on-line algorithm with
an asymptotic performance bound that can be made as close to 2.89 as desired.

In [6] we present an algorithm for TPP whose asymptotic performance bound is
less than 2.67. In this paper we describe an algorithm for TPP# that has a similar
asymptotic performance bound. We also describe an algorithm for the special case
of TPP?# in which the box B has a square bottom and show that its asymptotic
performance bound is less than 2.528. For the case in which all boxes of L have
square bottoms, we present an algorithm with an asymptotic performance bound less
than 2.543. Moreover, for the case in which all boxes have square bottoms, we present
an algorithm whose asymptotic performance is less than 2.361. The algorithms we
describe here for special instances of TPP* are not straightforward simplifications of
the algorithm for the general case. Each one resulted from a careful analysis of the
instances under consideration.

There is a fundamental aspect in which the algorithms we have developed differ
from those of Li and Cheng. Their strategy is to divide the input list into sublists
and apply appropriate algorithms for each sublist, returning a packing that is a con-
catenation of these individual packings. The strategy we use also makes subdivisions
(different ones) of the input list, but generates not only packings of each sublist but
also those that are obtained by appropriate combinations of different sublists. In fact,
we may say that the key idea behind our algorithms is to consider sublists which can
be combined to generate better packings.

This paper is organized as follows. In section 2 we define some basic concepts,
establish the notation, and discuss relations between TPP and TPPZ?. In section 3
we describe the main algorithm (for TPP#) and analyze its asymptotic performance
bound. In each of the next three sections we describe an algorithm for a special
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instance of TPP? and prove results on its asymptotic performance bound.

2. Notation and basic results. Given a list of boxes L = (by,...,b,) to be
packed into a box B = (I, w,0), we assume that each box b; is of the form b; =
(i, Yiy2:), with x; <l and y; < w or z; < w and y; < [ (that is, each box b; can
be packed into B in some orientation). We also assume throughout this paper that
the list L consists of boxes with height bounded by a constant Z. In all algorithms
mentioned here, unless otherwise stated, the input box B is assumed to be of the form
B = (l,w, o).

Given a triplet ¢t = (a,b,c), we also refer to each of its elements a, b, and ¢ as
x(t), y(t), and z(t), respectively. For each box b; = (z;,ys,2i), we denote by p(b;)
the box consisting of the triplet (y;,x;, 2;) and we set I'(L) = {(c1,¢2,...,¢n) 1 ¢; €
{bi, p(b;)}}. Given a real function f : C — R and a subset ¢’ C C, we denote by
F(C') the sum .~ f(e).

Although a list is given as an ordered n-tuple of boxes, when the order of the
boxes is irrelevant, the corresponding list may be viewed as a set.

Note that, by using a three-dimensional coordinate system, the box B = (I, w, c0)
can be seen as the region [0,1) X [0, w) x [0, 00); and we may define a z-oriented packing
P of alist of boxes L into B as a mapping P : L' = (by,...,b,) — [0,1)x[0,w) %0, 00),
such that

L € F(L), ’Pm(bl) +x; <1 and 'Py(bz) +y <w,

where P(b;) = (P*(b;), PY(b;), P*(b;)), i =1,...,n.
Furthermore, if R(b;) is defined as

R(bi) = [P7(b:), P (bi) + 1) x [PY(bs), PY(bi) + i) x [P*(bs), P* (i) + 2),
then the following must hold:
R(b:i) NR(bj) =0 Vi,j, 1<iFj<n.

If in the above definition we replace L' € T'(L) by L’ = L, then we have the
concept of oriented packing (note that the condition L’ = L means that the boxes in
L may not be rotated around the z-axis).

In what follows, we may use the term packing to refer to both the z-oriented and
the oriented packing. To be precise, sometimes we should refer to a z-oriented packing
(when some boxes are being rotated), but we simply say packing as this will be clear
from the context. When this may cause confusion we specify which packing we are
referring to.

Given a packing P of L, we denote by H(P) the height of the packing P, i.e.,
H(P) := max{P*(b) + z(b): be L}.

If Py, Ps, ..., P, are packings of disjoint lists L1, Lo, ..., L,, respectively, we de-
fine the concatenation of these packings as a packing P = Py||Pz|---||P, of L =
LyULyU: - -UL,, where P(b) = (P£(b), PY (b), Y'—; H(P;)+PZ (b)), forallb € L;, 1 <
i <w. If each list L; = (b%,b%,... b ), i =1,...,v, then the concatenation of these

»Yny,
lists, denoted by Ly ||La|| - - || Ly, is the list (b,...,b% ,b3,... b2, ...,b},..., b8 ).
The following notation is used to consider sublists of the list L.
o C:={b;=(2;,9i,2i) : 0<2; <, 0<y; <w, 2z >0}
o Clp"\p" 5 ¢",q'] = {bi = (wi,yi,2:) : p"1<ai <p'-l, ¢" w<y < g w},
for0<p’'<p' <1, 0<¢"<q¢ <1
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e Q" p" 5 4", ¢ :={bi = (wi,y5,2:) » b €ClP",p"; ¢",¢] and x; = y;};

o X = {bz = (:vl,yl,zz) Dy < fﬂi}, y = {bz = (xwylazl) Y > IZ}?

e C,, = CJ0, % ; 0, %], Q= 9[0, L ; 0, %], for m > 0;

e Ry:=C[0,5; 0,3],R2:=C[0, % ; 51],733 :=C[3,1; 0,3], Ry :=C[5,1; 3,1].

If R is a set of boxes, then we say that a box b is of type R if b € R or p(b) € R.

We denote by S(b) and V(b) the bottom area (i.e., S(b) := x(b)y(b)) and the
volume of the box b, respectively.

A level N in a packing P is a region [0,1) x [0,w) X [Z1, Z3) in which there is a set
L’ of boxes such that for all b € L', P*(b) = Z; and Zs — Z; = max{z(b): be L'}.
Sometimes we shall consider the level N as a packing of the list L’; we denote by
S(N) the sum >, ;. S(b).

A layer (in the z-axis direction) in a level is a region [0,1) x [Y1,Y2) X [Z1, Z2) in
which there is a set L’ of boxes such that, for all b € L', PY(b) = Y7 and P*(b) = Z1;
and moreover, Yo — Y7 = max{y(b) : b€ L'} and Zy — Z; = max{z(b): be L'}.

Relations between TPP and TPPZ*. One way to solve TPP# is to adapt algo-
rithms for TPP. A simple approach is to generate for each instance L = (b1, ba, ..., b,)
a new instance ¢(L) € I'(L), such that ¢(L) = (d1,ds,...,d,), where

d»:{bi if x; <l and y; <w,
' p(b;)  otherwise,
and then apply an algorithm for TPP on the list ¢(L).

For each algorithm A for TPP, let us denote by A the corresponding algorithm
for TPP?, as described above. That is, for every instance L of TPP*, algorithm A
applies algorithm 4 on the list ¢(L). It is easy to see that the algorithm A may not
preserve the asymptotic performance of the original algorithm A.

The next result shows that there is no algorithm A for TPP~?, obtained from an
algorithm A for TPP, as described previously, that has an asymptotic performance
bound less than 3. R

PROPOSITION 2.1. If A is an algorithm for TPP* obtained from an algorithm A
for TPP, as described above, then the asymptotic performance bound of A is at least
3.

Proof. Let L = (b1, ba,...,bs;) and B = (34 3¢,2,00) be an instance of of TPPZ,
where by = by = -+ = bap = (2,14 ¢,1), k is a positive integer, and € is a positive
small number.

First, observe that it is possible to pack L in k levels, that is, OPT(L) < k. For
that, initially rotate each box in L and generate a packing putting three boxes per
level. Now it suffices to note that, since L = ¢(L), any algorithm A for TPP is such
that Vzl\(L) > 3k (as the algorithm A packs only one box per level). 0

Now suppose we have an algorithm 4 for TPP#. There is a natural way to adapt
it to an algorithm, say A’, for TPP. The question is what can we say about the
performance of A’. The next result gives the answer.

THEOREM 2.2. There is a polynomial reduction of TPP to TPP? that preserves
the approximability. Moreover, this reduction also preserves the additive constant 3.
That is, if A is a polynomial algorithm for TPP#, such that A(L) < a-OPT(L)+3-Z
then there exists a polynomial algorithm A" for TPP such that A'(L) < a-OPT'(L)+
B - Z, where OPT/(L) is the height of an optimum oriented packing of L.

Proof. Let L, as described, and B = (I,w,c0) be an instance of TPP. Consider
the following algorithm A’. First scale B to B’ = (I',w’,00) and L to L’ in the same
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proportion in such a way that min{z(b) : b € L'} > w; then apply algorithm A to
pack L’ into the box B’, obtaining a packing P’. Finally, rescale P’ back, obtaining
a packing of the original list L (into B). It is clear that A'(L) < a - OPT'(L)
+ BZ. O

For all algorithms presented in the next sections, we consider, without loss of
generality, that L = ¢(L). That is, we may assume that the boxes in L need not be
rotated to fit in the box B.

Before we present the algorithms for TPP?#, let us mention some algorithms used
as subroutines and also the related results that are needed.

We denote by NFDH the next fit decreasing height algorithm for TPP, presented
by Li and Cheng in [3]. For the description of this algorithm the reader may refer
to [3] or [6]. This algorithm has two variants: NFDH” and NFDHY. The notation
NFDH is used to refer to any of these variants.

Li and Cheng [3] proved the following result.

LemMa 2.3, If L € C[4, L5 0,L], then NFDHY(L) < (mtL)VH) 4 7,
The same result also holds for the algorithm NFDH”® when applied to a list L C
clo, L ; -1 1]

m 7 m4+1'm

The following result is more general and gives as a corollary the result above [6].

LEMMA 2.4. Let L be an instance of TPP and P be a packing of L consisting
of levels Ni,...,N, such that min{z(b) : b € N;} > max{z(b) : b € N;y1}, and
S(N;) > s-l-w for a given constant s >0,i=1,...,v—1. Then H(P) < %%—1—2,

The constant s mentioned in the above lemma is called an area guarantee of the
packing P.

Li and Cheng presented in [4] an algorithm called LL for instances L C Cp,
m > 3. We write LL(L,m) to indicate that we are applying the algorithm LL to a
list L C C,,. They proved that the following result holds for this algorithm.

LEMMA 2.5. Let L C C[0, % : 0, %] be an instance of TPP and P be a packing
of L obtained by applying the algorithm LL. Then H(P) < (%)% +Z.

We give an idea of the algorithm LL(L,m), as we need to refer to it in the proof
of Lemma 2.6. Initially, it sorts the boxes in L in nonincreasing order of their height.
Then it divides L into sublists L1, ..., Ly, such that L = Lq||Lz|| - - - || L, each sublist
preserving the (nonincreasing) order of the boxes, and

S(L) < [(252) + (£)] for i=1,...,v,
S(L;) + S(first(Lit1)) > {(M) + (i)Q] lw for i=1,...,0—1,

m m
where first(L') is the first box in L’. Then, the algorithm LL uses a two-dimensional
packing algorithm to pack each list L; in only one level, say, N;. The final packing is
the concatenation of each of these levels.

The next lemma is used to prove lower bounds for the asymptotic performance
bound of some algorithms shown here.

LEMMA 2.6. Let A be an algorithm for TPP (TPP?) that partitions the input
list L into two sublists L1 C R4 and Ly C Qp,, m > 3, and generates a packing P =
P1|| P2, where Py is any packing of L and P is a packing of Lo using the algorithm
LL. Then the asymptotic performance bound r(A) of A is such that r(A) > =8

Proof. Consider a box B = (1,1,00). Let L be a list of boxes, L = L; U Lo, with
Ly C Ryand Ly C Qp, m > 3. Let Ly = (b),...,b) and Lo = (bY,..., 00, ),
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, (1 11 1 v f (£, L 1= (—1)¢) ifimod M =1,
b; = (2 + k2 ™ E’l and b; = (£, £,1—(i—1)¢) otherwise.

Recall that the algorithm LIL groups the first boxes with total bottom area no

greater than (%) + (%)2 This instance was chosen in such a way that, in the
packing generated by the algorithm LL, each level has M boxes whose bottom area
o (m=2 1)\2
is (552) + ()

Note that the algorithm LL divides the list Lo into N” sublists, each sublist

consisting of one box of the form (L, L 1 — (i —1)¢) and M — 1 boxes of the form

m’m’
(£.%,1—(i—1)¢).

The strategy is to take the instance L = L; U Ly in such a way that the optimum
packing consists of N’ levels, each level containing one box of L; and the remaining
space (in each level) almost filled with boxes of Ly. Taking N’ and k as very large in-
tegers, with N = f%N’%} and k a multiple of 2m, we may choose M appropriately
so that r(.A) can be made as close to =2 as desired. 0

Another algorithm that plays an important role for the algorithms presented
here is the algorithm COMBINE. This algorithm is a slightly modified version of the
algorithm COLUMN presented in [6]. This algorithm generates a partial packing of
a list L. The packing consists of several stacks of boxes, referred to as columns. Each
column is built by putting one box on top of the other, and each column consists only
of boxes of type either 71 or 72.

The algorithm COMBINE is called with the parameters (L, 7!, p*, 72, p?), where
pl = [ph,pd, ... ,p}“} consists of the positions in the bottom of box B where the
columns of boxes of type 7' should start and p* = [p?,p3,... ,pfw] consists of the
positions in the bottom of box B where the columns of boxes of type 72 should start.
Each point pj— = (J;;,y;) represents the x-axis and the y-axis coordinates where the
first box (if any) of each column of the respective type must be packed. Note that
the z-axis coordinate need not be specified since it may always be assumed to be 0
(corresponding to the bottom of box B). Here we are assuming that the positions p*,
p? and the types 7', T2 are chosen in such a way that the defined packing can always
be performed.

We call height of a column the sum of the height of all boxes in that column.

Initially, all ny 4+ ny columns are empty, starting at the bottom of box B. At
each iteration, the algorithm chooses a column with the smallest height, say a column
given by the position p} and packs the next box b of type 7%, updating the list L
after each iteration. If there is no such box b, then the algorithm halts returning the
partial packing P of L. We also say that P combines the lists of types 7' and 72.

If each box of type 7¢ has bottom area at least s; - [ - w, then (nys; +ngss) -1 -w
is called the combined area of the packing generated by the algorithm COMBINE.

The following result about this algorithm holds. The proof is analogous to the
one given in [6] for the algorithm COLUMN.

LEMMA 2.7. Let P be the packing of L' C L generated by the algorithm COM-
BINE when applied to lists of types T1 and T2 and list of positions pt,ps, ... ,pi”,
i=1,2. If S(b) > s; -1 -w for all boxes b in T* (i = 1,2), then

Hpy < L V)

< + Z.
s1M1 + Sang l-w
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To simplify the notation, given two lists Ly and Ls, we denote by COLUMN(L;,
p1, L2, p2) the algorithm COMBINE called with parameters (L1||Ls, L1, p1, Lo, p2)
and assume that it returns a pair (P’, L’) where P’ is the partial packing of L;||Ls
and L’ is the set of boxes packed in P’.

Another simple algorithm that we use is the algorithm OC (one column). Given
a list of boxes, say L = (b1, ...,by,), this algorithm packs each box b; 1 on top of the
box b; for i =1,...,n — 1. It is easy to verify the following results.

LeEmMMA 2.8. If P is the packing generated by the algorithm OC when applied
to a list L and s is a constant such that S(b) > s -1-w for all bozes b in L, then
H(P) < LE

LEMMA 2.9. IfP is the packing generated by the algorithm OC when applied to a
list L of boxes b such that b € R4 and (p(b) € R4 or p(b) ¢ C), then H(P) = OPT(L).

We use two other algorithms, UD? and UDY, described in [6]. These algorithms
are based on the algorithm UD, developed by Baker, Brown, and Kattseff [1] for the
strip packing problem. The following results hold for these algorithms [6].

LEMMA 2.10. Let L be an instance for TPP such that b € C[%, 1; 0,1] (resp.,
beClo,1; %, 1]) for all bozes b in L. Then the packing P generated by the algorithm
UD? (resp., UDY) is such that H(P) < 50PT(L) + 3 Z.

LEMMA 2.11. Let L be an instance for TPP? consisting of boxes b such that b €
C[1,1; 0,1] (resp., b€ C[0,1; 1,1]), and whenever z(b) > y(b) (resp., y(b) > x(b))
then p(b) ¢ C. That is, no two bozes of L can be packed side by side in the x-direction
(resp., y-direction). Then the packing P generated by the algorithm UD” (resp., UDY)
is such that H(P) < SOPT(L) + 227Z.

Proof. This result follows directly from the previous lemma and the fact that no
two boxes can be packed side by side in the a-direction (resp., y-direction), even if
rotations are allowed. O

3. The algorithm Ry. In [6] we presented an algorithm for TPP, called Ay,
that has an asymptotic performance bound less than 2.67. In this section we present
an algorithm for TPP?, called Ry, that is based on the algorithm Ay. The algorithm
depends on a parameter k, an integer that is assumed to be greater than 5.

Before we give the description of the algorithm we define some numbers which
are used to define sublists, called critical sets.

(k) ,.(k) (k) (k) (k) (k)

DEFINITION 3.1. Letry 15", ..., 15 and 81,8y ..., 8, 1, be real numbers
defined as follows:
° rgk), rék), ey T](Ck) are such that
n5 =) =0 == P = 50 - )
and rgk) < %;
* Tl(ﬂli)l =3 7"1211)2 =1 - 7"1?215 =17/
° sl(»k) = lfrl(k) fori=1,...k;
. s,(ﬁz :1—(%) fori=1,...14.
The following result can be proved using a continuity argument.
Cramm 3.1. The numbers Tgk),rgk),...,r,ik) are such that 7“§k) > rék) > e >
r,(ck) > 1 and r%k) — & as k — oo.

For simplicity we omit the superscripts *) of the notation rgk)7sz(»k) when k is
clear from the context.
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Using the numbers in Definition 3.1, we define the following critical sets.

1 1
Cit = Clriyi,mi ; 58l cP =Clg, 805 Tivyril,
k+14 k+14 k k
ct=(Jct cP=Jct ciy=Uct cfy=1Jch
=1 =1 =1 =1

The next result refers to a list of positions p; ;, i j, P}, ¢}, pj and ¢ to be consid-
ered when applying the algorithm COMBINE. In [6] we give such a list of positions,
defined for a box B = (1,1,00). To use in this context, we have to consider a propor-
tional reparameterization for a box B = (I, w,00). For completeness, we define here
these positions (only for i < j, since the case i > j is symmetric). See Figure 3.1(a).

Positions to combine sublists of CZA and CJB. For simplicity, we denote by
A; the list of boxes of type C#, and by Bj the list of boxes of type CJB.

e To combine the lists A; (1 <i<k)and B; (i <j <k), take

pij = [0,0),(5,0)] and g; =1[0,s:)] .
In this case we have an area guarantee of at least %

e To combine the list Ap_p = Ay U---U A, with B; (k+1 < j < k+14),
we consider two phases. We divide Af;_; into A" and A”, taking A" = {b €
A[lfk] x) <1-— Sj} and A" = A[lfk] \ A

* To combine A’ with Bj, take
Py =1(s5,0)] and

¢ = 0.0, (0.775) (0.5%5) - (0. 555)] -
In this case we have an area guarantee of at least ;—i. This minimum is
attained when j =k + 1.
* To combine A” with Bj;, take

P} =1(0,0),(5,0)] and
g = [(0,%),(0,§+j7;+2),(0,§+j7%+2),...,

@3+ (=52 -1) )]

Here we obtain an area guarantee of at least ;.
e To combine the lists A; (k+1<i<k+14) and B; (i < j < k + 14), take

Dij = [(sj,O),(sj—&-ﬁ,O),(sj—&—ﬁ,O),...,
(54 (L0 = 5;) 1=k +2)] = 1) =}5,0)] and

ai = [0,0),(0,545) (0.538) - (0.555)] -

In this case we also obtain an area guarantee of at least %.

LEMMA 3.2. The following statements are valid for the list of positions p; j, qi ;,

P> 45, Py, and qj :

(a) If P is a packing generated by the algorithm COMBINE with parameters
(L,Cf‘,pm,Cf,qi,j), 1<i,j<kork+1<i,j<k+ 14, then we have that
H(P) < 3400 + 2.

(b) There is a partition of C["Lk] into sets Cy ; and C ; such that a packing P’
generated by the algorithm COMBINE with parameters (L,Cg,j,p;-,Cf,q;-),

k+1<j<k+14, is such that H(P') < 38YPD 4 7 and a packing P"
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Fic. 3.1. Partition of list L for algorithm Ry. The sets A; and B; in (a) correspond to the
sets CZA and Cf, resp.

generated by the algorithm COMBINE with parameters (L,nyj,p;-’,Cf,q}’),
k+1<j<k+14, is such that H(P") < 38X 4 7.

l-w
(c) Defining positions symmetric to p;j, g j,P;, qj,p; and q;, analogous results
hold when the letter A and B are exchanged in the items above.
The algorithm Ry, is inspired by the algorithm Aj presented in [6]. The reader
may compare both algorithms to see where they differ; it should be noted that now
there are steps where rotations are performed. This is done because otherwise we may

not obtain valid inequalities with respect to the optimum packing.

ALGORITHM Ry,
Input: List of boxes L.
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Output: Packing P of L into B = (I, w, 00).
1 Rotate all boxes b that are in R4 such that p(b) € Ro U Rs3.
/¥ie,Let T—{be LNRy:pb) € RoURs}. L— (L\T)Up(T). */
2 Rotate all boxes b of L that are in Ry U R3 such that p(b) € R;.
3 Let pij,qij, 1 <4,j <k+14, and p},p},q},qj, k +1 < j <k + 14, be as defined
above.
4 Combine boxes of types C4 and CP of L as follows (see Figure 3.1(a)).
4.1 i 1; 5« 1; Pap «— 0.
4.2 While (¢ <k and j <k) do
Pij — COMBINE(L,C#, p; ;,CP, qi ;) -
Pap «— Pagl||Pi; -
Update the list L removing the packed boxes.
If all boxes of type C/* have been packed, then increment i; else incre-
ment j.
4.3 If all boxes of type Cﬁfk] have been packed
4.3.1 Then
While (5 < k + 14 and there is a box of type C[Al —k]) do

Let C); ; and C}j ; be a partition of C["LW as in Lemma 3.2.

75; — COMBINE(L,C’AJ,p;,CJB,q;). Update L removing the
packed boxes.
Pl — COMBINE(L,C}’L"j,p;-,C]B,q;). Update L removing the
packed boxes.
Pap — Pas| PPy
if B; =0, then j « j + 1.
1—k+1
4.3.2 Else /* All boxes of types C[‘l‘fk} have been packed */
Perform steps symmetric to the ones given in the case 4.3.1.
4.4 While (i <k+14 and j <k+14) do
P;.; — COMBINE(L, C{‘,piyj,CjB, ¢i,j)- Update L removing the packed
boxes.
Pap < Pap|Pi; -
If all boxes of type C* have being packed, then increment 4; else incre-
ment j.
5 If all boxes of type C? have been packed, then
5.1 Rotate the boxes of L N Ry that fit in Rs.
5.2 Rotate the boxes of L N (R2 U Ry) such that if b € LN (Rg URy), then
£(b) < y(b) or p(b) ¢ C.
5.3 Subdivide the list L into sublists L1, . .., Las as follows (see Figure 3.1(b)).

Li=LNC[3,1; #5, 7q), for i=1,...,16 L1z = LNC[3,1; 0, %],
LlS—LmC[% % %7%]7 L19—me[§7%’ ivéL
Ly =LNOC[3,5; 0,1, Loy =LNCl}: 55 3 3h
Loy =LNC[L, % 0,1], Loz = LNC[0, 55 3.5,
Loy = LNC[0, 4 1 1], Los = L Ca,
Le=LNCL1; 1,19 Ly = LiNC[0, 35 5 0,1],
LY}, = LisNC[0, 3% 5 0,1] Lp=Ly,UL%.

5.4 Generate packing Pop as follows.
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(Pepr, Lepr) < COLUMN(Le, [(0,0)], L, [(0, 33)))-
(Per, Lopn) — COLUMN(Le\ e, [(0,0)], T, [(0, 12), (4,
Pcp < Pop||Pepr.
Lep — Lep'ULepr. Ly «— Li\ Lep. Lis — Lig \ Lep.
5.5 Generate packings P1, ..., Pas5 as follows.
P; — NFDHY(L;) fori = 1,...,22.
P; — NFDH?(L;) for i = 23,24.
Pas «— LL(Los,4).
5.6 Update L removing the packed boxes. Note that L. C Ro U Ry4.
5.7 It Le € Lop
then /* (Case 1) */
p ‘/@ 195 — 0.440.
31(0) %)
else /* (Case 2) Lp C Lep */
p — 7%371 = 0.455.... /* Lp is totally packed (see Figure

Ik

N[
w‘)—t
[e2]Ne)

.. /* L¢ is totally packed (see Figure

3.1(d )) */
5.8 LE<—LHC[ —-p; 2,1] L% <—LﬁC[9,p, 2,1]
L”«—LOC[S,Q; Y0 Lpe ULl

5.9 (Ppr, Lpr) — COLUMN(Lp, [(0,0)], L, [(1 - p, 0)).
(Perr, Lgrr) « COLUMN(Lg \ Lgr,[(0,0)], L%, [(0,1 - p),
(Oal _p+ %)7"'7(071 —-p+ (|_9pj - 1)%)])
Per < Per ||Per.
Lgr < Lgr/ U Lgpn.
5.10 If Ly C Lgr /* (Subcase 1) Lg is totally packed */
then
Pup < UD?(L).
Poc «— OC((L\ Lgr) NRy).
Poc = NEDHC (L Lr) NC[0, & 5 0,1))
Paq <~ NFDH*((L\ Lgr) NClp,5 ; 0,1]).
P" — Poc||Pae||Paal| PeF-
P" —{P € {Pup,P’'}: H(P) is minimum }.
Paum — ,PABH,PCD”IP”' s ||P25'
Let L and Lg,, be the lists of boxes packed in P” and Py, resp.
P — Pauzl|P”.
5.11 If Lr C Lgr /* (Subcase 2) Lp is totally packed */
then
Poc «— OC((L\ Lgr) NRy4).
Pae — NFDHw((L \ LEF) ﬂC[ s 18 ; %, 1])
Pa2q < NFDH*((L\ Lgp) NClp,1; 3,1]).
P' «— Poc||Per.
Pove PABHPCDHPZeHPZdHPl” s ||7D25'
Let L' and Lg,, be the lists of boxes packed in P’ and Py, resp.
P — Pauzl||P’.
6 If all boxes of type C* have been packed then generate a packing P of L as in step
5 (in a symmetric way).
7 Return P.
end algorithm.

The next theorem gives an asymptotic performance bound of the algorithm Ry
when k& — oc.
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THEOREM 3.3. For any instance L of TPP* we have

Ri(L) < ay - OPT(L) + (zk + 527) Z,

where oy — 579+37 Vglfm =2.669... as k — o0.

Proof. We present the proof for the case all boxes of type CB have been packed
(see step 5). The proof of the other case (step 6) is analogous. We consider 4 cases,
according to step 5.7 (Lc € Lep), step 5.10 (Lg € Lgp), and step 5.11 (Lgp C Lgp).

As many steps of the algorithm Ry are similar to the ones of the algorithm Ay
for TPP, many of the inequalities obtained in the analysis of A are valid in these
cases. We only mention them in the four claims A, B, C, and D below (see [6]).

Case 1.1. (LC - LCD) and (LE - LEF)

CrLAM A.

1
H(P") < A +47Z and H(Paus) < 1 ViLaus)

7(1_p):172 l-w ry L-w

+ (2k + 68)Z.

Let Hy := H(P") — 327 and Ha := H(Pauz) — (2k + 68)Z.
Using the definition of H; and Hs in the two inequalities above we obtain

V(L V(L" V(Laus 1-p)19
opr(z) > Y VI | ViEaw) , A=p19%  5,
l-w l-w l-w 36
that is,
1—p)19
(3.1) OPT(L) > (Tp)Th +rHs .

Note that from steps 1, 2, 4, 5.1, and 5.2 the list L satisfies the condition of
Lemma 2.11. Hence, we have

H(P") < UD*(L") < ZOPT(L”) + %Z < ZOPT(L) + %z ,
that is,
4
(3.2) OPT(L) > 57—{1 )
Combining inequalities (3.1) and (3.2), we have
4 19
OPT(L) > max {57‘[1, (1 — p)%Hl + 7“17‘[2} .
From the definition of H; and H,, we obtain

997

Using the last inequality in the above equation, we have

T+ o ) OPT(L) + <2k + 597) z.

H(P) <
( ) - (max{ng,(l 7]))%*27’[1 +7‘1H2} 8
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Analyzing the two possibilities for the maximum, we can prove (see [6]) that

ol (ry) i 19+ 90+180r Hi+ Ho
kAL 144r, - max{%Hl, (1- p)%?ﬁ +riHa}

Thus,
H ’ 597
(P) < aj(r1) - OPT(L) + ( 2k + < 7

Since r; — % as k — oo, we can conclude that o (r1) — 579% V81499145 as k — oo.

Case 1.2. (LC g LCD) and (LF g LEF)~
CrLAaMm B.

frepry < 2V

H <
0T +2Z, and H(Puuz) <

+ (2k +70)Z.

V(Lauw)

Then we have

V(L' V(Lguz 19
(') + ( ) > —H1 + pHas.
l-w l-w 72

Note that each box in L' NRy4 considered in step 5.11 cannot be rotated, or if it
can be rotated, then it fits in R4 again. So we can conclude that

(3.3) OPT(L) >

1
(3.4) OPT(L) > OPT(L') > 7—3%1.

Proceeding as in Case 1.1, using inequalities (3.3) and (3.4), we have

H(P) <o) -OPT(L) + (2k +72)Z,
where o) = %.
Thus, from the analysis of subcases 1.1 and 1.2, we can conclude that

Ak(L) < ap - OPT(L) + <2k + 5Z7> Z,

where ay, — o (§) = o) = HIUET — 2 669. .. as k — oo.
Case 2.1. (LD g LCD) and (LE g LEF)-
Cramv C.

1 L 1 L
(R V') + Ly and H(Pauz) < VLau)
—-bp

Let Hy := H(P") — 227 and Hy := H(Pauz) — (2k + 68)Z.
Then we have OPT(L) > YED | VlLaus) > Lopgy, 4 (14 ),
Using the same idea used in Case 1.1, we have OPT(L) > OPT(L") > 4H,; and
g 5
thus we obtain H(P) < §;(r1)OPT(L) + (2k + 23°) Z, where 3;(r1) = %@j%
Case 2.2. (LD - LC’D) and (LF - LEF)

CrAamM D.

H(P") < + (2k +68)Z.

INIE

V(Laum)

1
+2Z, and H(Pauz) < — + (2k+70)Z.
p l-w
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Let Hy = H(P') — 27 and Ha := H(Paus) — (2k + 70)Z.
In this case we have OPT(L) > % + % > LH, +pHy and OPT(L) > H,.
Thus, H(P) < B - OPT(L) + (2k + 72)Z, where i = 3122,

4p
Furthermore, for the given value of p, as in the previous cases, we can conclude

that

H(P) < B - OPT(L) + (2k + 527> Z,

where 8, — B;(35) = 8 = Y2427 — 264 ... as k — oo.
The theorem follows from the conclusions obtained in all cases analyzed. 0
The following result proved in [6] is also valid for this algorithm and can be proved

analogously. It shows that for relatively small value of k (k = 13) the algorithm Ry

has already an asymptotic performance bound that is very close to the value shown

for k — oo.

COROLLARY 3.4. For any instance L of TPP? and k > 13 we have

597
9941080r*) /199145
8614T§,€) < 2.67.
PROPOSITION 3.5. The asymptotic performance bound of the algorithm Ry, k >
13, is between 2.5 and 2.67.
Proof. The proof follows directly from Corollary 3.4 and Lemma 2.6 (using m =
4). O

4. The Algorithm LS: Boxes in L have square bottoms. In this section
and in the following sections we apply the idea used in algorithm Rj to generate
algorithms for particular instances of TPP*. Here we consider the case in which the
list L consists of boxes with square bottoms.

Without loss of generality, we consider that the box B has dimensions (1, w, c0),
w > 1.

Given a list of boxes L = (by,...,b,), consider the list of points given by the set
{(z1,91), .-, (Tn,yn)}. Note that all points lay down in a line on the zy-plane that
goes through (0,0) and (1,1). We call it a boz-line (see Figure 4.1). The algorithm
consider two cases, according to the position in the z-axis, where the box-line crosses
the line y = % (that is, in the position zw = (i) w).

ALGORITHM LS.

Input: List of boxes L C Q[0,1; 0,1].

Output: Packing P of L into B = (1, w, 00).

1 Take p := 0.4791964 and subdivide the list L into sublists Ly,..., L7, La, Lp, L¢c
as follows (see Figures 4.1 and 4.2).

where vy, =

L, = LﬂC[%,l ; %71]3 Ly = an[%a% 5 %71}7 L3 = an[()a% ; %31]7
L4:Lﬂc[%7% ) %a%L L5:an[ia% ) %a%]) Lﬁ_LnC[(Li ; %7%}7
L7 = me[oaé 5 i,%]a Lg = an[o,i ) O,i]v Ly= Ly nC[O,l ; 0, g]a
Lp=L3NC[0,1;0,3], Lc=LiNC[0,150,3]

2 Let x « ﬁ
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- L] %-- %'" é-- fi-gi=

CANE ©x (L4 10 TOTALLY FACKESG CARE B |5 [ TOTLLLY PASHED)

Fic. 4.2. Combination of sublists L4 and Lp.

then /* (Case 1) this means that there is no box in L¢ */
Pf , 3  OC(L1)INFDH”(Ly)|[NFDH" (Ly).
Pﬁ273 — UD(Ll U L2 U Lg)
P" — (P € {P]{43 Pl2s}: H(P) is minimum).
Pous  NFDH"(Ly)|| .. |[NFDH" (L7)|| LL(Ls, 4).
P — P"|Paua-
return P.
else /* (Case 2) this means that there is no box in Lo \ Ly */
4 (Pap, Lap) — COLUMN(L 4, [(0,0),(3,0)], Lz, [(0, 3), (5, 3)])-
5L4<—L4\LAB. LB(_LB\LAB-
6 (Case 2.1) if Ly C Lap /* La is totally packed. */
(P307 LBC) — COLUMN(LC7 [(Oa O)]a Lg, [(Oa 2)7 (%’ %)]
L1 — L1 \LBC. L4 — L4 \ LBC.
(Subcase 2.1.1) Lp C Lpc.
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P/ — OC(Ll)H'PBc.
Pouz — Pap||[NFDH*(Ly,)] ... ||[NFDH"(L7)||LL(Ls, 4).
(Subcase 2.1.2) Lo C Lpce.
7)/ — OC(Ll)HPBc.
Pouz — Ppc||NFDH? (Ly)|| ... ||[NFDH?®(L7)||LL(Ls, 4).
P — P |Pauz-
Let L' and Lg,; be the lists of boxes packed in P’ and Py, resp.
7 (Case 2.2) if Ly C Lap /* Lp is totally packed. */
/* Define two new sublists (Lp and Lg) as follows. */
Lp=LyNC[0,p; 0,1] and Lg = L; (C[0,1 —p ; 0,1].
(PpE,Lpr) < COLUMN(Lp,[(0,0)], Lg, [(p,0)]).
Li—Li\Lpg. Ly — Lo\ Lpg.
/* We have two subcases considering the result of this packing. */
(Subcase 2.2.1) if Lp C Lpgorz >p, x = ﬁ S (p7 %} then
/* Note that when = > p, Lp = 0. */
P/ — OC(Ll)”PDE
Pouwz — Pap||[NFDH*(Lsy)]| ... |INFDH*(L7)||LL(Ls, 4).
Let L' and L, be the lists of boxes packed in P’ and Py, resp.
P — P'||Pava-
(Subcase 2.2.2) if Ly C Lpg then
,PLQ — OC(Ll)”NFDHx(LQ)HPDE
IP{CQ — UD(Ll ULy U LDE)~
P" — (P e {P{,,P{y}: H(P) is minimum).
Pouz — Pap||[NFDH?(Ly)|| ... ||[NFDH”(L7)||LL(Ls, 4).
Let L” and Lg,, be the lists of boxes packed in P” and Py, resp.
P — P Pavs-
8 Return P.
end algorithm.

THEOREM 4.1. For any instance of TPP? consisting of a list L of boxes with

square bottoms, we have
101
LS(L) < 2.543 - OPT(L) + ?Z.

Proof. As the proof technique is analogous to the previous one, we only give the
inequalities that are valid in each case. We suggest that the reader follow the analysis
of each case, together with the corresponding case in the description of the algorithm.
Throughout this proof [ = 1, as we are considering that B = (1, w, co).

Case 1. In this case we obtain the following inequalities:

16 V(L") 53

53,
5 1w 8%

53

=

bl

A
g

Defining Hy = H(P") — 27 and Hy := H(Paus) — 4Z, we have OPT(L) >
max{%Hl, 1—567-{1 + %Hg} and therefore, proceeding as before, we obtain

53

H(P) < on - OPT(L) + T2,
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Hi+H
< 1L, <
where a; < ma( Ty ST 17T 2.5.

Note that for the remaing cases, the lists L3 and Lo \ L4 are empty and the
box-line crosses the region L¢.

Subcase 2.1.1. Note that in this case, Ly U Lp is totally packed in Pap|Ppsc.
Note also that the boxes of Lo in Ppe are of type R4 and therefore we obtain the
following inequality:

Since

H(Pauz) 2% +72,
H(P') <OPT(L) + Z,

IN

using the above inequalities and defining H; := H(P') — Z and Hs := H(Puus) — 72,
we have

H(P) S Q211" OPT(L) + 8Z,
H?T;'Zi sHo} — <25
Subcase 2.1.2. In this case the boxes of L4 U L¢ are totally packed in Pag|Ppc.
Furthermore, we have z = 5 and x € (£, 3] (note that x - w is the position in the
z-axis where the box-line crosses the line y = %) In this case we have the following
inequalities with respect to x:

<
where ag11 < -~y

, 32 V(L)
< 22
H(P) < 25x - w +2
H(Pauz) < — 12 V(L ““f”) +82,
mln{%7 2} l-

H(P") < OPT(L) + Z,
and therefore,

H(P) S a2,1,2 . OPT(L) + 92 5
Hi+Ho
252*H1+min{%,%}7'(2}
and when x < , we obtain that ag 19 < 2.5.
Subcase 2.2.1. In this case Lg U Lp is totally packed in Pag||Ppr. Recall that
T = ﬁ We divide the analysis in two cases. We consider first = € (p, %] Here we
have

: 4
where ag 19 < max{’H1 . Evaluating the value of ag 1 2, when x > §

and therefore,

H(P) < Q291 * OPT(L) + 87 s
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Hi+Ho Hi+Ho
< 1 < < 2. .
where Q221 > max{H1,5=Hi+aH2} — max{HhﬁHler’Hz} < 2.543

Ifze (%, p], the analysis is similar and is omitted.
Subcase 2.2.2. Here Lp U L, is totally packed in Pag|Ppe. Let v = 5=, a €
(2,p]. In this case,

2¢ V(L) 53
H(P" < =7,
(P7) < (1-p)2 l-w 8
Laux
H(Pauz) < 2V( ) + 57,
l-w
7
H(P") < 54OPT(L) + EZ,
and so,
93
H(P) S Q222" OPT(L) + §Z,
where Q222 < Hi+Ho < Hi+Hy < 2.543.

max{ 4+, 722, 4 1M} T max{ 2+, OS2, 4 1Mo} T
In fact, the value of p was taken in such a manner that the two subcases above
(2.2.1 and 2.2.2) lead to the same bound.
The theorem follows considering the cases analyzed above. ]
PropPOSITION 4.2. The asymptotic performance bound of the algorithm LS is
between 2.5 and 2.5425.
Proof. The proof follows directly from Theorem 4.1 and Lemma 2.6 (when we use

m=4). 0

5. The Algorithm BS: Box B has a square bottom. We now consider the
special case of TPP* where B has a square bottom. Without loss of generality, we
consider B = (1,1, 00).

First, we present an algorithm called NFDH;Y, 0 < p < 1, that is used as a
subroutine. This algorithm packs the boxes of a list L in the following way. Initially,
it sorts L in a nonincreasing order of height, then generates a packing divided into
levels. Each level is divided into two parts; the boxes are packed first in the region
[0,1) x [0,p) and then in the region [0,1) x [1 — p,1). The boxes are packed in the
region [0, 1) X [0, p) using the algorithm NFDH* until a box b; cannot be packed in the
same level; then NFDH;Y uses the algorithm NFDHY to pack boxes p(b;), p(bit1),- - -
in the region [0,1) x [1 — p,1) until a box by cannot be packed in the same level.
At this point, the algorithm NFDHJ¥ considers the two parts as only one level and
continues to pack the box by in a new level. The process continues until all boxes in
L have been packed.

Another variant of the above algorithm is called NFDHY". This algorithm is
similar to the NFDH}? algorithm, except that NFDH}" first packs boxes b with
z(b) < p, in the y-axis direction, and then packs the next boxes in the z-axis direction.

The following notation is used in the description of the algorithm:

X ={b; = (xs,yi,2:) + yi <1—a;}.

ALGORITHM BS.
Input: List of boxes L.
Output: Packing P of L into B = (1,1, 00).
1 Rotate the boxes of L in such a way that for each box b, z(b) < y(b).
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Take p = 0.43322958 and ¢ =1 —p
2 Divide L into sublists L}, L5, L, La, L, Lo, Ly, . . .
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, L14 as follows (see Figure 5.1).

=LNClg,1; q,1], La=LNCl3.q; 3.1], =LNClp,3; 3,1\,
Lg=LNClz.p; 3. 1\X, Ls=LNClp,5; 5.3, Lc Lﬂc[g,,p' 3 5)
L4_me[i7% ; %71]3 L5—LﬂC[%,i ) %al]v LG_LmC[ g %31]7
L-LNelh b B LLNelds B3 LmLOCh) ¢ b3
LlO:LﬂC[O’% ; %’%]’ Lll:LﬂC[%’% ’ %7%]’ L12—me[07% ) %?%]7
LLS:LHC[Ov% ; %7%}7 L14:Lﬂ6[0,% ; 0, i]

1
Lg |Ls 1L4 4LB L 1LA i)
g |5k b |2m |4
13 [ Lo |Lo| Ls
32 1 1 1
% 65 2 12 |2
{412 an %C
L 2 2 |9 1
3 {413 pz
1 2
4
Fa
2
0 ioaraa !

F1G. 5.1. Partition of list L done by algorithm BS.

PAB» LAB) — COLUMN(LAv [(07 O)]a LB» [(Qv 0)])

Lo — (L/2 ULB) \LAB- Ly — (Lé ULc) \LAC-

3 (

4 (PAC’ LAC) — COLUMN(LA \ Lag, [(0’ 0)]? Lc, [(q7 O)’ (q7 %)])
5

6

Ly — (Lll U LA) \ (LAB U LAC)-
Let P; be a packing of L7 obtained as follows.

6.1 Sort L7 in a nonincreasing order of height.
6.2 Construct a partition of L; given by L1, L2 ...

L7 Li[| L]l
Ly = 3 i=1,.
|L77] < 3.

6.3 Generate a packing P of LY, i =1,...

6.3.1 Choose b € L

, L77 such that

IIL?’

n7_1a

,ny as follows.
, such that z(b) is minimum.

6.3.2 Pack p(b) in the position (0,1 — x(b)) and the boxes in L%\ {b}

in the positions (0,0) and (3,0).
6.4 P —Pl...||P}".
7 P — OC(L1)||Pag||Pac-
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8 Paus — NFDH*(Lo)| ... [[NFDH® (L) || Pr[[NFDH3" (Ls) [NFDH3" (Lo) |
NFDH (L10) [NFDH® (L)} - [NFDH? (L13) [LL(L1a).

9 P — P Pauz-
10 Return P.
end algorithm.
THEOREM 5.1. For any list L for the TPP?, where B has a square bottom,

BS(L) < 2.528 - OPT(L) + 152 .

Proof. From steps 3 and 4, we can conclude that either L, is totally packed
or Lp U L¢ is totally packed in Pag||/Psc. So we divide the proof into these two
subcases.

Case 1. L4 is totally packed in Pag||Ppc-

Here we have

H(P') < q—zV(L’) + 27,
9
H(Paua:) S EV(Laua:) + 13Z7
H(P') < OPT(L) + 2Z.
As before, we have H(P) < a;-OPT(L)+15Z, where a; < Tt Ty < 2.528.

max{Hl,q2H1+éHz}
Case 2. (Lp U L¢) is totally packed in Pag||Psc.
Here we have

H(P') < 4V (L)) + 27,

1
H(Pauz) < %V(Laux) +13Z,

H(P') < OPT(L) + 2Z.

Analogously, we have H(P) < ag - OPT(L) + 15Z, where ag < max{H:Ei{?jquHz} <
2.528.
From the two cases above, the theorem follows. 0

PROPOSITION 5.2. The asymptotic performance bound of the algorithm BS is
between 2.5 and 2.528.
Proof. Tt follows directly from Theorem 5.1 and Lemma 2.6 (using m = 4). O

6. The Algorithm SS: Boxes in L and box B have square bottoms. Now
we consider the special case of TPP?, where all boxes in L and box B have square
bottoms. Without loss of generality, we take B = (1,1, 00).

In 1990, Li and Cheng [3] presented an algorithm for this problem with asymp-
totic performance bound 2.6875. The algorithm we present here, called SS, has an
asymptotic performance bound of 2.361.

Here we need an algorithm, called GQ,,, described in [3], to pack boxes in Q.

The algorithm GQ,,, works in the same way as algorithm LL. It sorts the boxes in
L C Q,, in nonincreasing order of their height, divides L into sublists Ly, ..., L,, and
uses the same two-dimensional packing algorithm to pack each sublist L; in a level.
The only place where algorithm GQ,,, differs from LL is the bottom area size used to
subdivide L into sublists L;. This is because the two-dimensional packing algorithm
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used by algorithm LL can guarantee a better area if all boxes have square bottoms.
In this case the sublists L; satisfy the following inequalities:

S(L) < [(2)" + (1)) for i=1,...,0,
S(Li) + S(first(Liy1)) > {(%)2 + (%)2] lw for i=1,...,v—1.

The following result is proved in [3].
LEMMA 6.1. Let L C Qp, m > 2. Then, GQu(L) < (-2-)2Y ) 4 7|

Analogously to Lemma 2.6 with algorithm LL, we car71n sﬁow écu}}lat the following
result holds for algorithm GQ,,.

LEMMA 6.2. Let A be an algorithm for TPP* to pack a list L C Q[0,1; 0,1]
into a box B = (1,1,00). If A subdivides the input list L into two sublists L1 C Ry
and Ly C Qp, m > 2, and applies algorithm GQ,, to pack Lo, then the asymptotic

performance bound of A is at least W.

Proof. The proof is similar to the proof of Lemma 2.6, now using the value (m—_l)2
instead of (WT_Q) d
ALGORITHM SS.
Input: List of boxes L C Q0,1 ; 0,1].
Output: Packing P of L into B = (1,1, 00).
1 Take p =0.37123918 and ¢ = 1 — p.
Divide L into sublists, L}, La, L}, Lg, L3, and Ly (see Figure 6.1),

Li=LNQk1; L1, La=LN9,q; i.4],
L/2 :LHQ[%7% ; %’%], LB :LHQ[%;py %7])]’
Ls=LNQl%, 35 13 La=LNQ0, ;0,5

2 (Pap,Lap) — COLUMN(L4,[(0,0)], Lz, [(0,q), (¢, q), (g, 0)]).

3 Li ‘_L;\LAB for i = 1,2.

4 Py — OC(Ly1)||PaB-

5 Puyuz — NFDH?(L2)|INFDH"(L3)||GQ4(Ly).
6 P =P1||Povz-

7 Return P.

end algorithm.

THEOREM 6.3. For any list L for TPP?, where all boxes have square bottoms,
SS(L) < 2.361- OPT*(L) + 47 .

Proof. Again we analyze two cases, considering the packing generated in step 2.
Case 1. L4 is totally packed in Pap.

1
7
9
H(Paux) S ZV(Laum) + 3Za
H(Py) < OPT(L) + Z.

H(P) < 5V(L)+ 2,

Proceeding as before, we have H(P) < ay - OPT(L) + 4Z, where

ap < LT T VY
maX{'H1, q*H1 + gHz}
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1

q'2 ¥

L
iqt- i 1
) L Ly
2 dpd i
? & S8
i H

i tir | o 1

Fic. 6.1. Partition of list L done by Algorithm SS.

Case 2. Lp is totally packed in Pap.
Here we have

H(Py) <4V (L) + Z,

H(Paum) < V(Laua:) + 3Za

4p?
H(Py) < OPT(L) + Z.

Thus, H(P) < ay - OPT(L) + 4Z, where ay < max{ufiﬁ?i;p%} < 2.361.

From the two cases above, the theorem follows.

PROPOSITION 6.4. The asymptotic performance bound of Algorithm SS is between
2.333 and 2.361.

Proof. Tt follows directly from Theorem 6.3 and Lemma 6.2 (with m = 4). a
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